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Abstract

We investigate the dynamices of a elass topological defects known as domain walls.
We consider models with interacting fields with junctions and charge, posscssing a
(V)= 1) evmmetry with cubic anisotropy terms. We find that a phase separation
is possible, between domain and charge, and that if phase separation occurs, domain
walls do not seale. This is a more general case of our finding that kinky vortons
form from random initial conditions, preventing walls from sealing, in the regime
where eymmetry currents associabe with domain walls,
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1 Introduction

As a systern cools, dropping below a phase transition temperature, T, a type of defect
may form due to svmmetries that have becormne broken by the transition., Now, belds
dft,3) within such a systermn will be governed by a Lagrangian which is the difference of
a kinetic and potential term,

1, s i
EdPrJ,d“mi — V). (1.1)

Either side of the phase transition, the potential V(¢;) has a different form; if the potential
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poessesses different symmetries either side of the transition, then we zay that a svmmetry
hazs been spontaneously broken. Consider, for example a real scalar field ¢ if the potential
has a parabolic form belore the transition and after the transition a mexican hat form,
L . | z
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then the mitial symmetry was an invariance under reflection of () about its minimum
(le. at ¢¢ = 0). The potential below the transition temperature does not share this
invariance (i.e. Vp_.g is not invariant under reflection about its minima, at ¢ = £1).
That the two potentials do not share the same svmmetry about their minima gives rise
to topological defects, The space coneisting of the minima of a potential 15 called the
vacuum manifold, and the topology of this manifold determines what tyvpe of topological
defect 15 formed following a phase transition. In our simple example here, the vacuum
manifald of the mexican hat potential consiste of the disconnected points o = £1, and
the defects are known as demain walls,. We could also easily concsive of a potential whose
vacuum manifold is a cirele, Vie) = (|a]* — l:IE. where the a-field is complex, in which
case the defecte are known as cosmic sbrings. OUne can then increase the complexity of
the topology of the vacuum manifold to describe other defects [1].

T'o give this a more concrete motivation, we are mterested in the evolution of topological
defects in a cosmological context. T'he standard cosmological “lore”™ 1= that topological
defects necessarily form in the universes past, whilst it cooled [2]. Hence, the stability
af such defects, and their evolution relative to a comoving background, is an interesting
aquestion: 1t would be interesting to find defects that stabilise, or are not “washed out™ by
the expansion of the universe {i.e. are not carried along with the universes expansion).
This would realize it=ell az a network of domain walls freezing into comoving coordinates,
and not =caling over time. Most of the investigations in the literature |3, 4, 5, ] have
found that domain walls scale out (i.e. the pattern washes out over time).

[n this work, we are only interested in the dynamics of domain walls, and so will focus our
attention solely on potentials with their vacuum manifolds consisting of discrete points.
Although we have stated that a domain wall i= a topological defect, we have not given
much of a physical deseription of what they are. A domain itsell i= a region of space where
the field at all points in the region oocupy the same point on the vacuum manifold; thus,
a domain wall 15 a spatial interpolation of the held between regions of space occupying
different vacua., Figure 1.1 has a simple domain wall, and the energy associated with the
wall; 1t ig thiz high energy along the wall which makes them of cosmological interest.

We shall mvestigate a number of models, each of which permit different sorte of be
haviour; such as allowing charge to flow along walls, observing a phase separation akin
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{a] Domain wall. (b Energy density.

Figure 1.1: Example of a 10 domain wall interpolation, with the corresponding energy density
along the wall.

to water and oil, and allowing walls of different tensions. The structure of the report (=
as [ollows, In the remainder of this section we shall give an overview of the construction
aof a model, giving a discussion of the terms of mmterest, as well a= a proof of Noether's
theorem. In Section 2 we give the more technical details of how to construct a stmulation.
Section 3 has the evolution results from the models discussed.,

1.1 The Evolution of the Field

T'o be able to understand the dynamics of models, we need to have an equation of motion
for the field. T'his comes simply from the extremisation of the action
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from which cne obtains the Euler-Lagrange equation of motion,
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after using a Lagrangian of the form (1.1) in a Hat Minkowski spacetime. Then, we get
an equation of motion for each Geld (if there are multiple fields), with any interaction
between the helds entering the equations of motion via derivatives of the potential.

