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1 Special Relativity

1.1 Notation, Covariant & Contravariant Transformation

Consider the neighboring events (x,y, z,t) and (z + dz,y + dy, z + dz,t + dt) relative to an inertial
frame S, where ¢ is the time measured in S. Then, the line element (or metric) ds is given by:

ds® = da? + dy? + dz* — 2dt? (1.1)

Where c is the speed of light in a vacuum.
Now, putting = = 1,y = 2, 2 = x3,ict = x4, then (1.1) reads:

ds® = (dz1)? + (dx2)? + (das)? + (dy)?

Or:
4
ds* = Z dzdx;
j=1
Or, using summation convention:
ds? = dxjdz; (1.2)

Relative to another inertial frame S’, we have:
ds"? = dw}dwé
In order that ds is invariant, i.e. ds?> = ds'?, it can be shown that x; is related to x; by:
:L'; = a;i Ty (1.3)

For j =1,2,3,4, and taking x; = 0 when z; = 0. Where a, are constants satisfying the following
equations:

ajiar = ajak = djk (1.4)
Using (1.3) and (1.4), we can also write:
Tj = Ty (1.5)
Let A7 be the components of a contravariant vector. Then:

. a_jplj ox’;
A/] — Ak — 7JAk:
Oxk oxy,

And, using (1.3) gives:
AT = A" (1.6)

Where we have literally just divided line elements, to leave the constants.
If A; are the components of some covariant vector, then:

A, - 8Ik axk

Ay = - Ag
I Oxl 8559
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Then, via (1.5), we have:

Thus, in our notation of special relativity, contravariant and covariant vectors are transformed by
the same laws. That is, contravariant and covariant vectors are indistinguishable. Similar remarks
apply to tensors. There is another notation for special relativity in which they are distinguishable.
From now on, we will denote vectors (and tensors) with subscripts.

1.2 Proper Time
Putting ds? = —c?dr? in (1.1) gives:
1 dz\ 2 dy 2 dz\ 2
2 L hed “q v 2
i (2 {() () (&) )
This is done via trvial rearrangement. We write this as:

dt = Bdr (1.8)

Where:

Where, v is the speed:

B dﬁ 2 N @ 2 N % 2
vz i dt di
= ik
Where:
iy = o
R

t 2
T:/\/l—zdt
to C

From (1.8), we see that:

We call 7 the proper time.

1.3 Motion of a Particle

Let a particle P be in motion relative to an inertial frame S. Suppose that at time ¢ the coordinates
of P are (x1,x2,x3), then the velocity v = (v1,v2,v3) of P at this instant are defined as:

_ (o dwz dzs
CE\Ca a T ae



That, is, the components are given by:

. dl’k

_ e _ 1.9
vp = - = (1.9)

If f = (f1, f2, f3) is the resultant force acting on P, by Newton’s 2nd law we have:

d

fk:%

(mug,) (1.10)

Where m is the mass of P, measured in S. In special relativity, m is not a constant, but is given

by:
mo

2 = Bmo
Vi-i

Where myg is the mass of P as measured in the rest frame of P; i.e. the frame in which P is at rest.
Thus:

m =

m = myg (1.11)

1.4 4-Velocity & 4-Force
I shall try to be consistent with notating the difference in 3- and 4-vectors. Suppose we have the 4-
vector for force, I shall denote the whole as F, which will have 3-spatial, and 1-temporal components.

The spatial part I shall denote f (similarly, the spatial part of 4-velocity u shall be the usual v).
Notice the difference in font between u and w. This is the difference that will be used.

1.4.1 4-Velocity

The 4-velocity u = (u1, ue, us, uq) is defined by:

da.
uj = % (1.12)
For j =1,2,3,4. We can write (1.12) as:
dl‘j dt
w = 4%
J dt dr
dl’j
= Ta

By using (1.8). Hence, the spatial and temporal components:

da:i
dt

dx
w o= By

d .
= ﬂ%(zct)

= icf

up = f

i=1,2,3



Therefore, the 4-velocity u is given by:
u= f(v,ic) (1.13)

Where v = (v1,v2,v3), the normal 3-velocity.

