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Hamilton’s Equations: 
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Putting: 
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There are n ip ’s and n iq& ’s. 
∴solving for iq& in terms of the other variables: 
∴  ),,( tpqgq ii =&    (1) 
Let: 
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From (1) and (2): 
 ),,( tqpHH =  
When expressed in this form, H is called the Hamiltonian. 
Using the summation convention: 
 LqptqpHH ii −== &),,(   (3) 
 
Differentials: 
 
Taylor series: 
 ),...,,( 2211 nn hahahaf +++  

   
n

nn a
f

h
a
f

h
a
f

haaaf
∂
∂

++
∂
∂

+
∂
∂

+= ...),...,,(
2

2
1

121  

                





















+
∂∂

∂
+

∂∂
∂

+
∂
∂

++
∂
∂

+
∂
∂

+
...

...

!2
1

31
31

2

21
21

2

2
2

2
2
22

2

2
2
12

1

2

hh
aa
f

hh
aa
f

h
a

f
h

a
f

h
a

f
n

n  

That is: 
 ),...,,( 2211 nn hahahaf +++  
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Let: 
 faaafhahahaf nnn δ=−+++ ),...,,(),...,,( 212211  
 ii ah δ=    ni ,...,2,1=  
Then: 
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So, to the 1st order of “small quantities”: 
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idadf , are called differentials. 
),...,,( 21 naaaf could also be written as ),...,,( 21 nxxxf , so: 
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Now, going back to equation (3), and using the differential formulation: 
 dLqpddH ii −= ),( &  
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As: 
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Now, the coefficients are equal, so: 
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From (4): 
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Suppose that L does not contain the time explicitly, i.e.: ),( qqL & . Then: 
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∴from (8): 
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∴  H is a constant. 
But: 
 LqpH ii −= &  
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∴  
 constVT =+  
 
Small Oscillations: 
 
From before: 
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We are going to take iq& to be small. 
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If the body is in equilibrium at 0=iq , then: 
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Putting: 
 cV =)0,...,0,0(  
So that: 
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Replacing cV − by V, then: 
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∴ to the second order in iq ’s we have: 
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∴we can write, to the second order of small quantities: 
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Where ijij ba , are constants. 
Lagrange equations are: 
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∴Lagrange gives: 
 jijkik qbqa −=&&  
Or: 
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Let: 
 ( )εω += tAq kk cos  
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So: 
 ( ) ( ) 0cos2 =++− εωω tAbAa kikkik  
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∴X is an eigenvector and 2ω is an eigenvalue of the matrix: 
 ijij ba −2ω  
∴  
 02 =− ijij ba ω  


