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Abstract

We investigate the dynamices of a elass topological defects known as domain walls.
We consider models with interacting fields with junctions and charge, posscssing a
(V)= 1) evmmetry with cubic anisotropy terms. We find that a phase separation
is possible, between domain and charge, and that if phase separation occurs, domain
walls do not seale. This is a more general case of our finding that kinky vortons
form from random initial conditions, preventing walls from sealing, in the regime
where eymmetry currents associabe with domain walls,
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1 Introduction

As a systern cools, dropping below a phase transition temperature, T, a type of defect
may form due to svmmetries that have becormne broken by the transition., Now, belds
dft,3) within such a systermn will be governed by a Lagrangian which is the difference of
a kinetic and potential term,
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EdPrJ,d“mi — V). (1.1)

Either side of the phase transition, the potential V(¢;) has a different form; if the potential
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poessesses different symmetries either side of the transition, then we zay that a svmmetry
hazs been spontaneously broken. Consider, for example a real scalar field ¢ if the potential
has a parabolic form belore the transition and after the transition a mexican hat form,
L . | z
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then the mitial symmetry was an invariance under reflection of () about its minimum
(le. at ¢¢ = 0). The potential below the transition temperature does not share this
invariance (i.e. Vp_.g is not invariant under reflection about its minima, at ¢ = £1).
That the two potentials do not share the same svmmetry about their minima gives rise
to topological defects, The space coneisting of the minima of a potential 15 called the
vacuum manifold, and the topology of this manifold determines what tyvpe of topological
defect 15 formed following a phase transition. In our simple example here, the vacuum
manifald of the mexican hat potential consiste of the disconnected points o = £1, and
the defects are known as demain walls,. We could also easily concsive of a potential whose
vacuum manifold is a cirele, Vie) = (|a]* — l:IE. where the a-field is complex, in which
case the defecte are known as cosmic sbrings. OUne can then increase the complexity of
the topology of the vacuum manifold to describe other defects [1].

T'o give this a more concrete motivation, we are mterested in the evolution of topological
defects in a cosmological context. T'he standard cosmological “lore”™ 1= that topological
defects necessarily form in the universes past, whilst it cooled [2]. Hence, the stability
af such defects, and their evolution relative to a comoving background, is an interesting
aquestion: 1t would be interesting to find defects that stabilise, or are not “washed out™ by
the expansion of the universe {i.e. are not carried along with the universes expansion).
This would realize it=ell az a network of domain walls freezing into comoving coordinates,
and not =caling over time. Most of the investigations in the literature |3, 4, 5, ] have
found that domain walls scale out (i.e. the pattern washes out over time).

[n this work, we are only interested in the dynamics of domain walls, and so will focus our
attention solely on potentials with their vacuum manifolds consisting of discrete points.
Although we have stated that a domain wall i= a topological defect, we have not given
much of a physical deseription of what they are. A domain itsell i= a region of space where
the field at all points in the region oocupy the same point on the vacuum manifold; thus,
a domain wall 15 a spatial interpolation of the held between regions of space occupying
different vacua., Figure 1.1 has a simple domain wall, and the energy associated with the
wall; 1t ig thiz high energy along the wall which makes them of cosmological interest.

We shall mvestigate a number of models, each of which permit different sorte of be
haviour; such as allowing charge to flow along walls, observing a phase separation akin
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{a] Domain wall. (b Energy density.

Figure 1.1: Example of a 10 domain wall interpolation, with the corresponding energy density
along the wall.

to water and oil, and allowing walls of different tensions. The structure of the report (=
as [ollows, In the remainder of this section we shall give an overview of the construction
aof a model, giving a discussion of the terms of mmterest, as well a= a proof of Noether's
theorem. In Section 2 we give the more technical details of how to construct a stmulation.
Section 3 has the evolution results from the models discussed.,

1.1 The Evolution of the Field

T'o be able to understand the dynamics of models, we need to have an equation of motion
for the field. T'his comes simply from the extremisation of the action
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from which cne obtains the Euler-Lagrange equation of motion,
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after using a Lagrangian of the form (1.1) in a Hat Minkowski spacetime. Then, we get
an equation of motion for each Geld (if there are multiple fields), with any interaction
between the helds entering the equations of motion via derivatives of the potential.