1.4.2 The 4-Force

The 4-force is defined by F = (Fy, Fy, F3, Fy):

du;
Fj= mod—TJ (1.14)

From (1.2), ds* = —c?dr? = dzjdz;. Which is just:

dzjdzy _ 2

dr dr

That is, upon comparison with the definition of the 4-velocity:
’U,ju]' = —02

Therefore, taking the 7-derivative, noting that ¢? is a constant:

d
7, (uiug) =0
And a trivial application of the product rule:
du;
du
= du; 0
ujmo—- =
0y

Where we see that we have the 4-force. Hence:
Uij = 0 (1.15)

But, from (1.13) and (1.14):

= moB 5 (Bu,ife)

= 5 (Gmasv.iegmos)



Where we have noticed that j—i = f3, and that 8mo = m (which we have previously shown). Hence,
this becomes: p g

F=0 <dtm'v,icdtm>
And, we know that f = %mfv, the standard 3-force. Hence, the 4-force is:

F = B(f,icin) (1.16)

Now, substituting (1.13) and (1.16) into (1.15), which is basically finding the scalar product of the
4-velocity and force, and putting it equal to zero (the previously found statment that u;F; = 0).
We thus get:

f-v—cm=0

Hence, upon rearrangement:

i = (1.17)

From (1.17) we see that the 4-force (1.16) can be written:

P (L2 (1.18)

C

Now, let dwg be the volume measured in the rest frame of P, then if dw is the volume measured in
S, then:

2
dw = dwy l—v—2
c

Where v is the speed of P, v = \/viv,. Thus, we see:
dwy = Bdw (1.19)

Now, defining:
D

F
dwy
We see that:

F
dwo

F

Bdw
_ (T ifv
B (dw’ cdw)

Now, let the force per unit volume be d = %, then the above becomes:

D= <d, id'”) (1.20)

C

It can be shown that F,D transform as tensors.



1.5 Motion of a Perfect Fluid

It can be shown that in the case of a perfect fluid, that the components of D = (Dy, Dy, D3, Dy)
can be written:
_ 9T

D; =
J 8a;k

j=1,2,3,4 (1.21)
Where T}, are the components of a tensor known as the energy momentum tensor:
_ p
Tjk = | po + 3 ) Witk + pdjk (1.22)
Where pg is the density (mass per unit volume) measured in the instantaneous rest frame of a
typical particle of the fluid. p is the pressure (force per unit area). p is an invariant, i.e. p’ = p, for
any two inertial frames S and S’.

The derivation of T}, can be found in Introduction to Tensor Calculus, Relativity and Cosmology,
D.F.Lawden, 3rd Ed, pp50-57.

2 General Relativity

2.1 Tensor Analysis

Throughout, super-scripts and sub-scripts will be deonoted by i, j, k, [, . .., these are not limited to
being 1,2, 3,4; but will range to an arbitrary n. There may be places where i = v/—1 and the
sub-script ¢ will be confused, but context will sort out the confusion.

2.1.1 Geodesic Coordinates

Consider a change of coordinates ! — 2/, as defined by:

, 1
' =a" + §aljkx”x’k (2.1)
Where:
aijk = aikj (2.2)



And are constants. We note that if 2" = 0, then 2* = 0. Now, let us differentiate the above
expression, with respect to 2. That is:
oz oz" 01, i
9z O + Oz §a3k$]x
1/ 0 . .
= 4.+ 5 ( Iras”:z/k> azjk
x
= 04 % ( LOYAE x’Jék)
= 0+ <a:' sla’y, + ' 6ka J,c)
|
= 6L+ 5 (x'k 5t m’fa]r)
1
= 571" + 5 (x/k Zrk —|—1’ akr)
— 62 ; < 1k z +x/kazrk)
= 5;. + a’l’kx 1k

_ ) 7 15
= 0, t+afz

In this derivation, we have make extensive use of the Kronecker delta: used in noting that when
differentiating a component with respect to another, gives zero; and with respect to itself gives one.
We have also used the symmetry in (2.2). We have also used the redundency of repeated indices in
switching between using other letter, so long as order & context is preserved. This can be seen by

inspecting everything above carefully.
Differentiating again:
02z’
91’592

So, we have derived:
oz’
81./7‘
0%t
ax/sax/r

These will be used later.

