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Abstract

This is my own work, being a collection of methods & uses I have picked up. In this work, I
gently introduce index notation, moving through using the summation convention. Then begin
to use the notation, through relativistic Lorentz transformations and quantum mechanical 2"¢
order perturbation theory. I then proceed with tensors.
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1 Index Notation

Suppose we have some Cartesian vector:
v =1 + y,; + 2k

Let us just verbalise what the above expression actually means: it gives the components of each
basis vector of the system; that is, how much the vector extends onto certain defined axes of the
system. We can write the above in a more general manner:

v =1x1€] + T2és + T3€3

Now, we have that some vector has certain projections onto some axes. From now on, I shall
supress the ‘hat’ of the basis vectors e (it is understood that they have unit length). Notice
here, for generality, we have not mentioned what coordinate system we are using. Now, the above
expression may of course be written as a sum:

3
V= E xT;e;
i=1
Now, the Einstein summation convention is to ignore the summation sign:
Vv =x;€;

So that now, the above expression is understood to be summed over the index, where the index runs
over the available coordinate system. That is, in the above system, the system is 3-dimensional,
hence, i = 1 — 3. If, for some reason, the system was 8-dimensional, then i = 1 — 8. Also, as we
see in relativistic-notation, it may be the case that i starts from 0. But this is usually understood
in specific cases.

1.1 Matrices

Now, suppose we have the matrix multiplication:

by ail a2 a3 c1
by | = | a2 a2 a3 c2
b3 asy azz a3 c3
Let us write this as:
B =AC

Where is is understood how the above two equations are linked. Also, we say that the vector B
has components b1, bg, b3, and the matrix A has elements a7 .... Now, if we were to carry out the
multiplication, we would find:

by = ajic] + aieca + ajzcs
bo = agi1c1 + axcs + agscs

bs = asic1 + asaca + asscs
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Now, if we glance over the above equations, we may notice that by is found from aq;c;, where
j =1 — 3 (asum). That is:

3
by = Z a1jC; = a11C1 + G12C2 + G13C3
j=1
Which is indeed true. So, we may suppose that we can form any component of the vector B, b;
(say) by replacing the ‘1’ above by i. Let us do just this:

3
bi = E aijcj bl = aijcj
Jj=1

Where the RHS expression has used the summation convention of implied summation. One can
verify that the above expression does indeed hold true, by setting ¢ equal to 1, 2, 3 in turn, and
carrying out the summations. Of course, this also works for vectors/matrices in higher dimensions
(i.e. more columns/rows/components/elements). As this obviously works in an arbitrary number of
dimensions, one must specify, or at least understand how far to take the sum. Infact, in relativistic
notation, one uses greek letters (rather than latin) to denote the indices, so that the following is
automatically understood:

3
b, = g Ay pCy b, = ayucy
n=0

So, we say:
The i*" component of vector B, resulting from the multiplication of some matrix A having elements
a;j, with vector C, can be found via:

bi = Q4;Cj

Now, notice that we may exchange any letter for another: ¢ — k, j — n, so that:
bk: = QknCn

But also note, we must to the same for everything. We may also cyclicly change the indices
1 — j — 1, resulting in:
bj = CLjZ‘CZ'

This may seem obvious, or pointless, but it is very useful.

Suppose we have the multiplication of two matrices, to give a third:

bir b2 \ [ a1 a2 c11 C12
ba1  boo as a2 C21 C22

Let us explore how to ‘get to’ the index notation for such an operation. Now, let us carry out the
multiplication, and write each element of the matricx B separately (rather than in its matrix form):

bin = aiicin + azen
bio = aiici2 + aiac
bor = azici1 + azco

by = azici2 + aznca
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Then, again, we may be able to notice that we could write:
2
bo1 = ZGQjle = ag1c11 + a22¢21
=1

Let us replace the ‘2’ with 4, and the ‘1’ with k. Then, the above summation reads:
2
bir =Y aijcir  bir = Gijcjk
i=1

Again, if the summations are done, one can verify that one gets all the components of the matrix
B. Also, writing in summation notation (leave in the summation sign, for now), one may take the
upper-limit to be anything! The only reason a 2-dimensional matrix was used was for brevity. So,
let us say that the result of multiplication of 2 N-dimensional squardﬂ matrices, has elements which
may be found from:

N
bik = Zaijcjk (1.1)
7=1

Now, let us re-lable k with j , as we are at complete liberty to do (as per our previous discussion):

N
bij = Y aixCrj (1.2)
k=1

We can also cyclicly change the indices (from the above) i — j — k — 4 (this time using the
summation convention):

bjr = ajicik
One must notice that the order of the same index is the same. That is, whatever comes first on the
b-index (say), appears at the same position in all expressions.
Also notice, the index being summed-over changes. Originally, we summed over j, in , then it
was k in (|1.2); (after re-labling k& with j), and finally the summed-index was 7.
Then notice, the only index which is not on both the left and right hand sides of an equation is
being summed over.

Also, by way of notation, it is common to have an expression such as b;; = a;;cy;, but refer to the
matrix a;;. If confusion occurs, one must rememeber the redundancy of labelling in expressions.

Recall the method for matrix addition:
bin b2 \ _ [ a1 a2 ci1 ci2 \ _ [ a1 +eci1 a2 +ci2
= 4 =
ba1  b22 a1 a2 C21 €22 a1 + c21 a2 + 22
Now, notice that bis = a12 + 12, for example. Then, one may write:
bij = a;; + ¢;j
Now, the concept of repeated indices becomes very important to note here! Every index which

appears on the left also appears on the right. We are finding the sum of two matrices one element
at a time; not summing the matrices outright.

! A square matrix is one whose number of columns and rows are the same. This works for non-square matrices,
but we shall not go into that here.
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1.2 Kronecker-Delta

Suppose we have some matrix which only has diagonal elements: all other elements are zero. The
diagonal components are also unity. Then, in 3-dimensions, this matrix would look like:

S O =

0 0
10
01

This is called the identity matriz (hence, the |). Now, suppose we form the matrix product of this

with another matrix:
(bn 512>:<1 0><011 012)
ba1  bog 0 1 C21 €22

Obviously we are now in 2-dimensions. Let us do the multiplication:

b = enn
b2 = ci2
ba1 = ca1
bya = coo

A curious pattern emerges! Let us write down the multiplication in summation convention index
notation:
bij = dikCrj

Where the §-symbol denotes the matrix | (just as a denotes elements of the matrix A).

Now, let us take a look at the identity matrix again. Every component is zero, except those which
lie on the diagonal. That is, ;1 = 1, d21 = 0, etc. Note, the elements which lie on the diagonal are
those for which i = j, corresponding to element ¢;;. Then, we may write that the identity matrix
has the following properties:

1 i=j
i = 1.
Now then, let us re-examine b;; = d;,cp;. Let us write out the sum, for ¢ = 1,5 = 2:
2
bia = ) dikcha = 611012 + O12¢22
k=1

Now, by (1.3), 11 = 1 and 912 = 0. Hence, we see that bjs = ci9.
Which is what we had by direct matrix multiplication, except that we have arrived at it by consid-
ering the inherent meaning of the identity matrix, and its elements.

So, we may write that the only non-zero components of b;; = d;pc; are those for which ¢ = k.
Hence:

bij = OikCrj = Cij
Again, a result we had before, from direct matrix multiplication; except that now we arrived at
it from considering the inherent properties of the element ¢;;. In this way, we usually refrain
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from referring to d;; as an element of the identity matrix, more as an object in its own right: the
Kronecker-delta.

We may think of the following equation:
bij = dincr
k

As sweeping over all values of k, but the only non-zero contributions picked up, are those for which
k =i. Leaving the summation sign in, in this case, allows for this interpretation to become a little
clearer.

