Lagrangian Dynamics 2 - Calculus of Variations & Hamilton’s Principle

The work done wheng, changes toq, +dg, fori =1,2,...,nis given by:

W = én Qdg; (1)

=1
We can find Q, from (1) when the system is not conservative.

Cdculus of Variations:

Consider the integral:
b

= oF (X, y, y9dx ¢=—=
EF( Y, Y9 ye=

We have to find that value of y = f (x) which makes| amax or min — stationary.

x and Y axes.

Bottom curveis (1), top (2)
Both go through a and b.

(1) has equation:Y =y = f (x)

(2) has equationY =y +ah(x)

Q
o |---

So, h(a) =h(b) = 0, hence endpoints correspond.
So that for (2):

(@)= F(x y+ah, y¢+ahgdx

For a stationary value:
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Where
éTF ‘ITF(X Y,YQ
B Yo .
éTF u_ TF(x.Y.YY|
Bveave v,
di "&TF 1 efF 0
\ @l =G h + h &ix
da a=0 a ﬂYHﬂ:O 81TYGHa =0
And:

éTF U TF(xY, Y9 _ 1 _F
4{ = F(x,y,y0 = —
gﬂYHa—o }(aﬂt Y (x,y,y9 1y



Lagrangian Dynamics 2 - Calculus of Variations & Hamilton’s Principle

Similarly:
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But:
h(a)=h(b)=0
dl = daa1Foo
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Then:
b
Ofhdx =0 2

If f >0for somevaueof x intheintervala £ X £ b, then by continuity thereis an
interval x- d ® x+d for whichf >0.
\ Define h =0 for theintervals(a,x- d)and (x+d,b)
h >0 intheinterva (x- d,x+d)
b

\ Ofhdx >0

Which contradicts (2).\ f £0.
Similarly, if f <OQwe get a contradiction asabove.\ f 3 0.
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Or: daFo TF _ =0 3

dx gﬂy% Ty
Which is known as Euler’s equation.

Generaisation:

b
| = OF (X V1. Yarees Yoo YE VS YO dX

In order to make | stationary we canvaryy, ,1£ i £ n, and just as above, we will get
Euler’s equation:
d &F 0 'ﬂF
dxg‘ﬂ_yd:ﬂ T,
Puttingx =t (time) y. =q,y(=¢q forl£i £ n, we get:
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agLe Lo, 1=12...n

dx gﬂq g Ta,
Hence we have Hamilton's Principle:
For any dynamic path fromt =t;tot =t,, the integral:
tp
g-at
4

|s stationary.

for i=12..,n

Consider again a dynamic system of n degrees of freedom. But each point does not
depend upon time t explicitly.

ie
X =X(0,0,,--d,)
y=¥(%,q,,-0,)
z=2(q,d,,0,)
\ r=xi+yj+zk=r(q,,d,,.d,)
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Putting
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Theorem:

If T and V do not contain the time explicitly, so that L does not contain the time
explicitly, the Lagrange equations has an integral:
T +V =constant

Proof:

dafLo L _

dt gﬂ_qlﬂ ﬂql
L=1L(q...,q,...) =L(0,q) (notation)
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But:
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The part in bracketsis (5):
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Comparing with (4) = %

d&e qL 0
aidiqg L0
dtg " Ya, 5
\ qjﬂ—!‘- L =const
fiq;
But, L=T-V where V isthe potential function=V(q,,...,d,)
L _Ar
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\ qjﬂ,-(T-V):const
19,
But:
. T
g, -—=12T
g,
From above.
\ 2T - (T - V) = const
\ T+ V= const

The constant is the total energy E:

T+V=E