0
axls

i
amés

(05 + alja)

ars

In these two expressions, if we put 2 = 0, then we get:

oz’ > -
= 0 (2.3)
aﬂflT 2'i=0
0z > -
A IsAar = a% (2.4)
837/ (933’ 2'i=0
Now, we transform the metric (tensor) via:
k
, 0k 02! (2.5)

9ij = 92" Ol a..7: 9kl

7



Differentiating:

99;; o [ 9xF dx!
dxm 9z \ 9z o I
(ﬁml 9%k ork  9%al )g ozF ozl 0zt dgyy
= kl

92 9279z T 927 9z o ) Y G917 92l 9 Dt

Where we have just used the product rule. the expression to the right has just been multiplied by
g—iz, i.e. not essentially doing anything.
Now, if we compare the above with the derived expressions (2.3) and (2.3), and putting /i = 0, we

get:

g’ b
g”) = (5l'a]§r + 0kal, ) Gkl + gk oL gt ST
z/i=0

oz’ J jr i Gt
gty + g+ O
Now, writing
a5y 9kj = airy (2.6)
We can write the above as:
/
giﬁi)m/izo = Qjrj + Qjr; + (;gxzi (2.7)

Now, by our previously stated symmetry aijk = aikj, we see that:

Arij = alf“igk’j
= dfgk
= Qjrj
After using the relation (2.6). Hence:
Arij = Qjrj (2.8)

Now, by making the cyclic interchange of indices i — r — j — i, we can write (2.7) as (if we do
the change twice):

89/ ; 897“1’
a;ﬁ')m:o T i 29
dg; 9g;
JT — . iy Jr
Hence, adding (2.7) and (2.9), making use of (2.8):
99;; 09, 09ij . Ogri
Bl'lr)z/izo * aﬂ;; > 2t =0 - 2arji * arij + ajir + 8:&“ + 3.”L‘j (2'11)



Subtracting (2.10) from (2.11) gives:
/ /

093 L O9i; _ 99
0x'" ) iy 0T ) iy Ox"

I shall now leave out the indication that everything is evaluated at 2" = 0. So, this results in:

0gi;  Ogri 9g;r
ox” + oxi gir = @rij = or?

) = 20rj; + arij + ajir +
z'i=0

/ /
09,5 9ri _ 8ng. = 2a,j; +
ox'™  0x'1  Ox"
Now, we shall make use of some notation:
.. _1(0g; Ogri Ogjr
1] = 2 <8x7" T 0w o

09 , O9ri _ Ogjr
dxzr  Jxd  Oxt

Hence, we have:

irs i)' = argi + [jr, 4] (2.12)
Now, if we choose:
arji = [jr, 1) (2.13)
Then:
[jr,i] =0 (2.14)
From (2.6) and (2.13), we have
o gu = [yl (2.15)

But, from (2.5), putting 2’ = 0 (and therefore z° = 0), and using (2.3) simply gives:
gy =070t g = g
Hence, (2.15) reads:
S A SV
AriGki = [.]Tv Z]

Hence:

Or, using some notation:

alqij = F/fr
So, we could also write (2.14) as:
g"ljril =0
That is:
Ik =0 (2.16)
Now, let P be any point having coordinates (a',a?,...,a") in x, and (a'*,a?,...,a™) in 2/. Re-

placing x' by 2 — a’ and 2" by 2/* — a’* in (2.1) gives:

bt ="t — gt + *alkj(x,] _ a”)(w’k _ a/kz)

2
From which it follows that when 2z = o/, 2 = a’, (2.16) gives:
(T )p = (0% ) s = 0 (217)

Thus, at any point we can use geodesic coordinates, such that the components of all the I'’s are
zero at that point.