1.2.1 The Scalar Product

Now, we can use the Kronecker-delta in the index-notation for a scalar-product. Suppose we have
two vectors:
vV = vi1e1 + v2es + v3es U = uje; + uzeg + uzes
Then, their scalar product is:
VU = VU] + VoUg + V3U3
Now, inlight of previous discussions, this is calling out to be put into index notation! Now, something
that has been used, but not stated, in doing the scalar-product, is the orthogonality of the basis

vectors {ei}ﬂ That is:
€; - ej = 6ij

Now, let us write each vector in index notation:
vV = v;€; u = u;€;

Now, to go ahead with the scalar product, one must realise something: there is no reason to use
the same index for both vectors. That is, the following expressions are perfectly viable:

u = u;€; U= Uuje;

Then, using the second expression (as it is infact, a more general way of doing things) in the scalar
product:

VU= 7VU;€; - €
Then, using the orthogonality relation:

viujei . ej = viujéij

Then, using the property of the Kronecker-delta: the only non-zero components are those for which
1 = j; thus, the above becomes:

ViU
Note, we could just have easily chosen vju;, and it would have been equivalent. Hence, we have

that:
3

VU =vu; = E ViU; = V1U1 + VU2 + V3U3
i=1

2This notation simply reads ‘the set of basis vectors’.
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Again, a result we had found by direct manipulation of the vectors, but now we arrived at it by
considering the inherent property of the Kronecker-delta, as well as the orthogonality of the basis
vectors.

1.2.2 An Example

Let us consider an example. Consider the equation:
bij = 0ik0jnarn

Then, the task is to simplify it. Now, the delta on the far-right will ‘filter’ out only the component
for which j = n. Then, we have:
bij = Oika;

The remaining delta will filter out the component for which ¢ = k. Then:
bij = aij

Infact, if the elements of a matrix are the same in two matrices; then the matrices are identical.
That is the above statement.

2 Applications

Thus far, we have discussed the notations of vectors and matrices. Let us consider some ways of
using such notation.

2.1 Differentiation

Suppose we have some operator which does the same thing to different components of a vector.
Consider the divergence of a cartesian vector v = (v, vy, v,):

_ Ovg % ov,

V-v—%—s— oy + 0z

Then, let us write that:
r1 =2 o =Y r3 = 2

Then, the divergence of v = (v1, ve, v3) is:

_ avl 61)2 81}3

Vou=an Von T o

Immediate inspection allows us to see that we may write this as a sum:
3

(%i 8vi
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Similarly, let us write the nabla-operator itself:

Geo @ 0 0
e 8%‘1 €2 81'2 €3 8.%'3

This is of course, under immediate summation-convention:

0
V—eia—xi

Infact, let us just recall the Kronecker-delta. In the above divergence, we may write:

_ 8’01' (%j

ViU S G ~ on Y

Let us leave this alone, for now.

Consider the differential of a vector, with respect to any component. Let me formulate this a little
more clearly. Let us have the following vectmﬂ

vV = ejv] + egvy + e3vs

Then, let us differentiate the vector with respect to, say xo. Then:

ov ovy Ova O0vs

T =€el— ter— tey3—
(9112 ! 8:62 2 8.7:2 3 (9:132

Before I put the differential-part into index notation, let me put the vector into index notation.

The above is then:
ov ov;

aibz 8{[)2

Then, the differential of v, with respect to any component, is:

ov 8’01'

(9l‘j a{L‘]’

Again, let us stop here with this.

Consider the derivative of x; with respect to xo. It is clearly zero:

9m1 _ g
61’2
That is, for ¢ # j:
8.1‘1'
—0 C
9z, P F ]
Also, consider the derivative of x; with respect to x1. That is clearly unity:
921 _
6951

3Tt is understood that we are using some basis, and that v, (z1,z2,23): the components are functions of x1, 2, 3.
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Hence, combining the above two results:

Similarly, suppose we form the second-differential:

Da,dar . Om; Dy By

However, differentiation is commutative; that is:

82$Z’ . azxi
ax]’a$k a axkﬁxj

Thus, the right hand side of the above is:

82561' 0
8£Ck8$j &rk
Hence: 5 5
bk = 0
axj k axk J

Notice, this highlights the interchangeability of indices: notice what happens to the left hand side
if j is changed for k.

Consider the following differential:

/
or;

7
r — Yig
83;]

Where a prime here just denotes that the component is of a vector different to unprimed components.
Now, we may of course multiply and divide by the same factor, xy, say:

Ox; dxy,  Ox Oxy,
83:;- or,  Oxy, (’31‘;

Now, the differential on the very-far RHS (i.e. gﬁ ), if we let the k — [, and use a Kronecker delta
J
5kl~ That is:

Oz} Oxy Oz} Omy
Ozy, O:E; Oy 61‘; M

Now, let us just string together everything that we have done, in one big equality:

5 — Oz} Oz} Oz, Oxj 0wy _ Oxj Om;
K 81’9 - 8:1:;. orr  Oxy Gx; Oy 833; M

Hence, we have the rather curious result:

5,” - 81‘; 8561

g 37@8703 kl (22)
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This is infact the statement that the Kronecker-delta transforms as a second-rank tensor. This is
something we will come back to, in detail, later.

Let us consider the following;:

V(V-v)

Now, to put this into index notation, one must first notice that the expression is the grad of a scalar
(the divergence). Hence:

0 0Ovj
V(V . ’U) €; 8xz aixj
Which is of course the same as:
V(V.-v)=¢ei 0 9y
- Stk 3.%1 8xk

This may seem like a pointless usage of the Kronecker-delta; and infact here, it is. However, it does
serve the purpose of highlighthing how it may be used.

2.2 Transformations

Let us suppose of some transformation matrix A (components a;;), which acts upon some vector
(by matrix multiplication) B (components b;), resulting in some new vector B’ (components b}).
Then, we have:

b; = aijbj
Now then, here, the a;; are some transformation from one frame (unprimed) to another (primed).
Let us just recap what the above statement is saying: if we act upon a vector with a transformation,
we get a new vector.

Now, rather than a vector, suppose we had something like b;;, and that it transforms via:

/
bi]’ = ainajmbnm

Now, initially notice: we are implicitly implying that there are two summations on the right hand
side: over n and m. Now, depending on the space in which the objects are embedded, the trans-
formation matrices a;; take on various forms. Again, depending on the system, b;; will usually be
called a tensor of second rank.

2.3 Relativistic Notation
Here, we shall consider the application of index notation to special relativity, and explore the subject
in the process.

Let us first say that we shall use 4 coordinates: (ct,x,y, z). However, to make things more trans-
parent, we shall denote them by:

ot = (20, 2t 2%, 23) (2.3)

So that such an infinitesimal is:
dzt = (dz®, dxt, da?, dz?)
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Now, we shall define the subscript versions thus:
drg = —dz® dxy =dz' dzy =d2?  dxs = do? (2.4)

Then:
dzx,, = (dxo,dz1, dxs, drs)

And, from their definitions, notice that we can write:
dx,, = (dxo, dz1, dwo, drs) = (—dxo,dxl,dxz,dx?’)

Now, an interval of space is such that:

—ds? = —(dz®)? + (dz')* 4 (dz*)? + (dz®)? (2.5)
Notice how such an interval is defined. Now notice that the above sum looks ‘nice’, except for the
minus sign infront of the dz®-term. Now If we recall from above, we have that dzg = —dz?. Then,
dzodr® = —(dzo)?, which is the term above. Thus, by inspection we see that we may form the
following:

3
—ds? = dxodz® + dreidzt + deodz® + drsds® = Z dx,dz"
n=0

Hence, under this summation convention:
— ds? = dx,dz" (2.6)

Now, let us introduce the concept of the Minkowski metric, n,,. Let us say that the following is
true:

— ds* =y, datdz” (2.7)

Notice, this expression seems a little more general than (2.6). Now, let us explore the properties of
Nuv, in much the same way we explored the Kronecker-delta d;;.

Now, let us say that 7, = 71,,; i.e. that it is symmetric. Infact, any anti-symmetric terms (that
is, those for which £, = —§,,,) will drop out. This is not shown here.

Now, let us begin to write out the summation in (2.7)):

3 3
—ds® = ZZnyydac“d:L‘”

p=0v=0
= n00d$0daco + Thodmldxo + 7701d3:0d:131 4+ ...+ 7711d$1d331 + ...

Now, compare this expression with . We see that the coefficient of dz®dz? is -1, and that of
dz'dx' is 1; and that of da'da? is zero; etc. Then, we start to see that N only has non-zero entries
for p = v, and that for 4 = v = 0 (note, indexing starts from 0, not 1), it has value -1; and that
uw=rv =1,2,3 it has value 1. Then, in analogue with the Kronecker delta, let us write a matrix
which represents 7,

-1

N = (2.8)

o O O
O O = O
o= O O
o O O
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Now, from ([2.4), we are able to see that we can write a relation between da* and dx,, in terms of

Nuv:
dzx,, = nu,dz” (2.9)

Let us just write out the relevant matrices, just to see this ‘in action’:

-1 0 0 0 dz?
d - 0 100 dzt
M G = 0 010 dz?
0 0 0 1 dx3

= (—dmo, dat, da?, d:):3)

= dzy,

So, in writing the relations in this way, we see that we have the interpretation that a vector with
‘lower’ indices is the transpose of the ‘raised’ index version. This interpretation is limited however,
but may be useful.