1.2 Symmetries of the Lagrangian

Let us explore the consequences of a svmmetry of the Lagrangian £, upon transformation
of the fields that £ describes [7); these symmetries will prove erucial in the phenomenclogy
af a model. Suppose we transform the felds under some Lie group which has generators
17, Then, such a group has rotation makrix

0= g T



=0, let us act this matrix upon belds to transform them,

Suppose we have a small rotation angle 8* < 1, 20 that we can expand the rotation matrix
to frst order,

0= (1 — i, T, (1.4)

Henece, taking into account (1.3), we see that the field can be written in terms of some
small change
i
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where

Let us change tack slightly now, to discuss a transformation of the Lagrangian, Suppose
we have that £ (e, élyia; ), then the variation of the Lagrangian is simply just
e aL
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Commuting the variation and derivative on the far right simply gives us
ar ar

Al = —da;
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[Ising the product rale, one can rewrite the last term. =o that
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Mow, taking a common factor of gy out from the first and third termes reveals the Euler-
Lagrange equation, which we st to sero. Therelore, this merely leaves us with

N s )

[f we now suppose that the wvariations in the held &g, are created alter they are acted
upeon by some Lie group, we therelore m=ert (1.5).
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We now impose that the Lagrangian is invariant under the given Lie group, so that 42 = [0,
Henee, we define the bracketed quantity to be

ac I ;
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Given the invariance of the Lagrangian, {1.6) reads

e J =10, i 1.8]



which 15 a continuity equation. If the transformation deseribed by the Lie group 1= global,
then the rotation angle #, has no spacetime dependence; s0 that in the global case, the
definition of J* i modified to remove the constants @, and &,

JE
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This J* 15 generally called a svmmmetry cwrrent, or <d-current, as it satisfies a contimaoaty
equation (L.B). So far the symmetry discussion has been general. Let us now specify
the group as S0{2), the group of special orthogonal rotation matrices in two dimensions.
Then, the rotation matrix for this group 1s

R(6) (::c:-sl'.':' —:-iinﬂ).
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g0 that when we make the small-angle expansion azs mn ( 1.4), we can identifv the generator
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and the variations of the fields [1.5) are just
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T'hese variations can then be nsed to construct the d-current,
Al Al
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[t is useful tonote that although this is the d-current associated with an SE(2) symmetry,
the form is equivalent for a U(1) symmetry. Now, associated with the O-component, J°,
is a conserved integrated charge. 1f we integrate the continuity equation {1.8), taking
ourselves out of index notation, over =ome volume,

i
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and vse the divergence theorem on the LHS to send the volume integral to an integral
over the surface enclosing the volurne.,

il 5
Jods = —— JdV
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We can =ot the surface to be mbnite, and therelore set the current to zero. This leaves

i/
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at (1.9)
By convention, we call the integral a charge J; where we see that the charge is constant
in tirme, and g therefore conserved.

Here we have outlined a proof of Noether's theorem. where we have shown that associ-
ated with a global symmetry group 15 a conservedd d-current and charge.



1.3 Constructing a Model

Here we shall deseribe the properties of various potentials, with the aim of giving an
intuitive idea of the role of the terme in a potential. We shall do =0 by discussing various
combinations of interaction, parameters and belds. It = worth noting that a vacuum
manifold is found by first Anding the eritical points of a potential (by setting the Arst dif-
ferential to zero), and substituting into the second differential of the potential. The =igns
of the elgenvalues of the matrix consisting of second differentialz allows the classiheation
of the eritical point as stable, unstable or as a saddle pomnt. The vacuum manifold = the
get of critical points that are stable.