2.2 The Riemann-Christoffel Tensor
Let A; be the components of a covariant tensor. Then, the covariant derivative A; ; of A; is given
by:

8A

A, k Ay, (2.18)

Where this was shown in the previous set of Tensor Calculus notes, and we also see that A; ; is a
tensor of rank 2. Also:

A = (Aijk (2.19)
0A; ; ,
axkj RiArj — T3 A (2.20)

Which, upon insertion of (2.18) into (2.21) gives:

9 aAl ! r aAr s GAZ
Ao = g (G ~Tok) < (W—F?Tf“)‘ b (g -

92A; ok, a4 DA, 814z -
~ Ozkozi 1 ozk 711”6 k Fl“(? J At kja Tis A

Where we have just expanded out all the brackets, using product rule where applicable. Rearranging,
and renaming some indices:

A, JOA, L 0A, ., OA; et e 0T
9 = Pk (Fw‘axk* g T g >+Af klis + Thilor = i
Hence:
0% A, 0A; 0A; 04; ort
Ajpi=—— — (T s, A (T3, T8, + 1718 — &
M = Dgionk (@a P >+ t( s T 5k a:w)
Now, we note the following things:
0%A; B 0% A; s s
Oxidzk  Oxkozi gk kg
So: .
. " ory, Iry
Ak — Aigj = ( Rl — D0 + amf - 8x’3> Ay
So:
A ji = Aigj = Rijr A (2.21)
Where:
ort ort.
t _r ot r 1t ik 1]
Rijie = Uil — T3l 9ud Ok (2.22)
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We now prove that Rt Wik is a tensor
Changing the coordinates from z? to z/* gives:

A’Jk Al R’JkA’ (2.23)
But, on the LHS, A;’ k;j 1s a tensor. Thus, the LHS transforms as:

i,kj —

ox" 9z Oz

Al — Al = 777( 7,8l _Arls)

1,5k 1,kj ozt O O’k ) )
So, from (2.21) and (2.23), this gives:

oz dx® Oz

ijk = Oz O’ G’k TS
But, the A; are just components of a covariant vector, which transform as:
ox?®
o't

AR

A=

Hence: l
Ox? ' Ox" 0z° Ox
g ATk = Gt g gt

But, the A; are arbitrary. Choose A; = d4,, Aq = dam- Hence:

oz™ ., Ox" Oz® Oz
Azt IR T gt §gti §atk Tl

RtrslAt

Hence:
ox" Ox* Oxl Oz’
ik = 921t 9x'd 9ok ggm Tl
Therefore, Rijkl are the components of a fourth rank tensor. It is called the Riemann-Christoffel
tensor

R

2.3 The Ricci Tensor

Contracting Rtjk:l with respect to ¢ and [ gives:

R%. = Rjk (2.24)
Where R;;, is known as the Ricci tensor.
Now, Riju = git R’y
2.3.1 Properties of R;j
Now:
R = giRYy
ort, ort
_ jl Jk
= (Fkr =T, ﬂﬁ@— 8ml)
0 0 t 99it d9git

= Dk (gitFE‘I) ™ (gitrz‘k) - Fjl Dk + Ft kD + git (Fk,fjl FZT ]k)
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Where the first step used the definition (2.22), and the second effectively did nothing, except arrange
things in a different fashion, just subtracting terms that are added by the differentiation.

Now, choosing geodesic coordinates at any arbitrary point 0, we can make:

i
Jk =
As we have previously shown. Hence:
_ t 9 t
Rijr = 9k (gitrjl) o4 (gitrjk)
But:
o a1 (0gy  Ogu  0Ogj
. t = = — 2 v J
gitl il =5 (axl oxi O
oo 1 (09  Ogik  Ogjk
Tt _ 1t i ik _ 99;
gitl i 7k ] 2 <8a:k oxd  Oxt
Hence:
i( L) = 1( &gy g Py
Jk Il 2 \ Ozkozt ~ OxkOx  OxkOx?
9 (gulty) = 1( &gy | Pgin Py
gl \Jitt ik 2 \ 0ztoxk ~ Ozloxd  Ozloxt
Therefore:
0 L Pgu | Pgr  Pgi Pga
9 gty — O (gt ) = L (290 ik 9 Ogw
ozk (9il) Ozt ) 2 <8xk8x3 T dod T orkor  0xloud
Where we have of course noted that 8(12,%; ;= aii%ii -. Therefore, we have that:
p. L & gil Pgi Pgp P gar
UKL= 9 \ Oxkoxi T 0zloxt  OxFOxt  Oxload