So, we may write in general then, that a (4)vector b, having components b* can have its indices
‘lowered’ by acting the Minkowsi metric upon it:

by = Nub”
The relativistic scalar product of two vectors is:
a-b=a'b,
However, we can write that b, = 7,,b"; hence the above expression is:
a-b=ad'b, =mn,ad0"
And that is, of course, with reference to the metric itself:
a-b=—-a"" +a'b" +a’’ +a’t?

Now, if we have some matrix M, a product of M with its inverse gives the identity matrix I. So,
if we write that the inverse of 7, is n*”. Now, the identity matrix is infact the Kronecker delta
symbol. Hence, we have that:

NP = 6, (2.10)

Where we have used conventional notation for the RHS. Notice that the indices has been chosen in
that order to be inaccord with matrix multiplication. Now, from the matrix form of 7,,, we may
be able to spot that its inverse actually has the same form. Let us demonstrate this by confirming
that we get to the identity matrix:

n"? urm = 5Z
-1 0 0 O -1 0 0 O 1 0 0O
0 1 00 0 1 00 B 01 00
0 0 10 0 0 10 - 0 01 0
0 0 0 1 0 0 01 0 0 0 1
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Hence confirmed.

Now, just as we had b, = n,,0”, what about n”*b,? Let us consider it (notice that the choice of
letter in labelling the indices is completely arbitrary, and is just done for clarity):

A I
= ("7 )b”
= 0
— P
It should be fairly obvious what we have done, in each step.

Thus, we have a way of raising, or lowering indices:
ntb, =b” Nub” = b, (2.11)

Notice, the redundancy in labelling. In the first expression, we can exchange v — p — v, and then
the indices appear in the same order as the second expression.

2.3.1 Special Relativity

I shall not attempt at a full discussion of SR, more the index notation involved!

Here, let us consider some ‘boost’ along the x-axis. In the language of SR, we have that two
intertial frames are coincident at ¢ = 0, and subsequently move along the z-axis with velcity v. The
relationship between coordinates in the stationary frame (unprimed) and moving frame (primed)
are given below:

ct’ = (et - Bx)
a' = y(z— Bet)
y =y
Z = z
Where: )
v
=ame e
Then, using the standard 2° = ct, 2! = z, 22 = y, 2> = 2, we have that:
0 = (" pr')
2t = A(—p2" + 2
:L',2 — x2
x/3 _ x3

Now, there appears to be symmetry in the first two terms. Let us write down a transformation
matrix, then we shall discuss it:

vy =B 00
- 00

= gﬂ g Lo (2.12)
0 0 01
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Now, we may see that we can form the components of 2’# (i.e. in the moving frame), from those in
the stationary frame, by multiplication of the above matrix, with the ¥. Now, matrix multiplication
cannot strictly be used in this case, as the indices of the z’s are all -higher. So, let us write:

't =AY (2.13)
Consider this, as a matrix equation:
z"° v =6 0 0 20
gV | 8 v 00 x!
% | 0 0 10 z?
'3 0 0 01 z?

If ‘matrix multiplication’ is then carried out on the above, then the previous equations can be
recovered. So, we write that the Lorentz transformation matrix is:

¥y =8 0 0
—8 0 0

AP = g g Lo (2.14)
0 0 0 1

One should also know that the inverse Lorentz transformations are the set of equations transferring
from the primed frame to the unprimed frame:

ct = ~(ct' —B2)
r = (' —Bet)
= y,

Z,

A =

Then, we see that we can write the inverse Lorentz transformation as a matrix (in notation we shall
discuss shortly):

vy 8 0 0
3 00

AM = 70 g Lo (2.15)
0 0 0 1

Now, distances remain unchanged. That is, the value of the scalar product of two vectors is the
same in both frames:

From previous discussions, this is:
5

a / v
Nagr®e” = Nt

Now, we have a relation which tells us what z'# is, in terms of z*; namely (2.13). So, the expressions
on the RHS above:
't = AF 2 " = A”Bxﬁ

Hence:
naﬁxo‘fg = 77“,,9:'“93'” = UMVA‘U‘axaAV/BCLﬂ
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Hence, as we notice that z%z” appears on both sides, we conclude that:

Nap = M oA g
Which we may of course rearange into something which looks more like matrix multiplication:

Nap = A oA g (2.16)
Let us write out each matrix, and multiply them out, just to see that this is indeed the case:

00 ~10 0 0 v =3 0 0
0 0 0 10 0 —~3 0 0
10 0 010 0 10 (2.17)
0 1 0 00 1 0 0 1

o o

Multiplying the matrices on the far right, and putting next to that on the left:

v =B 00 -y 8 0 0
-8 v 00 -8 v 00
0 0 10 0 0 10
0 0 01 0 0 01

Multplying these togther results in the familiar form of 7,g.

Now, let us look at the Lorentz transformation equations again:

= (" - )
2t = (B2 + 2t
$/2 — x2

$/3 — x3

Let us do something, which will initially seem pointless (as do many of our ‘new ideas’, but they
all end up giving a nice result!). Consider differentiating expressions thus:

856/0_ ax/(]__ﬁ axlo_axlo_o
90~ et T P a2 T 9a8

Also:
3$’1 (91‘/1
920 —H ot !
Where we shall leave the others as trivial. Now, notice that we have generated the components of

the Lorentz transformation matrix, by differentiating components in the primed frame, with respect
to those in the unprimed frame. Let us write the Lorentz matrix in the following way:

0 0 0 0
RS
0 1 2 3
A2, A2 A2, AZ,
A3, A3, A3, A3,
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That is, we see that we have generated its components by differentiating:

awlo 837/1
0o _ 1
Ao = 0z9 Ao 0z0

Then, we can generalise to any element of the matrix:

oz'™
Y

A¥ (2.18)

So that we could write the transformation between primed & unprimed frames in the two equivalent

ways:
oz'H
't = A Y 't = z¥
oxY
Let us consider the inverse transformations, and its notation. Consider the inverse transformation
equations:
/ il
20 = (24 B2
1 10 il
- = ~v(Bz" +2")
2 = o
$3 — .1‘/3

If we denote the inverse by matrix elements A, ", its not too hard to see that:

ox¥
o
A= ox'H

We shall shortly justify this. Although this seems a rather convoluted way to write the transforma-
tions, it is actually a lot more transparent. If we consider that a set of coordinates are functions of
another set, then the transformation is rather trivial. We will come to this later.

Let us justify the notation for the inverse Lorentz transformation of A, ", where the Lorentz trans-
formation is A*,. Now, in the same way that the metric lowers an index from a contravariant
vector:

v o__
Nuw®” = Ty

We may also use the metric on mixed “tensors” (we shall discuss these in more detail later; just
take this as read here):
WMVAV)\ = Au)\ Nuw A"\ = Apx

So, we see that in the LHS expression, the metric drops the v and relabels it ;. One must note that
the relative positions of the indices are kept: the column the index initially possesses is the column
the index finally posseses. So, consider an amalgamation of two metric operations:

HQVHB#AVH = T]aVAV’B = Aaﬁ
Now, consider replacing the symbol A with A:

Aaﬁ = Wauﬁ’g“ AV,LL
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Now, notice that n°* = (n*%)T, and that by using this, we get a form in which matrix multiplication
is valid:
T
Aaﬁ = %VAVM(UMB)

Now, one can then carry out the three matrix multiplication:

1000 v =B 0 0 1000
0 100 —~3 00 0 100
v (BT Y Y
Naw A", (117 0 010 0 0 10 0 010
0 00 1 0 0 0 1 0 00 1
v 8 0 0
_ | w8 v 00
0 0 1 0
0 0 0 1

— A8

(67

Hence, we see that A," has the components of the inverse Lorentz transformation, from (2.15).
Hence our reasoning for using such notation.

2.4 Perturbation Theory

In quantum mechanics we are able to expand perturbed eigenstates & eigenenergies in terms of
some known unperturbed states. So, by way of briefly setting up the problem:

H = ffo—f—f/
bp = 0 o) o 4
B, = BEQ+EN+EP 1.