Where we do not specify otherwize, any symbols appearing in a potential are to be
assumed to be positive real numbers; and fields such as & are to be taken as real, and
a as complex. When we talk about a given potential/model possessing a given symmetry,
we refer to an invarianee of the model under a transformation of the felds, where the
transformation i= induced by the action of elements of that group — we only discuss glohal
group actions [i.e. where the elements of the group do not depend upon their spacetime
location). [t is important to note that both the potential and the kinetic term must be
invariant, =0 that the entire Lagrangian 1= invariant.

1.3.1 A Simple Prototype

As a first example, consider a real scalar feld #(f, x). Furthermore, consider a potential
given by

=

V() ’j; (& —n7)". (1.101)

‘I'his 15 a generalised version of our mexican hat potential, with two parameters A and #.
Une can notice that the potential has minima at ¢ = Z; and also that the model has a
Zo syvmmetry, The equation of motion for such a field g found by u=ing the potential
the Fuler-Lagrange equations [1.2), to give

M e A-:J':-I:r;l: — rfjl .

Mow, the solution to the static equation of motion 8 koown,

5
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and iz called a kink solution [1]. This salution i= a spatial interpolation between ¢ = —g
and ¢ frp, which are the poaitions of the minimum of the potential. The steepness of
the interpolation, the so-called “wall-width”, is set by the parameters 1/ -.,-"J'l.r;. Cne can
also =ee, by simply inspecting the potential (1.10), that the depth of the potential well i=
set by the parameter A, The potential {1.10) is something of a prototype in domain wall
simulations, due to its =simplicity.



1.3.2 Cubic Anisotropy: Junctions

We can extend this simple model to a real, N-dimensional vector field, & = (i, .. .., a1,
quite simply, by considering a potential
3 ) I
- 2 Ty = o =
Vie)= (e =) o] _Za},..
£l

Mow, the topology of the vacuum manifold of this potential does not permit the existence
af domain walls, as the manifold is the continuous set of points on the surface of an -
sphere of radius 5. This potential infact has an O{N) symmetry, We can introdnce an
anisctropy berm e,

1 (4] _’1‘(|m|’-’_rf]|: | qu:v,.'- |e| < 1. (1.11)
£l

which will break the O{N) symmetry of n of the fields, {N] — Q[N — r); the n broken
fields have a discrete hyvper-cubic symmetry [3]. To give a conerete example, if we take
N =n =23andif £ = 0, then the vacuum manifold 15 on the surface of a sphere, radius
i (i.e. a continuous set of points). If we take ¢ < 0, the vacuum manifold gets modified
to be at the centres of the faces of a cube, and if ¢ = 0, on the vertices of that cube,
Henee, by introducing a broken svmmetry, we construct a systern whose vacuum manifold
i5 able to allow domain walls to form. Suppose we now take an arbitrary N and let n = 2,
with ¢ = 0; the vacuum manifold 15 now at the centre of sach face of a square, and we
say that the ©{N)] model has a broken O(2) svmmetry. Now, this model permits walls
aof multiple tensions, as the field nterpolates across different distances: faces at 90° are
further away [rom each other than faces at 457, These different distances correspond to
different tension of wall. "T'his model also permits junctions to form, as there are more than
Just bwa vacuuwrn stabtes that can meet at a point in space. See Figure 1.2 for visnalisations
of the vacuum manifold for various N-cases. This model will be referred to as the cubic

anisctropy model.