1.2 Symmetries of the Lagrangian

Let us explore the consequences of a svmmetry of the Lagrangian £, upon transformation
of the fields that £ describes [7); these symmetries will prove erucial in the phenomenclogy
af a model. Suppose we transform the felds under some Lie group which has generators
17, Then, such a group has rotation makrix

0= g T



=0, let us act this matrix upon belds to transform them,

Suppose we have a small rotation angle 8* < 1, 20 that we can expand the rotation matrix
to frst order,

0= (1 — i, T, (1.4)

Henece, taking into account (1.3), we see that the field can be written in terms of some
small change
i
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where

Let us change tack slightly now, to discuss a transformation of the Lagrangian, Suppose
we have that £ (e, élyia; ), then the variation of the Lagrangian is simply just
e aL
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Commuting the variation and derivative on the far right simply gives us
ar ar

Al = —da;
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[Ising the product rale, one can rewrite the last term. =o that
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Mow, taking a common factor of gy out from the first and third termes reveals the Euler-
Lagrange equation, which we st to sero. Therelore, this merely leaves us with
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[f we now suppose that the wvariations in the held &g, are created alter they are acted
upeon by some Lie group, we therelore m=ert (1.5).
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We now impose that the Lagrangian is invariant under the given Lie group, so that 42 = [0,
Henee, we define the bracketed quantity to be
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Given the invariance of the Lagrangian, {1.6) reads

e J =10, i 1.8]



which 15 a continuity equation. If the transformation deseribed by the Lie group 1= global,
then the rotation angle #, has no spacetime dependence; s0 that in the global case, the
definition of J* i modified to remove the constants @, and &,
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This J* 15 generally called a svmmmetry cwrrent, or <d-current, as it satisfies a contimaoaty
equation (L.B). So far the symmetry discussion has been general. Let us now specify
the group as S0{2), the group of special orthogonal rotation matrices in two dimensions.
Then, the rotation matrix for this group 1s

R(6) (::c:-sl'.':' —:-iinﬂ).
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g0 that when we make the small-angle expansion azs mn ( 1.4), we can identifv the generator
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and the variations of the fields [1.5) are just
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T'hese variations can then be nsed to construct the d-current,
Al Al
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[t is useful tonote that although this is the d-current associated with an SE(2) symmetry,
the form is equivalent for a U(1) symmetry. Now, associated with the O-component, J°,
is a conserved integrated charge. 1f we integrate the continuity equation {1.8), taking
ourselves out of index notation, over =ome volume,
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and vse the divergence theorem on the LHS to send the volume integral to an integral
over the surface enclosing the volurne.,
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Jods = —— JdV
g5 I'” |5

We can =ot the surface to be mbnite, and therelore set the current to zero. This leaves

i/
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at (1.9)
By convention, we call the integral a charge J; where we see that the charge is constant
in tirme, and g therefore conserved.

Here we have outlined a proof of Noether's theorem. where we have shown that associ-
ated with a global symmetry group 15 a conservedd d-current and charge.



1.3 Constructing a Model

Here we shall deseribe the properties of various potentials, with the aim of giving an
intuitive idea of the role of the terme in a potential. We shall do =0 by discussing various
combinations of interaction, parameters and belds. It = worth noting that a vacuum
manifold is found by first Anding the eritical points of a potential (by setting the Arst dif-
ferential to zero), and substituting into the second differential of the potential. The =igns
of the elgenvalues of the matrix consisting of second differentialz allows the classiheation
of the eritical point as stable, unstable or as a saddle pomnt. The vacuum manifold = the
get of critical points that are stable.

Where we do not specify otherwize, any symbols appearing in a potential are to be
assumed to be positive real numbers; and fields such as & are to be taken as real, and
a as complex. When we talk about a given potential/model possessing a given symmetry,
we refer to an invarianee of the model under a transformation of the felds, where the
transformation i= induced by the action of elements of that group — we only discuss glohal
group actions [i.e. where the elements of the group do not depend upon their spacetime
location). [t is important to note that both the potential and the kinetic term must be
invariant, =0 that the entire Lagrangian 1= invariant.

1.3.1 A Simple Prototype

As a first example, consider a real scalar feld #(f, x). Furthermore, consider a potential
given by

=
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‘I'his 15 a generalised version of our mexican hat potential, with two parameters A and #.
Une can notice that the potential has minima at ¢ = Z; and also that the model has a
Zo syvmmetry, The equation of motion for such a field g found by u=ing the potential
the Fuler-Lagrange equations [1.2), to give
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Mow, the solution to the static equation of motion 8 koown,

5
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and iz called a kink solution [1]. This salution i= a spatial interpolation between ¢ = —g
and ¢ frp, which are the poaitions of the minimum of the potential. The steepness of
the interpolation, the so-called “wall-width”, is set by the parameters 1/ -.,-"J'l.r;. Cne can
also =ee, by simply inspecting the potential (1.10), that the depth of the potential well i=
set by the parameter A, The potential {1.10) is something of a prototype in domain wall
simulations, due to its =simplicity.