Now, we have our following perturbed & underpurbed Schrodinger equations:
Hyy = By, Hoor = exdy

So that, from the expansions, to zeroth order:

Now, if we put our expansions into the perturbed Schrodinger equation, we will end up with
equations correct to first and second order perturbations:

oV + V0 = EOp 4 gDy
ﬁ0¢1(€2) _{_le(cl) _ E;E;O)lb;(f) +E](g1)¢/(§l) +E/(§2)1/]]E;0)

What we want to do, is to express the first and second order corrections to the eigenstates and
eigenenergies of the perturbed Hamiltonian, in terms of the known unperturbed states.

Now, we shall use index notation heavily, but in a very different way to before, to solve this problem.
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Now, we shall not solve for first order perturbation correction for the eigenstate, or energy; but
we shall quote the results. We do so by the allowance of expanding any eiegenstate in terms of a
complete set. The set we choose is the unperturbed states. Thus:

1 1 Vik
WSl A

€L — €5
j J

Where we have quoted the resul. Now, we will carry on & figure out what the c,(é) are:

2 2
i = el

J
So, we proceed. We rewrite the second order Schrodinger equation thus:
2) (0 - F 0)\ /(2
EDyY = (V= ED)ol) + (o - B

Now, we insert, for the states, the expansions in terms of some coefficient & the unperturbed stateEL
gbk-Z% (V- E ¢J+ch3 ;i

Now, using a standard quantum mechanics ‘trick’, we multiply everything by some state (we shall
use ¢F), and integrate over all space:

B )/¢i¢kd7 =S¢ (/@V@df— ,i)/qﬁi@dr) +3 e (e —ek)/mﬁjdf

J J

Using othornormalityﬁ of the eigenstates, as well as some notation’} this cleans up to:
1 2
Oik = Z% ( i — By )%) + el (e — ex)dyy
J

Let us use the summation convention:

E](f)élk = CS) (V E(l)(52j> + C( )< ek)dij
Then, using the Kronecker-delta on the far RHS:

E,(CQ)(SZk = C](;) (VU — E](Cl)&J) + C](j) (ei — ek) (2.19)
Now, let us consider the case where i = k. Then, we have:

B =) (Viy = ENoy) + ) (e — &)

7

4The full derivation of the above terms can be found in Quantum Mechanics of Atoms € Molecules.
Notice however, that we must take c< = 0, to avoid infinities.
5We shall be using that w,ia) = Z ck])@, and that Hoqﬁk = expr, where we use that E( ) = er and 1/J(O) = ¢k
SThat is, [ ¢} ¢ dr = 6i;
"We shall use that [ ¢7 Ag;dr = Ay
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The far RHS is obviously zerdﬂ Thus:

P = o (V- Esy)

<1>V D0,
_ <1>V _C<1>E<1>

We then notice that CEZI ) = 0, as has previously been discussed in a footnote. Hence:

2 1
£ -y,

(1)

g and putting the summation sign in:

Hence, using our previously stated result for c;

E(2) _ 71 Vg

v ; €; — ej

Hence, quoting that E,(Cl)
correction:

= Vi, we may write the energy of the perturbed state, up to second order

JkaJ

Ek—€k+ka+Z P
J

J#k

Now to compute the correction coefficient to the eigenstate.

If we look back to (2.19), we considered the case where ¢ = k, and look at that. Now, let us
consider i # k. Then, the LHS of (2.19) is zero, and the RHS is:

iy (Vz’j - Ezil)@'j) i (e — ex) = 0

(1)

Now, using a previously quoted result E;"’ = Vi, the above trivially becomes:

Cl(é) (Vz] — kadij) + Cl(c2i) (ei — ek) =0
Expanding out the first bracket results trivially in:
c,%)v C](W)kafsw + Cl(€ )( —er) =0
Using the middle Kronecker-delta:
c,(é)Vij — c,(;)ka + c,(j)(e?; —er) =0

1)

Inserting our known expressions for Cij (i.eﬂ), being careful in using correct indices:

Vik Vi
Vij — LI cg)(ei —eg) =0
€L — €5 €L — €;

8This is the case partly due to e; — e; = 0, and also as c§j> =0
9. _ Vi
74] e-lej
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A trivial rearrangemenﬂ

Vi Vi _ .2 A
er — € ‘/zg en — e ka - Cki (ek ez)

Thus:
@) _ Vi Vik

Ui T ln—ep)en—e) VT (en—er)

Hence, putting the summation signs back in:

() VikVij Vit Viek
c,. = —
b ]% (ex —ej)(ex —e€i)  (ex —e€)?

Now, let us just put this into the form (i.e. exchange indices) cgj):

(2) VokVin Vik Vi
c, . = —
& nzyék (er —en)lex —€5)  (ex —e€;)?

Now, if we recall:

2 2
o =S

J

@) Vouk Vin o VieVir
B B A [ L PR

7k ntk 7 (e —e)

Where we must be careful to exclude infinities from the summations.

Then:

3 Tensors

Here we shall introduce tensors & a way of visualising the differences between covariant and con-
travariant tensors. This section will follow the structure of Schut] but may well deviate in exact
notation.

Let us start by looking at vectors, in a more formal manner. This is invariably repeat some of the
other sections work, but this is to make this section more self-contained.

3.1 Vectors
3.1.1 Transformation of the Components

Suppose we have some vector, in a system Y. Let it have 4 components:

Az = (At, Az, Ay, Az) = {Az“}

10We have only take the term to the RHS, we have not switched any indices over.
1 A First Course in General Relativity - Schutz.
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Now, in some other system Y, the same vector will have different components:
Az = {Az"}

Where we denote components in ¥/ with a ‘prime’.
Now, as we have seen, we can transform between the components of the vectors, in the different
systems (in equivalent notations):

81,/&
0zh

Az’ = ApAz°  Aa = Az’ pelo,3]

We shall use the latter notation from now on. Now, of course, a general vector A, in X, has
components {A*}, which will transform as:

8$IOL Aﬁ

A/a —
0xP

(3.1)

Hence, just to stress the point once more: We have a transformation of the components of some
vector A from coordinate system X to Y. So, for example, if the vector is A = (A%, A, A2, A3),
then its components in the frame ¥’ are given by:

3
A0 = N A0AP = A0 A+ A0 AT + A0, A% 4 A0 A8
B=0

3
A% = N AT GAP = A3 A0+ AP AT 4 AP, A% 4 A3 A3
B=0

3.1.2 Transformation of the Basis Vectors

Now, let us consider basis vectors. They are the set of vectors:

€y = (1,0,0,0)
€1 = (Oa]-aOaO)

es = (0,0,0,1)
Notice: no ‘prime’, hence basis vectors in . Now, notice that they may all be seen to satisfy:
(ea)’ = o7 (3.2)

Where we have denoted the different vectors themselves by the a-subscript, but the component by
the superscript 3. This is still in accord with the previous notation of A® being the a‘* component
of A. Now, as we know, a vector A is the sum of its components, and corresponding basis vectors:

A = A%, (3.3)
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This highlights the use of our summation convention: a repeated index must appear both upper
and lower, to be summed over. Now, we alluded to this earlier, with the discussion on the vector
Ax: a vector in X is the same as a vector in Y. That is:

o loc 1
A%y = A%,

Now, we have a transformation between A’® and A%, namely (3.1]); hence, using this on the RHS
of the above:

A%e, = A“el
ax/a
_ Bt
= 5.0 AZe,
6:E/a
— B ’
= A 927 e,
Where the last line just shuffled the expressions around. Now, as the RHS has no indices the same
as the LHS (i.e. two summations on the RHS), we can change indices at will . Let us change § — «
and o/ — 3. Then:

Hence, taking the RHS to the LHS, and taking out the common factor:

8
Aa <€a — 88204 elﬁ> =0

Therefore: "
ox'"
e, — 9p0 ez =0
Hence:
'8
€y = %65 (34)

Hence, we have a transformation of the basis vectors in ¥’ to those in Y. Notice that it is different
to the transformation of components. We write both transformations below, as way of revision:

o0x'8 oz’
A= AP
e 8 P

€n —

3.1.3 Inverse Transformations
Now, we see that the transformation matrix AP, s just a function of velocity, which we shall denote
AP «(v). Hence, just writing down the basis vector transformation again, with this ‘notation’:

ey = Aﬁa(v)ezg (3.5)

Now, let us conceive that the inverse transformation is given by swapping v for —v. Also, we must
be careful of the position of the ‘primes’ in the above expression. ThenEL

e, =N, (—v)e,

12 Just to avoid any confusion that may occur: all sub-& super-scripts here are v, and the argument of the trans-
formation wv.
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Then, relabelling v — 3:
e/'g = A"s(-v)e,

Hence, if we use this in the far RHS expression of (3.5):
e, = Aﬁa(v)e’ﬁ
= Aﬁa(v)A”ﬁ(—v)ey

We then see that we must have:
So that plugging it back in:

Hence, writing our ‘supposed inverse’ identity another way (swap the expressions over):
AY y(—0) A%, (0) = &%,
We see that it is now of the form of matrix multiplication, where:
AA =1

Which is the standard rule for multiplication of a matrix with its inverse giving the identity matrix.
Thus, leaving out the v, —v notation, and using some more common notation:

Ag“AP, =6, (3.6)
Let us write this in our other notation; as it will seem more transparent:
oz 0x'P _ v ALY ox”
08 dx @ e Qale

That is, the transparency comes when we notice that the two factors of 92’? effectively cancel out,
leaving something we know to be a Kronecker-delta.