1.3.3 Kinky Vortons: Charge

Consider a third example, a real scalar field @if, x) which interacts with a complex field
a(i,x), in a potential

Vigher)

(-

% (67 —mZ)" AT (lof* = 52)" + 8| o . (1.12)
[n this potential, the @-feld has a discrete vacuum manifold at ¢ = £, and the a-field
i5 able to rotate on a circle of radine 5. Hence, we see that domain walls are able to be
formed in the g-feld. We can also easily note that the two fields interact, with coupling
constant . This potential has a Zg % I7[1) symmetry, where associated with the o-field is
a global I7{1) symmetry. Noether's thecrem states that a consequence of this symmetry
i5 the existence of a conserved 4-current |7, 3],

Jp = @i o — oidT, i1.13]
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Figure 1.2 Schematics of the vacuum manifolds in the cubic anisotropy models, in feld-space for
¢ =< 0, (8] The four vacua are on the faces of a square, where one can easily see the two different
tensions of wall that can be produced, by the field extrapolating between two minima — signified
here by the hlue (dashed) and red (dotted) lines denoting low and high tensions respectively.
(b)) There are six points which comprise the vacunm manifold, which are on the faces of 8 cube;
in this case, there are a wriety of possibilities for prodocing low tension junctions, with each
face having four adjacent faces,

whereby &0, = 0, and the integrated zeroth-component is conserved in time, as in (1.9
We shall refer to the J" component by the charge density g = —LiJ",

The existence of this conserved svrnmetry charge ©) gives ri=e to a much richer range
of possibilities than is possible in the cubic anisotropy model. Now, we can separate
quartic from quadratic [and eonstant) terms in the potential (1.12), and write them as
components of a matrix,

Vpuact ZQ,.j|¢=;,|“|e.--J.|'-’. W, € {i, o} (1.14)
ij

[n writing the guartic terms in this way, we have isolated terms which denote quartic
interactions. Hence collecting such terms, but ignoring multiplicative constant factors,

A, 24 _
Q (:e:r A,)' (1.15)

the matrix of quartic couplings is

The diagonal elements of @ deseribe the “strength™ of self-interaction, and the off-

diagonals the “strength” of interaction between the - and o-fields. Hence, the deter-
minant of Q. A = det @, i= trivially jnst

A= daho — AF. (1.16)

Therefore, if A == 0, the =elf-interaction 15 stronger, and if A = 0 the interaction between
the two belds is stronger than the mteraction with each held and itself. Now, we can

7



treat the ¢*-term as one phase, and the |g|*-term as a second phase — where the term
“phage” i=s used as one wonld use when describing cil and water. What the sign of A
does, s to describe whether the two different phases either mix or separate — that is,
which mteraction channel i= dominant. This model 1= konown as the kinky vorton model,
for reascms that will become clear later.,

1.3.4 Modified Cubic Anisotropy: Charge & Junctions

We now amalgamate the previous two models, to allow charge and junctions. Thus, we
take N real felds, @ = {&;}, as In the cubic anisctropy model, and let them interact with
a complex field o, a5 in the kinky vorton model. Hence, we write the potential

. -Jl-m. > 2y 2 -':"'.1- a By 2 a a ~ 2 —
V(o) = F(19F —n3)" + 7 (lol* =) + Aol +e ). (1.17)
|

where

o
|P° =3 "ol @RV
2=

[n the case where e = 0, the potential has an O{ V)« L7(1) symmetry; the O[N) symmetry
is broken by the introduction of ¢ < 0. If N = 2, the broken (2] symmetry means that
the vacuum manifold for this model 8 the zame as described by Pigure 1.2a 50 that
domains form in the ¢ - and gp-felds; and the maintained [7{1) symmetry means that
the a-held has a conserved svimmetry charge. There are four types of 4-point interactions
asscclated with this potential, as displayed in Figure 1.3,

[c] pyr — gy (d) or — oo

Figure 1.3: The possible 4-point classical interactions in the broken @[N] =« O7(1) model, with
their associated relative coupling constants, We must note that in (a), we impose # £ . Lo avoid
douhle counting with the disgram (h].