Now, let us inspect what happens if we swap various indices:

R - 1 g1 Pgir Pgu Py
Jikl 2 \ 0zkoxt  Oxloxi  OxkOxi  OxlOx?
= —Riju

Similarly, we see that:

Rijik = —Riji
And also:

Ryij = Rij
This last one uses the fact that g;; = g;;.

Remember, all this has been for the 0 point. Thus, as 0 is arbitrary, we have:

R —Rjinl
Rijm —Rijik
Riji = Ry

12
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Again, using our condition that Fé- r =0, and (2.22), we have that:

ors,  ork,

?: J—

LY oz!

Cyclic interchange of indices j — k — [ — j gives:

8%]‘ 81“};[

i J—

K = "ol oxJ

And again: '
i arfk 8F§j
= G aak

Adding:

Rl + Rl + Ryjy, = 0

Where we have used that Fijk = I‘ikj. Also, this has been for the 0 point; which is, however,
arbitrary, so:

Rl + Rig; + Ry, =0 (2.28)

Thus, the Rékl are not independant, and must always satisfy (2.25)-(2.28).

2.4 Bianchi’s Identities

Let us differentiate:
i 9 i

ikom = B R

Again, by noting that Fé.k = 0 at position 0; we use (2.22):

. 0Ty, T,

JkLm T femagk  9rmog!

Cyclic interchange of indices k — I — m — k gives:

- -
.o, 0Ty
Jtmok T grkdpl  Qxkdzm

And cycling again: ‘ ‘
. 0T, oY,
JmEL T 9glgzm Oxldxk

Adding gives: ‘ A ‘
Ripim + Bjimge + B, =0

Again, the point 0 used above is arbitrary, so we have:

Skt T Rt + Rlps =0 (2.29)

13



Similarly, by lowering the i:
Rijkim + Rijim gk + Rijmkg =0

(2.29) and (2.30) are known as Bianchi’s indentities.
Let us use (2.30) on Ry jy
Rsrjt,i + Rsrti,j + Rsm’j,t =0

ir ts

Multiplying by ¢*"g** gives:

(99" Rorjti) + (99" Rrtij) + (979" Rsrij) = 0

Now, we also know the following:

GG Rt = TR,
= ¢"R,;
= R"'j

979" Rati = —g"g" Resti
= —gtsRiti
= *QtsRst
- R
- -R

979" Rerij = " 9" Regji
= gtsRisji
= "Ry

_ t
= R

Hence, putting all this together: .
(RY); — Rj+(RY): =

We notice that the last and first terms are identical. Hence:

Which is the same as: , )

That is:

3 Einstein’s General Relativity

(2.30)

(2.31)

If a person jumps from the roof of a building, then relative to the person, there is no gravity; thus,
he/she can set up a frame of reference S’(z") which is inertial. S’(2’) is limited in space and times,

14



ideally being infinitesimal. S’(2’) is called the free-fall frame. In the frame, special relativity applies.
The metric in S'(2') is ds'? = dx}dx), = dijdzidx’;. Thus:

9ij = i (3.1)

If S(x) is the general frame set up in the gravitational field, then S(z) is not inertial. But, z* = z%(2')
(that is, a function of (2}, 2%, 2%, 2/})); so that in S(z), space and times lose their objective meaning.