Now, let us figure out the inverse transformation of components; that is, if we have the components
in Y/, let us work them out in . So, let us start with an expression we had before 1D A = A ﬁAﬂ :
Now, let us multiply both sides by A,” (i.e. the inverse of A%j):

ox'™
A = AP
OxP
ox” ox¥ 0z'*
= A = AP
oz’ Ox'> dxP
Now, we know that the RHS ends up being a Kronecker-delta. Thus, being careful with the indices:
o O g — A0 = a7

ox'e

Where we have used the property of the Kronecker delta. Hence:

v
0,
- Ozl

Al/

(3.7)
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So, we have a way of finding the components of a vector in some frame Y, if they are known in ¥;
and an inverse transformation in going from ¥’ to X. Here they are:

oxb
AP = —
81.104

Il

oz’
— AP
ozb

Let us finish by stating a few things.
The magnitude of a vector is:

A/OL

A2 — *(A0)2 + (A1)2 + (A2)2 + (A3)2
Where the quantity is frame invariant. Now, we have the following cases:

e If A% > 0, then we call the vector spacelike;
o If A2 =0, then the vector is called null;

o If A%2 <0, then we call the vector timelike.

We also have that the scalar product between two vectors is:
A-B=-A"B"+ A'B' + A?°B* + A%B?
Which is also invariant. The basis vectors follow orthogonality, via the Minkowski metric:
€n €3 =148 €s " €3 =13 (3.8)
Where we have components as already discussed:
mo=-1 mi=mna2=m3=1

Infact, (3.8)) describes a very general relation for any metric; the metric describes the way in which
different basis vectors “interact”. It is obviously the Kronecker-delta for Cartesian basis vectors.

This concludes our short discussion on vectors, and is mainly a way to introduce notation for use
in the following section.

3.2 Tensors
Now, in 3, if we have two vectors:
A = A%, B = Bﬁeﬁ

Then their scalar product, via (3.8)), is:

A-B AO‘Bﬂea-elg

= AaBﬁna,B

So, we say that 1,z are components of the metric tensor. It gives a way of going from two vectors
to a real number. Let us define the term tensor a bit more succinctly:
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A tensor of type (9\,) is a function of N vectors, into the real numbers; where the

function is linear in each of its N arguments.

So, linearity means:

(e¢A)-B =a(A-B) (A+B)-C=A-C+B-C
Each operation obviously also working on the B equivalently. This actually gives the definition of a
vector space. To distinguish it from the ‘vectors’ we had before, let us call it the dual vector space.

Now, to see how some tensor g works as a function. Let it be a tensor of type (g), so that it takes
two vector arguments. Let us notate this just as we would a ‘normal function’ taking a set of scalar
arguments. So:

g(A,B)=a,a€eR g(,)

The first expression shows that when two vectors are put into the function (the tensor), a real
number ‘comes out’. The second notation means that some function takes two arguments into the
‘gaps’. Let the tensor be the metric tensor we met before:

g(A,B)=A-B = A"By,p
So, the function takes two vectors, and gives out a real number, and it does so by ‘dotting’ the

vectors.

Note, the definition thus far has been regardless of reference frame: a real number is obtained
irrespective of reference frame. In this way, we can think of tensors as being functions of vectors
themselves, rather than their components.

As we just hinted at, a ‘normal function’, such as f(t, z,y, z) takes scalar arguments (and therefore
zero vector arguments), and gives a real number. Therefore, it is a tensor of type (8).

Now, tensors have components, just as vectors did. So, we define:

In 3, a tensor of type (9\,) has components, whose values are of the function, when its
arguments are the basis vectors {e,} in X.

Therefore, a tensors components are frame dependent, because basis vectors are frame dependent.

So, we can say that the metric tensor has elements given by the function acting upon the basis
vectors, which are its arguments. That is:

glea,€3) = €q - €3 =143

Where we have used that the function is the dot-product.

Let us start to restrict ourselves to specific classes of tensors. The first being covariant vectors.

3.2.1 The (}) Tensors

These are commonly called (interchangeably): one-forms, covariant vector or covector.
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Now, let p be some one-form (we used the tilde-notation just as we did the arrow-notation for
vectors). So, by definition, p with one vector argument gives a real number:

p(A)=a acR
Now, suppose we also have another one-form ¢. Then, we are able to form two other one-forms via:
s=p+4q T =ap
That is, having their single vector arguments:
5(A) =p(A)+4(A)  7(A)=ap(A)
Thus, we have our dual vector space.

Now, the components of p are p,. Then, by definition:

Pa = p(ea) (3.9)

Hence, giving the one-form a vector argument, and writing the vector as the sum of its components
and basis vectors:

P(A) = p(A%a)

But, using linearity, we may pull the ‘number’ (i.e. the component part) outside:
P(A) = A%p(ea)

However, we notice (3.9). Hence:

B(A) = A%p, (3.10)

This result may be thought about in the same way the dot-product used to be thought about: it
has no metric. Hence, doing the above sum:

P(A) = A%pg + Alpy + A’py + A’ps
Now, let us consider the transformation of p. Let us consider the following:
P = plej)

This is the exact same thing as (3.9)), except using the basis in ¥’. Hence, using the inverse
transformation of the basis vectors:

s = plep)
ﬁ(Aﬂaea)
As“plea)
= Aﬁapa

That is, using differential notation for the transformation:

ox®
Ps = 5aPa (3.11)
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Hence, we see that the components of the one-forms transform (if we look back) like the basis
vectors, which is in the opposite way to components of vectors. That is, the components of a
one-form (which is also known as a covariant vector) transform using the inverse transformation.

Now, as it is a very important result, we shall prove that A%p, is frame invariant. So:

oz’ 5 0zt
a 0P,

oxB = dxlatH

ozt o'

Dz ozB - Pr

= 5gAﬁpu

= Aup‘u

Alocp:l —

Hence proven. Just to recap how we did this proof: first write down the transformation of the
components, then reshuffle the transformation matrices into a form which is recognisable by the
Kronecker delta.

Hence, as we have seen, the components of one-forms transformed in the same way (or ‘with’) basis
vectors did. Hence, we sometimes call them covectors.

And, in the same way, the components of vectors transformed opposite (or ‘contrary’) to basis
vectors; and are hence sometimes called contravariant vectors.

One-forms Basis Now, as one forms form a vector space (the dual vector space), let us find a
set of 4 linearly independent one-forms to use as a basis. Let us denote such a basis:
{@&“} a € (0,3]

So that a one-form can be written in the same form that a contravariant (as we shall now call
‘vectors) vector was, in terms of its basis vectors:

D = P A = A%,
Now, let us find out what this basis is. Now, from above, let us give the one-form a vector argument:
P(A) = paw®(A)
And we do our usual thing of expanding the contravariant vector, and using linearity:

P(A) = paw*(A)
P (A%ep)
= paAﬁ‘:’a(eﬁ)

From (3.10f), which is that p(A) = A%p,, we see that we must have:

o%(eg) = 83 (3.12)
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Hence, we have a way of generating the 5 component of the o' one-form basis. They are, not
suprisingly:

@Y (1,0,0,0)
o' = (0,1,0,0)
o = (0,0,1,0)
& = (0,0,0,1)

And, if we look carefully, we have a way of transforming the basis vectors for one-forms:

~ ox'™
& ~06
W' = 57 @ (3.13)

Which was in the same way as transforming the components of a contravarient vector.