Ag in the kinky vorton madel, we write the matrix of quartic couplings, =0 that for
example, the matrix for a broken (2] x /(1) model is

de+de  Ae 24
Q A, det A, 28 . (1.18)
23 23 A



The determinant of the matrix of quartic couplings Ay, = det @ of a general broken
O{N) = (1) maodel is

. : |
Mgy = FIV-L e '(,a,,,:.:,_rj,-s- | ?,:.,,). (1.19)

The sign of the bracketed part of the determinant 15 the term which plays the same role

as the A in (1.16); the numerical multiplicative factors are sommewhat extraneous. Thus,
we define

Aw=Ah — 48 4 den. (1.20)

N

The value of F that makes this determinant zero 15 simply

1 1
i a w-'ﬁ.,a, | ?A.,. (1.21)

which will be vsed in determining the wvalidity of the idea of phase separation in this
model.

T'his model will be referred to as the modified cubic aniscotropy model.

1.3.5 Multiple Walls With Equal Tension

[n all previous models, if the vacuwm manifold consisted of more than two diserete ponts
then domain walls of multiple tensions could exist. These arcse by the different distances
between vacua. In an attempt to get around this, we consider the potential

2
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where both % and & are complex hields, Now, the vacourm manifold of this potential 15 the
set of vertices of an equilateral triangle, as displayed in Figure 1.4, Therelore, all walls
produced will have equal tensions. This potential is modified from that presented in 9],
where we introduce an interaction with the o-beld in an attempt introduce a conserved
symmetry current.

Final Note These models all have a large number of free parameters, whose values must
be chosen. A= we shall ==e, the values of the parameters will determine the phenomenology
aof a model; to analyse the behaviour of all parameters 1= a task well beyond the scope of
thiz report, sowe simply choose to ix certain parameters, where the reason [or the choee
either comes from numerical experimentation or to be inkeeping with literature.
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Figure 1.4: Contour plot of the potential (1.22), where we have set ¥ = &y + dgdy. One can
clearly note that the vacuuwm manifold consists of the seb of vertices on an equilateral triangle.
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2 Numerical Implementation

To use a model, we must evolve the equations of motion governing the felds; we shall
evolve in (2 4 1)-dimensions: two spatial, one time. We do this by spatially discretising
the equations of motion (1.2) on a square lattice of grid size A_ and using a time-step
size M, This breaks up the continuons feld é{f, x) into a discrete coordinate

'-I r . .

;= olthe, 1A 7).
In general, we evolve the equations of motion according to a leapfrog algorithm [10]. We
digeretise the first order differentials aceording to the fArst order expressions,

Iﬂ;ll';.l r;-':'-r - |T-': 1,

- 1
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dr 2A, 24
Second order spatial derivatives are discretised to fourth order,
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and gecond order time derivatives being diseretised to second order,

G | bl o
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These equations can be put together and rearranged to allow a given field configuration

[

to be incremented and evolved. In all simulations we use A, — 0.5 and A, — 0.1; most
simulations use 5127 or 20457 grid points.

We modified a Fortran77 code written by H.Battve and A Meoss: “Code fo simulafe
(){N]" — something of an evolution engine, to which we added general and model specific
analveiz routines. T'he general structure of how we generated, evolved and analysed a
simulation is as follows.  Initially, we specify a set of initial conditions for every grid
pomnt on the lattice, for the Arst two time-steps; an example set of conditions 15 the
kink-solution, or populating a grid randomly in the vacua of a model, A specific model
must also be chosen — which potential to use in the equation of motion. We must also
specily boundary conditions: evervwhere we use periodic boundaries, so that the top of
the grid is identified with the bottom, and the left with the right (this creates an issue
af the topology of the space, which we will discuss later). With these conditions set, we
merely leave a simulation running for a required number of time-steps. A= a simulation is
running, a rumber of analvsis routimes can be used to compute various quantities (such as
the charge density, or potential energy density of a grid, as well as the number of domain
wall=)., We can then generate tmages of the Beld configurations at a given time, which
allow a rather visual mmtuition to be built up of a models behaviour — these 1mages have
prowed invaluable in understanding the phenomenaology of a model.

