Lagrangian Dynamics 3— Hamilton’s Equations, Differentials & Small Oscillations

Hamilton’s Equations:
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\ solving forg;in terms of the other variables:

\ g =g(a, pt) 1)
Let:

H=apd-L @
From (1) and (2):

H =H(p.a.t)

When expressed in thisform, H is called the Hamiltonian.
Using the summation convention:

H :H(p!q’t):piqi_ L (3)
Differentials:
Taylor series:
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Let:
f(a +h,a +h,,.,a, +h)- f(a,a,,.,a,)=df
h, =da, i=12,...,n
Then:
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So, to the 1% order of “small quantities’:
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We write:
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df ,da, are called differentials.
f(a,a,,...,a,) could aso be written as f (x;, X, ,..., X, ) , SO:

Now, going back to equation (3), and using the differential formulation:
dH =d(p;,¢)- dL
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Now, the coefficients are equal, so:
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\ from (8):

daH _
dt
H is a constant.
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Small Oscillations:

From before:

1
_Eaijqiqj

We are going to take(; to be small.

V :V(q) :V(0,0,...,O) +ﬂql
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If the body isin equilibrium atg, =0, then:
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V(0,0,..0) = ¢
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ReplacingV - cby V, then:

q=0

1
\ :Ebijqiqj
Where:
_ TV

b; = =const
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\ to the second order in ¢,’s we have:
1 ..
T :Eaijqu'
\ we can write, to the second order of small quantities:
1
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1
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Wherea;, b; are constants.
Lagrange equations are:
degITo 9T _ 1V

dt gﬂq g T, 9o
1 L
T= EaMchh

T 1 ag9,. 99, .0
\ —_=Za + g T
6, 2048 O T g
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= E(dki d +d|iqk)

1 . .
= E(aﬂql + aiqu)
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= a0,
LI
fa,
% :%(quaj ): b;a,
\ Lagrange gives.
a, b =-b;q,

Or:
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3y + 0,9, =0

Let:
A = A coswt +e)
\
¢, =-w2A_ cos(wt +e)
So:
(' aikW2Ak +bikAk)COS(\Nt +e)= 0
\
- a,w’A +b, A =0
5
s
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\ Xisan eigenvector andw?is an eigenvalue of the matrix:
2
a;w” - b,
\
|aj.jw2 - bij| =0