3.2.2 Derivative Notation
We shall use this a lot more in the later sections, but it is useful to see how this links in; and it is
infact a more transparent notation as to what is going on.

Consider the derivative of some function f(z,y):

0 0 0 -
df = a—idx + a'gdy = 83{1 dxz"

Then its not too hard to see that if we have more than one function, we have:

Y
d J = 7.dl'z
f ort
Then, going back to thinking about coordinates & transformations between frames, if a set of
coordinates is dependant upon another set, then they will transform:
ox'H

s — v
A Dt A

This is infact the same as our defintion of the transformation of a contravaraint vector:

I
AP = Oz
Y Qv
And the covariant vector transforms as:
. oz”
17 ax/p, v
With:
AV = oz”

[ ox'H
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And notice how the transformation and the inverse ‘sit’ next to each other:

or'* dz¥  Ox¥
H v = =y
A" = OxP dx'  JxP %

Which is what we had before. We see that writing as differentials is a little more transparent, as it
highlights the ‘cancelling’ nature of the differentials.

We shall now use index notation in a much more useful way: in the beginnings of the general
theory of relativity.
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3.3 The Geodesic

This will initially require knowledge of the calculus of variations result for minimising the functional:
/ ,dy
Iyl = | Fly(a),y'(2),2)dz y =+
That is, to minimise I, one computes:
d OF O0F _
dr 0y Or
Now, the problem at hand is to compute the path between two points, which minimises that path
length. That is, the total path is:
S
l= / ds
0

ds? = Gudat dx”

Now, the line element is given by:

Multiplying & dividing by dt?:
dxt dx”

dt dt

ds® = gu——
Square-rooting & putting back into the integral:

l:/ ds = / V Guv TV dt
0
After using the following standard notation:

]
dt

Where an over-dot denotes temporal derivative. So, we have that to minimise our functional length

[, is to use:
F(z,&,t) = \/guiriv oh = s

In the Euler-Lagrange equation:

d OF OF

dt it dzk
Now, the only things we must state about the form of our metric g, is that it is a function of x
only (i.e. not of ).

=0 (3.14)

Let us begin by differentiating F' with respect to a temporal derivative. That is, compute:
oF
AiH
So:
oF 0

0
= (gw,x“m ) 2 BYY (gaﬁw T )

oz
e
—i— :
2 gw,x“w” < oxr )
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Where in the first line we used the standard rule for differentiating a function. Then we used the
product rule. Notice that we must be careful in relabeling indices. We continue:

oF (%Uﬁ i 308
tal— e i
oxH 2,/gWa:NxV oxP
Lo s B sa

2\/guyabu5cvg°‘5 (x Op i 5”)

1 . .
= T (e 008

v

1 o .3
N GRS

v
Finally, we use the symmetry of the metric: g,, = g,,. Then, the above becomes:

oF 1

Finally, we notice that:

And therefore:
— = (3.15)

Let us compute the second term in the Euler-Lagrange equation:
oF
dxh

Thus:

% - 2138(3:p (gaﬁ ﬁ)

xa gagaﬁ
28 oxP
After noting that gﬁﬁ = 0 in the relevant product-rule stage. So, changing indices, the above is
just:

oF  iti” Ogu.

drP 25 OaP
And therefore, we have the two components of the Euler-Lagrange equation, which we then substi-
tute in. So, putting and (3.16)) into (3.14):

Lo Do
(g“x >—“3 W _ (3.17)

(3.16)

dt 5 25 Oxr

Let us evaluate the time derivative on the far LHS:

d (gwi”\ _ 1(.,d Gui”s
dt( p ) - < dt(g“”Hg“”x) 2

G’ ¥ [ .d .
= F—+ 2 <8dt(g’“/) - 9;w3>
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Where in the final step we just took out a common factor. Now, we shall proceed by doing things
which seem pointless, but will end up giving a nice result. So just bear with it! Now, notice that

we can do the following:
d dgu. dzP B dg, dx? dgu,, »

At T Tdt dee T dwe dt | dar
Hence, we shall use this to give:

d (gut” _ Gu” & 59;W . ..
dt( ; >_ 5T E T T

d glj,ijV _ guyi'y + aguy :‘Uljjjp guyjjy:s;

Hence, we put this result back into (3.17)):

Expanding out:

I’ n 0gu VP _ Gwd¥s ata” 09w
5 dxP  § 52 25 OxP

Let us cancel off a single factor of s:

0w p_ Gui"S _ #E Og

dar © 3 5 oer

g;wx +

Just so we dont get lost in the mathematics, we shall just recap what we are doing: the above is an
expression which will minimise the length of a path between two points, in a space with a metric.
Thus far, this is an incredibly general expression.

Now, in the second-from-left expression, change the indices thus: u — p, p — p. Giving:

9w s, 900 s
oxP ozt

Then, putting this in:
agp,, o I "3 B T’ Ogu

v . =0
I+ 837“ $ 2 OxP
Collecting terms:
iy dg 109w\ v.p  Guid”3
v pv. _ —TIpY Vi o IRV _
G~ + <ax“ > Dup > T : =0 (318)

Now, consider the simple expression that a = b. Then, it is obvious that a = %(a +b). So, if we
have that:
%iﬂﬂt agp#
oz dzv "
Which is true just by interchange of the indices p <» v. Then, by our simple expression, we have
that:

i

agPV vV, ,u agpl/ V u 89P# s
g T <a p B B

Hence, using this in the first of the bracketed-terms in (3.18)):

OGpv | O9pu 109w\ .. ) Jut’'s
v -5 - =0
G +< <8x“+8m” 2 OxP L .
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Which is of course just:

1 <6ng L 09 _ 89/W> an _ w8

Ju T+ 2\ 9zr oxY oxP $

Now, let us use some notation. Let us define the bracketed-quantity:

1 (agpll aqmt agl”’)

(v, p] = 5

2\ Ox+  Ox¥ oxP
Then we have: -
G + [, pliv it — I g
Now, let us choose § = (0. This gives:
Gupid + [er, V37 = 0
Multiply through by ¢**:
9" gt + "M po, V)it = 0
We also have the relation:
gy/\gl/# — 52‘
Giving:
St + g" Muo, v]iti” =0
Which is just:
i+ g Mo, )it =0
Let us use another piece of notation:
M = 9" uo, V]
Then:
i T, a7 =0
Changing indices around a bit:
t+TH 27 =0 (3.19)

We have thus computed the equation of a geodesic, under the condition that § = 0.

3.3.1 Christoffel Symbols

Along the derivation of the geodesic, we introduced the notation of the Christoffel symbol; tensorial
properties (infact, lack thereof) we shall soon discuss. They are defined:

™, = " [uv, ol (3.20)

That is, expanding out the “bracket notation”:

1 (09,  Og g
A opat p e Y9u
P =9 2 (81‘“ * Oxv  OxP ) (3.21)
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Let us introduce another piece of notation, the “commma-derivative” notation:

_ Oy
y,u'llvp = axp

So that the Christoffel symbol looks like:

1
A A
=9 ) (Govs + Gopw = Guvp)

We have been introducing a lot of notation that essentially just makes things a lot more compact;
allowing us to write more in a smaller space, essentially.

Notice that from the definitions, we can see that the following interchange ‘dont do anything’:

A PA
I =17,

Let us consider the transformation of the equation of the geodesic.
Let us initially consider the transformation of z*:

orr
ot
ozt oz'v

ox' ot
oxH

8$/V
Which is, under no suprise, the standard rule for transformation of a contravariant tensor, of first

rank. Infact, we assumed that ¢ = ¢’ (in actual fact, what we have done is noted the invariance of
s, and used this as the ‘time derivative). Now let us consider the transformation of #:

T

N

H = i
o= w
d (0x* ,,
Cdt <8x”’x >
- oxH g d Oz
N ox'v v dt Oz’
Ozt 0 Oxt 027
A T
ozt 9%t

U o v

856”’ + a$luaxla

Where we used the same technique for derivatives, that we used in computing the derivative of g,,,.
Therefore, what we have is:

oz 02zt
81:/1/ + ax/yaxla
Now, let us substitute these into the equation of the geodesic (3.19)), being careful about indices:

v NN %

P =i

oz 0zt Oz 0z7 . .3 _

< lo s/
o'V + ax/yax/a‘r Ta + Fuua ox'e axlﬁ

I
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We see that we can change the indices in the middle expression v — «, 0 — [, so that we can take
out a common factor:

ozt Ot or” 0x°
./ sl 1B
Vax”’ <31:’0‘8x’5 1 oz’ 8x’ﬁ> =
. ox'P
Now let us multiply by a factor of g

ox' ., 0zt Ox'P [ O%xH L 02 027N s
X + — ot =
Ozt Oz - Ozt \ 9x'20z'P Yo Ogle OB

The first expression reduces slightly:

/
.y 0P O
oxH Ox'v

— iop =P

Thus, using this:
'+

ox'P 0%t u 0x” 07N 4.8
Ozt \ Ox'*0x'P T dra gz )t T
Now, consider the equation of the geodesic, in the primed frame:

jé/” + I\l}ll,jo-jj/l/jjlo' — O
Upon (a very careful) comparison, we see that:

I» oz'P ( 02zt , 0¥ 8;10")

Dap = Ozt \ Ox'*0z'P Rz oz'e 9x'8

(3.22)

Expanding out:
0 Ox OaT 0
B gk Ozt OB YT Qak D' Oz!P
Now, this is almost the expression for the transformation of a mixed tensor. A mixed first rank
contravariant, second rank covariant tensor would transform as:

p 0P 0z¥ 0x° i
aB T Jgp gyl !B VO
But, as we saw, I'¥ af does not conform to this (due to the presence of the second additive term).