2.1 Wall Counting

[Due to the importance of the number of walls quantity, it = worth our explaining how to
compute such a quantity, Figure 2.1 has a small schematic view of this procedure. T'he
algorithm procesds as follows,

11
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Figure 2.1; During the wall-count routine, the vacuum ocenpied by each grid point i= compared
with those ahove and to the right.

[nitiallv, a particular grid-point G;; 15 chosen, and which of the vacua occupied by the
field, at that point, determined. Then, this procedure 15 repeated for the grid-points
directly to the right, G, ;. and above, G, ., (as in the figure). If the vacua oceupied
by the gridpoint G;; is different from either G, ; or &, ;1. a second check = employed:
the modulus of the feld between the two points must be greater than 1077 (as a modulus
le=s than this value g below numerical precision). If both checks pass, a wall 15 deemed
to exist between that grid-point and the initial point. This process (= then repeated, with
every grid-point on the lattice being used as the initial.

2.2 Dissipation

Because we are modeling the dyvnamics following a phase transition without modeling the
transition itself, we must form an artihcoial starting position for our stimalations, What
thi= generally amounts to, 18 populating a lattice in the vacuum manifold of a model,
where each grid point is randomly assigned a value on the manifold. As there is an energy
difference between adjacent vacua (i.e. where the walls are), there will hence he a large
potential energy gradient setup, on very small scales, in the system. This energy initially
raises the field out of the vacuum manifold, where it will stay if the energy 15 not removed.
S0, to counter this effect, we damp the domain-forming fields {i.e. those of d-type, and
not a-typel. The damping efectively removes the small-scale energy [rom the systemn,
allowing the helds to condense into domains; onee domains have formed, the damping 1=
removerd ([ bypically at ¢ = 200, o that the svstem evolves without dissipative dynamics.
Figure 2.2 has plots displaying this effect.

2.3 Imtial Conditions

T'o be able to begin a simulation, we must specify the mitial conditions: the mnitial position
and wvelocity of the held. This amounts to specifving the field configuration for the Arst
two tirme-steps. Generally, we use random initial econditions to populate the domains, and
if we have charge, setting the charge homogeneous throughout the grid.

We give the system homogeneous charge by using the ansatz & = ae™*, where o, w € R,
and are constant. Ae an example of randomly populating a grid with domains, suppose
we have a single domain-forming field ¢b, with vacua at ¢ = Fep. At each grid point we

12
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Figure 2.2: Energy density across two walls, The initial spike at £ = 0 1= due to the large energy
gradient betwesn adjacent domains. One can see that if no damping is applied (b), then this
spike persists and spreads out somewhat, If damping is used (), thie energy spike i= seen to be
emocthed out.

randomly choose which “sign” we are using, and set the field at that point to /50 — a?,

with no time vanation, Henee, the imitial conditions are

i :I:-,.'.F%—-:t:. a = ae™" (2.1)

where these will hold for multiple domam-forming fields ¢.. The distance @ 8 a model
specific quantity, and 15 found by computing the coordinates of the vacuum manifold.
The initial charge density for such an initial configuration, is p = o”w. Throughoot we
set w = 1, and vary a; the case a = 0.5 {i.e. with g = 0.23) is referred to as high charge.

L3



3 Evolving the Models

Here we shall present the results obtained from evolving the various models discussed

above — some in more detail than othere.

3.1 The Prototypical £ Model

The model uses the potential {1.10], with the parameters A n . The wvacuum
manifold for this model 1= the set of two discrete points @ +1. This model forms
domaing from a random set of initial conditions, as can be =cen in Figure 3.1, where the
walls evolve to reduce their length as quickly as possible. Henee, the number of walls n
depends on time as ¢~', as this is the quickest that the walls can evolve in a system of
unit light speed.

Figure 2.1: Coordinate space evolution of the Z; model, with images at time-steps §

200, 400, 800, 1600, The system will eventually become just one domain (as i= almost the case
in the final image). Bed corresponds to o b1, and blue to o= —1.