Let T]’k, be the energy-momentum tensor for a perfect fluid. Then, if D} = 0, we have from (1.21)
that:
ox'*

Depending on the distribution of matter and energy, the form of 77, will not necessarily be given
by (1.21), but in all cases, T}, is assumed to satisfy (3.2); and the condition that:

=0 (3.2)

ik =Tk
Let T}, be the components of the energy-momentum tensor in S(x); then:

al,lr 8$/S
_oxr o oy
Ik Ond gk e

If in S(x), ds® = g;;dz’da?; then:

B a$/r 8(1/‘/5 ;L ax/r axls
Y5 = 5zt 9ad I T Gpt i

That is:

8:1)” al,/r
949 = 5zt Oa

Similarly:
i _ ozt dz7
T 92 Hx!T

Now:

oxt dxk

oz dgm

oxt 0xF 02’ 02"t _,
T 9x/m 9z’ Ok QxS

But:
ot orr
0x'" Ozk "
So:
oxt o't _,
J oz " 9 St
ox' 0zt _,

T Qa5 P St

15



Since T ; is a tensor; thus:

ox' 9z’ o't .

Tii = oz dxd Oxt St
But: .
ox' dz't 5t
dz'm dzt "
Thus:
7 _ 8x/s trir
7 i " s,t
_ oz’ .
- 81‘j s,r
B ox' )
- 61’j rs,r
But: o7
!
Trsr = a;;;: =0
By our previous (3.2). Thus:
22 =0 (3.7)

Gravitational fields are produced by a system of matter and energy. But gravitational fields produce
a distortion in space and time.

Einstein therefore looked for a tensor proportional to T;, which satisfies the above equation. But,
we know of such a tensor: (2.31):

(R~ 10,R); =0
So, Einstein proposed his equation of gravity:
R —

1¢i i

Where k is some constant. Also, since 5;14 = 0, Einstein added on another term:
R — $05R+ A} = —kT} (3.9)
Where A is called the cosmic constant.
3.1 Vacuum Equations
In a vacuum, T; =0, so that (3.8) becomes:
R — 18R =0 (3.10)

Contracting w.r.t i:

16



But, R! = R and 4! = 4. Thus:
That is, R = 0. Hence, (3.10) reads:

Lowering the :

9ikR’; = Ryj = 0 = Ry,

Thus, in a vacuum, the equations of gravity become the vanishing of the Ricci tensor:
Rj, =0 (3.11)
We shall derive the tensor T, by using (1.22):

ozt Ozl

TV =
81./7" 8;17’5 rs

ozt Oxd p’

B + oz o ox7 £+ ozt Oz’ S
- pO ox'r " ox's S o' 6x’r

But: ‘ '
2 = o' (2}, 2h, o, )
So that: o
) /
dxt = o /rd
Hence:

dz'  9x" dx,
dr — Ox'" dr'

Where we have used that dr = d7’. Hence, we see that we have the 4-velocity:

ui— dz’
Cdr
Which implies: '
1 __ Ox' /
ut = o
We also have found previously that: . ‘
ij al’l 81']
O Hx!T
Hence: ,
T —< 2>uu3+g”p
Putting py = po(2') = pp(z) = p and p’ = p/(2’) = p'(z) = p, then:

TV = (po + %) u'ud + gYp (3.12)

17



Now:

T = gT™
Thus:
T; = (,00 + ?) u'uj + 05p (3.13)
Similarly:
T — p
ij = (po + 072> Uuj + giip (3.14)

Noting that u; = g;ru”.

Equations (3.8), (3.9) and (3.11) are complicated non-linear differential equations, even so there
are very many exact solutions (a few of which are given by D.Lawden in An Introduction to Tensor
Calculus, Relativity €& Cosmology Chapter 6). A particular solution of (3.11) is the Schwartzchild
solution (see Lawden, Chapter 6). The Schwartzchild solution represents the gravitational field of a
singularity of mass m. This was generalised by R.Kerr in 1963, and represents a rotating singularity
of mass m and angular momentum a. When a = 0, the Kerr solution reduces to the Schwartzchild
solution. These solutions are important because they are thought to represent the steady state
solutions of a black hole.
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