Therefore, the Christoffel symbol does not transform as a tensor. Thus the reason we did not call
it a tensor! Just to reiterate the point: F/pa 5 are not components of a tensor.

Contravariant Differentiation We shall now use the Christoffel symbols, but to do so will take
some algebral

Consider the transformation of the contravariant vector:

ox'H
A/u — AI/
ox¥
Let us differentiate this, with respect to a contravariant component in the primed frame:

d . 0 [0a™
8x’pA - Oxp <8xVA )
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Let us multiply and divide by the same factor, on the RHS:
0 ox® 0 [0x'*
A/p _ Al/
ox'P Oz® Ox'P ( ox” )

Oy _ 02 0 <3x’“ Av>

ox'P ©9zP e \ Oxv

Which is of course:

Using the product rule:

QA ox® [ 9% Ox't 9AY
ox'P ox'r (83:“8%’ + OoxV c%za)
0z® 0z 9AY Oz %™
ox'P Ox¥ Ox™ * o0x'P dxoxv

14

Using some (simple) notation:

OAH OAH
B"_ﬁx’l’ Bp_(?aff’
We therefore have:
oz® Ox'H o™ 9
Bt = v — AY .
P QxP Oy Y Ox!P Ox*dxV (3:23)

Thus, we see that B/”p, defined in this way, is not a tensor. Now, to proceed, we shall find an
expression for the final expression above, the second derivative. To do so, consider (3.22)):

i» oz'P Q2 xh oz¥ 0z°
P = _|,_ 14
af = Prr \ Ox'edx'B Y7 dxle 9P
Let us multiply this by %:
oz _, ozr Ox'P Ot oz¥ 0z°
I — + p - 77
dxlp~ B date dait \ Oz’ 9B Y7 Qxle OB

Which is, noting the Kronecker-delta multiplying the bracket:

ozt o Ozt u  Oz” 0z7
3x’pF os = O (833’0‘830’5 T e Ox'™ 9z’
02" oz¥ 0z°

K

D08 | 7 ol 9D
And thus, trivially rearanging:

Ozt Ox" e . Ox¥ 0x°
0x'@dx'B — dgle- @B T VI ggla 9y/B

We can of course dash un-dashed quantities; and undash dashed quantities:

82 x/n o x/m

B pr e 813”/ 85[7/0
0xdzP — OxP

of Yo 9z O
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So, to use this in (3.23]), we shall change the indices carefully, to:

anlu _ ox'H ]:‘)\ B F’N 81'/)‘ or'™
o0zx@dzxzv Oz Y AT 9z Q¥
Thus, (3.23) can be written:
B oz oz, Ox® 8$’”FA o ox'* 9z'™ A
P ox'p Oxv ¢ Oxlp \ Ozr T Y AT Hpe Qv
_ Ox* o™, Ox* 0™, ., Ox%_,, 002"
o Qxle A Y Qxlp dxr T W ox'P AT dx Jxv
oz Oz oz Oz'M A 02T
= 9zr Oz Yo ox'r Oz Moy A" = 0T oV A
o0z® Ox'* oz Ox'" ,
_ v v pip gim
o 9xle Oz Y 9xlp O aA” =T A

Therefore, taking over to the other side & removing our trivial notation:

QAP
ox'P

+ F//;)ﬂ—A,

. 0% dx'" DAY

a gl
81‘ 81’ A AV

- 9z'P v Dz

In the middle expression, changing v — A:

OAH
ox'p

+ F,l;nrA/

So, taking out the common factor:

ox® dx'* AN

S

ox'P Oz~ W

« s
Ox® Ox™ _ A

Q2P da Dz

ox'P Oz Y

OAM ; . O0x® ox'M [9AN A\
ox'r AT = ox'e Ox* \ Oz A7
Using the notation that:
OA™M 0AN
o — / I A — A
Cg:ax,erFF;mA Ca:amaJrPal,A”
We therefore have: ,
C,M _ 8xa (91’ K A
P Qxp Oxr T

And hence we have shown that C*, transforms as a mixed tensor. We write:

So that we have an expression for the covariant derivative of the contravariant vector:

A)\

Other notation for this is:

cr = A

oA

_ A
;a:%_‘_rau

Al/

AY, = 0,AY +T7,, 4" = A + T, A

(3.24)
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Notice the difference between the comma and semi-colon derivative notation. Also, due to the afore
mentioned symmetry of the ‘bottom two indices’ of the Christoffel symbol, this is the same as:

A
AN, = gia + T2, A"

If we were to repeat the whole derivation (which we wont) for the covariant derivative of covariant
vectors, we would find:

0A)
Ay o= — T AL 2
Ao o aX (3 5)

Let us consider some examples, of higher order tensor derivatives:

e Second rank covariant:

A;u/;a = aaA/U/ - Fﬁp,aAﬂl/ - FﬂyaAHﬂ
e Second rank contravariant:

AFY = 0 AP 4 TV APV 4TV, 5 AMP
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4 More Physical Ideas

Let us now look at coordinate systems, and transformations between them, by considering some
less abstract ideas.

4.1 Curvilinear Coordinates

Consider the standard set of transformations, between the 2D polar & Cartesian coordinates:

— — i - 2 2 - -1y
x=rcosf y=rsind r—\/m 0 =tan™" 2

So that one coordinate system is represented by (z,y), and the other (r,6). We see that r(x,y) and
O(x,y). That is, each has its own differential:

dr &d:c + @dy df = @dx + @dy
ox oy z

Now, consider some “abstract” set of coordinates (£, 7), each of which is a function of the set (x,y).
Then, each has differential:

_ 0 %9

d§ = o —dx + 8yd
on on

dn = —dr+ —dy
" ox + y

It should be fairly easy to see that this set of equations can be put into a matrix equation:

(B 5 )0H)-()

52 oy dy dn

Now, consider two distinct points (z1,y1), (x2,y2). For the transformation to be “good”, there
must be distinct images of these points, (£1,71), (§2,72). So, if the two points are the same, then
the difference between the two points is zero. Then, that means that dx = dy = 0, as well as
d¢ = dn = 0. That is, we must also have that the determinant of the matrix is non-zero. The

determinant is known as the Jacobian. If the Jacobian vanishes at a point, then that point is called
singular.

This should be fairly easy to see how to generalise to any number of dimensions.

Now, one of the ideas we introduced previously, was that the Lorentz transform, multiplied by its
inverse, gave the identity matrix. Now, let us show that this is true for any transformation matrix.
We shall do it for a 2D one; but generality is easy to see.

In analogue with the above discussion with £(z,y),n(x,y); we also see that z(&,n),y(&, 7). So that
we have a set of inverse transformations:
8 oz

Jy
dz d+—d d d¢ + d
55 y = 855
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So that we can see that the inverse transformation matrix is:

dz Oz
9§ 0

oy oy
o9& On

Then, multiplying the transformation by its inverse, we have:

[ 33 9z Oz 080z 4 060y O Oz | OE 0y
or Oy o0& On _ Oz O€ Oy O Oz dn Oy On
o on |\ oy oy | = | onos .y om0y onor , onoy
or Oy o0&  0On ox 0& Ox 9§ Oz On Oy On

o€ 0¢
96 0
o On

~()

Thus we have shown it.