!, ig characteristic of a model whose domains only interact

This tvpe of evolution, noo
with [a) other domains or (b)) walle. As we shall see in later models, 1f domains interact
strongly with charge, for example, then the rate of evolution is slower; also, if a svstem
has multiple types of wall (walls of different tensions), then the overall sealing of the walls

i5 still of this type. if the walls do not interact with charge.

3.2 The Kinky Vorton Model

The madel uses the potential (1.12), with the parameters

A=A =2 ma=1
and we vary & and 7). This model uses a different form of Lagragian to the other models
; . ; ) . . Al F . . - 1 -
(which all use (1.1)]); we use a kinetic term #gsdudy (e, without the factor of $) - this
technicalibty only needs consideration upon numerical evolution, Thus, the equations of
motion are found by substituting the potential into the Fuler-Lagrange equations, giving
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which are coupled nonlhinear partial differential equations. Now, the exact solution to the
maodel (e of the equations of motion) is known [11], if 7 =1,

i tanh t:.'r-..-'l — .'g) . i3.1]
|er| v o2t — 1 sech (u’ Wl— rj) g = ] ol (3.2

A kinky vorton is a kink solution with charge and current condensed on the wall [12]
(from hereon, a vaorton refers ta a kinky vorton — infact, kinky vortons are a (241) version
af (341) eosmic vortons)]. Thus, for a vorton to be formed, the charge associated with the
a-field must stick to the domain walls formed from the o-held - alternatively, one could
also think about this as requiring domains themselves not to mix with charge, but not to
the extent that charge will only clump to itself.

So, et us begin our presentation of the evolubtion results by considering the phase
separation between charge and domain, With our parameter choices, the determimant of
the matrix of quartic couplings {1.16) i= just A = 4{1 — ). Henee, A = 0 occurs at
d=1= .

We see the evolution of a randorm configuration in Figure 3.2, The charge 15 initially
set homogeneous, as described by the initial conditions (2.1). The three cases presented
display a different dyvnamical evolution of the charge density, and equivalently different
domain evolution, In the fitst case, A = 0, the charge stays homogeneous, with no charged
structures forming, and the domains evalve as if there was no charge. In the third case,
A = 0, the field takes some time to condense into domains (hence the purple colour, which
denctes ¢» = 0) — the domain configuration at § = 200 clearly is very different from the
A = 0 ease. A= time progresses, one can see domaine forming, but between the domains
i5 a region of ¢ 22 0. The equivalent image of charge density shows a high charge density
in thess ¢h = 0 regions, and a very low charge density in the region of domain. This effect
i5 best illustrated by a simple 11 evolution, as displaved in Figure 3.3; the A = 0 case has
charge staying homogeneouns, whilst the A = 0 case has domain and charge separating,.

The case of A — 0 i=s something of an amalgamation of the bwro non-negative cases,
wherebw charge does associate with domaims, but more noticeably with domain walls, "T'he
result that charge sticks to domain walls has been analytically computed in [11], where
thev chose the parameter 7 = 1 to allow vortons to stabilise (recalling that a vorton has
charge condensed on the domain wall). The methaod of computing the determinant of the
matrix of quartic couplings to determine the regime of phase separation [or otherwise)
aof two interacting phases, has 1t= root= in condensed matter phy=ics, m determining the
mixing of two interacting Bose-Finstein condensates [13].

We can also consider the evolution of the number of domain walls, and its dependence
npen the charge density p. As we have seen, the case A = [ seems the favourable chaoice
for charge to stick to domain walls, whilst letting domains evolve semi-naturally (ie.
without the phase separation of A < 0], In a system with no charge, wall evalution goes
to a state of minimum energy — this means that the number of walls decreases as [ast as
possible, as there 18 nothing resisting the walls oollapse. Hence, in our svstem with unit
speed of light, the evolution of walls goes as the inverse of time; we say that the number

of walls w153 mooC If we introduce charge such that it collects along the walls [(i.e.

encactly our A = 0 simulation above), then we shonld expect the number of walle to evaolve
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Figure 2.2: Coordinate space evalution of @, with 3 L— Ty s 550, 50 that A ie positive, zero
and negative, from top to bottom. The images are at 200, 400, 800, 1600, with the colours
denoting the distance of @ from the vacuum manifold, 55 = £1: red is ¢ = 1, blue &8 = —1, with

domain walls marked on with black lines.

differently, with a different dependence upon time, as there 15 charge to resist the collapss
of the walle, Infact, a= the total charge (2 conserved, and the charge density 15 associated
with the walls, the walls should not be able to collapse. "' this end, Figure 3.4 displays
the evolution of the number of walls for high, medinum and low charge densities — where
we see that low charge density has its evolution narrowly above the 71 of the zero charge
case, and high charge almost prevents the number of walls rom evolving at all. Figure
3.5 has the evolution of the scaling exponents 5 . where we define the number of walls to
be r o d¥, One ghould note that the p = 0 case 15 equivalent to the . model.

[t 15 worth noting now about the topology of the simulation. We are using periodic
boundaries, =0 that our 200 plane is actually the surface of a torus. The objects we call
vartons are loops (the domain walls), which separate two domains, and if a varton is
stable, it cannot contract and disappear. Now, there are (at least) two reasons a loop
configuration cannob contract in our simulations: {a) the configuration 15 a stable vorton,
or (b)) the loop has wrapped around the torus. With reference to the far right image
on the middle row of Figure 3.2, we =ee that a single loop has formed (which has both

LG



e - '
. . .,ﬂ.l,..'..'-ﬂt.".
MW.MM%WM NN T ﬂg ﬁpr |V

]
)

L_
o ==
L

Figure 3.3: 1D elice across a grid showing the value of ¢ and charge density o (the latter in blue].
at t = &, Fram left to right we have 3 %.’:'.;.:J.;.- %_.:i;.. The hlack line in the far left plot is o,
where we clearly see the kink solution interpolating hetween adjacent vacua., The separation of
charge and domain is very noticeahble in the far right case (fe. where A - 0], with separation
not cccuring at all in the far left case (i.e. where A = 0). Notice that in the middle A = 0 case,
the charge density peaks on the domain wall.
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Figure 3.1: Evalution of the number of walls, in the & — 0 case, for a grid size 200%°, We have
shown various charge densities p, with the green line being a ¢ evolution. Notice that as the
charge density drops, the number of walls becomes closer bo the “fastest possible™.,

charge and current associated with 1t). Now, if the loop had wrapped around the torus,
a line could not be drawn from one edge of the box to the other, without cutting the
loop. The loop of Figure 3.2 15 clearly not of this type. However, equivalent images of
simulations from grid sizes of 2457, show multiple loops, some of which could be wrapped

L7



Scaling exponent

| L L L | i L | L
500 1000 1500
Time step

Figure 3.5 Evolution of the mean scaling exponents, w o 7 for 10 realisations of the kinky
vorton model, with A = 0 evalved on a gridsize 5127,

around the torus (i.e. we always cut a loop in going from one edge to the other), and are
hence stabilised by being wrapped. This somewhat highlights the use of the image=
determining the phenomenclogy of a maodel.

According to [14, 11], there are three types of vorton, classified by the sign of x, where
J

o
Ao ek (3.3)

= Talop

with the classifications given in Table (3.1). Furthermaore, the analytical work presented
in [11]| shows that vortons only exist on the range

1

E—If -:x-c:l—.'}:-

T

that strongly magnetic (¥ < () vortons possese a pinching instability and electric vortons

are stable. Therefore, we see that for 5 = —I’ there 15 a greater range of v for which

Sign of v Classification

L electric
y=1>0 chiral
x o [ magnekie

Table 3.1: Classification of vortons |14, 11].

- - . . - - _a . - A
magnetic vortons can exist, than electric; and vice-versa for 57 < 7. In seiting initial
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