4.1.1 Plane Polar Coordinates

Let us now consider plane polars, and their relation to the cartesian coordinate system. We have,
as standard relations:
x =rcosf y=rsinf

Now, consider the transformation of the basis:

e, =M\’ es

[0}

Now, consider that the two sets of coordinates are the plane polar & the Cartesian:

{e;} = (eT7 69) {ea} = (61‘7 ey)
Then, for the radial unit vector, as an example:
e, =AM e,+ AN e,

Which, by using our differential notation for the Lorentz transformation, is just

e —@64—@
oot or

= cosbe; +sinfe,

€y

In a similar fashion, we can compute ey:

en = ANye,+ A e,

= —rsinfe, + rcosfe,
Thus, pulling the two results together:

e, = cosfe, +sinfe, eg = —rsinfe, + rcosfe, (4.1)
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Therefore, what we have computed is a way of transferring between two coordinate systems (the
plane polars & Cartesian), at a given point in space. Now, these relations are something we “always
knew”, but we used to derive them geometrically. Here we have derived them purely by considering
coordinate transformations. Notice that the polar basis vectors change, depending on where one is
in the plane.

Let us consider computing the metric for the polar coordinate system. Recall that the metric
tensor is computed via:

9w =8gleu,e,) =€, - €,
Consider the lengths of the basis vectors:

leo* = ep - eg

This is just:
eg - eg = (—rsinfe, + rcosbe,) - (—rsinfbe, + rcosbey)

Writing this out, in painful detail:
22 2 2 . 2 2
eg-eyg = (rsin“fle, - e, — (r°sinfcosf)e, - e, — (r“cosfsinb)e, - e, + (r“ cos“f)e, - e,
Now, we use the orthonormality of the Cartesian basis vectors:
ei-ej=0ij  {ei} = (e, €

Hence, we see that this reduces our expression to:

eg-eg=r>sin®0+r?cos’0 =r?

And therefore:

€y - €y = ‘69’2 = 7“2

Therefore, we see that the angular basis vector increases in magnitude as one gets further from the
origin. In a similar fashion, one finds:

e e =le*=1
Let us compute the following;:
e, - ey = (cosfe, + sinfey) - (—rsinbe, + rcos fe,)

This clearly gives zero. Thus:
e -ep=20

Now, we have enough information to write down the metric for plane polars. From the above
definition, g,, = e, - e,. And therefore:

Grr = 1 9o = 7’2 gro = Gor = 0

Therefore, arranging these components into a matrix:

)= (5 2 ) (12)
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We have therefore computed all the elements of the metric for polar space. Let us use it to compute
the interval length:
ds? = g datde”  {da"} = (dr,df)

Hence, let us do the sum:

2 2
ds® = ZZguydajudm”

p=1v=1
= glld:cldq:l + g12d$1d952 + ggldx2da:1 + 922d$2d$2
= dr® +rd6?

So here we see a line element “we always knew”, but we have (again) derived it in a very different
way.

Its not to hard to “intuit” the inverse matrix, by thinking of a matrix which when multiplied by
(4.2) gives the identity matrix. This is seen to be:

= %)

So that the product of the metric and its inverse gives the identity:

w (1 0ON(1 0\ _ (10
Iwd == 0 » J\o +2) 01

From here, we shall leave off the brackets denoting the matrix of elements. This shall be clear.

Covariant Derivative Let us consider the derivatives of the basis vectors. Consider:

0 0 .
o= E(COS e, +sinfe,) =0
Where we have used the appropriate result in (4.1]). Consider also:
0 0
205 = %(cos fe, + sinfbe,)
= —sinfe, + cosfe,
1
= 769
r
In a similar way, we can easily compute:
9 e 1e 0 e e
Zes— = Y e — _p
or 0= 06" "

So, we see that if we were to differentiate some polar vector, we must also consider the differential
of the basis vectors. So, consider some vector V' = (V7,V?). Then, doing some differentiation:

ov 9., ,
W = E(V e, + %4 69)
ovr de,  OV*

Oe
_ T 0vco
a 8rer+v 8T+ 8r69+v or
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Where we have used the product rule. Notice that we do not have this to deal with when we use
Cartesian basis vectors: they are constant. The “problem” arises when we note that the polar basis
vectors are not constant. So, we may generalise the above by using the summation convention on
the vector: oV 9 sy e
— [e% _ @ o

ar "o )= et VIS
Notice that the final term is zero for the Cartesian basis vectors. Let us further generalise this by
choosing an arbitrary coordinate by which to differentiate:

oV ove . 0eq
928~ aar etV 58

Now, instead of leaving the final expression as the differential of basis vectors, let us write it as a
linear combination of basis vectors:

Oea _
oxB

Notice that we are using the Christoffel symbols as the coefficient in the expansion. We shall link
back to these in a moment. This is something which may seem wrong, or illegal, but recall that it
is a standard procedure in quantum mechanics: expressing a vector as a sum over basis states. So
that we have:

I s€ (4.3)

ov _ove

_ ai
92— 9P e, +Ver L
In the final expression, let us relabel the indices a < p, giving:
ov.  9ve
Zr npo
92— DB e, +VHT uB€a

This of course lets us take out a “common factor”:

oV [ove .
Frcie <axﬂ Vi uﬁ) €a

Therefore, we see that we have created a new vector 9V'/ 92", having components:

ove
upo
OB + Vi uB
Let us create the notation:
ove
Then, we have an expression for the covariant derivative:
ov
oxB Vigea

Now, this will give a vector field, which is generally denoted by VV. This does indeed have a
striking resemblance to the grad operator we “usually” worked with! We have components:

(VV)% = (VgV)* = V55
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The middle line highlights what is going on: the 3" derivative of the o component of the vector
V. Consider briefly, a scalar field ¢. It does not depend on the basis vectors, so its covariant

derivative will not take into account the ot component; thus:
0¢
v pu—
g% OxP

Which is just the gradient of a scalar! So, it is possible, and useful (but not necessarily correct) to
think of the covariant derivative as the gradient of a vector.

Christoffel Symbols for Plane Polars Let us link the particular Christoffel symbols with what
we know they must be, from differentiating the polar basis vectors. We saw that we had the following
derivatives of the basis vectors:

de, de, 1
ar a0
869 1 aeg

— = —e — —re
o r a8 "

Now, from (4.3)), we see that when differentiating the basis vector e, with respect to the component
2%, we get some number I'* of infront of the basis vector e,. That is, taking an example:

869 2 "
= = D Then
pn=1

= FTTGeT +F07’969

And therefore, we see that by inspection:

1
0

Mp=0 ITp=—
If we do a similar analysis on all the other basis vectors, we find that we can write down a whole

set of Christoffel symbols (note that this has all only been for the polar coordinate system!):

1

9 9 9 9
I, =1",=0 I =17 =0 Frezrer:; [ = —r [Mgg =0

One may notice that the symbols have a certain symmetry:

F#up = Fﬂpy
Although to derive this particular set of Christoffel symbols we used the fact that the Cartesian
basis are constant, they do not appear in the final expressions. We used the symbols to write down
the derivative of a vector, in some curvilinear space, using only polar coordinates. We have seen in
previous sections how the symbols link to the metric. We saw:

1
A A
I = igp (ov + Gopw = Guvp)
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It would be extremely tedious to compute all the symbols again using this, but let us show one or
two. Let us consider:

]~
N =

Mg = 97" (96,0 + 900,60 — 900,p)

1

N =

1
9" (9r0.6 + 9ro.0 — Goo,r) + 59“(9@9,9 + 900,06 — 960,0)

With reference to the previously computed metrics:

(10 w_ (10
T =1\ 0 2 7 =\ o r2

We see that:
g0 =0=4g"
Also notice that:
dggg _ Or?
99977‘:W:E:2r
Therefore, the only non-zero term gives I'"y, = —r. Which we found before. In deriving the

Christoffel symbols this way, the only thing we are considering is the metric of the space. This
should highlight the inherent power of this notation & formalism! Let us compute another symbol.
Consider T o

1

FG rg  — Z igpe(gpﬂ,r + 9or,d — gr9,p)
p
1 ro 1 660
= 59 (97‘0,7" + Grr.o — gr@,r) + 59 (999,7“ + 9or.0 — greﬂ)
1
= 59 9999,7"
1 _,0r?
_ L0
2 or
_ 1
N T

Where in the second step we just reduced everything back to what is non-zero. Again, it is a result
we derived using a different method.
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