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1 Special Relativity

1.1 Notation, Covariant & Contravariant Transformation

Consider the neighboring events (x, y, z, t) and (x+ dx, y + dy, z + dz, t+ dt) relative to an inertial
frame S, where t is the time measured in S. Then, the line element (or metric) ds is given by:

ds2 = dx2 + dy2 + dz2 − c2dt2 (1.1)

Where c is the speed of light in a vacuum.
Now, putting x = x1, y = x2, z = x3, ict = x4, then (1.1) reads:

ds2 = (dx1)2 + (dx2)2 + (dx3)2 + (d4)2

Or:

ds2 =
4∑
j=1

dxjdxj

Or, using summation convention:

ds2 = dxjdxj (1.2)

Relative to another inertial frame S′, we have:

ds′2 = dx′
jdx

′
j

In order that ds is invariant, i.e. ds2 = ds′2, it can be shown that x′
j is related to xj by:

x′
j = ajkxk (1.3)

For j = 1, 2, 3, 4, and taking x′
j = 0 when xj = 0. Where ajk are constants satisfying the following

equations:

ajlakl = aljalk = δjk (1.4)

Using (1.3) and (1.4), we can also write:

xj = akjx
′
k (1.5)

Let Aj be the components of a contravariant vector. Then:

A′j =
∂x′j

∂xk
Ak =

∂x′
j

∂xk
Ak

And, using (1.3) gives:

A′j = ajkA
k (1.6)

Where we have literally just divided line elements, to leave the constants.
If Aj are the components of some covariant vector, then:

A′
j =

∂xk

∂x′jAk =
∂xk
∂x′

j

Ak
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Then, via (1.5), we have:

A′
j = ajkAk (1.7)

Thus, in our notation of special relativity, contravariant and covariant vectors are transformed by
the same laws. That is, contravariant and covariant vectors are indistinguishable. Similar remarks
apply to tensors. There is another notation for special relativity in which they are distinguishable.
From now on, we will denote vectors (and tensors) with subscripts.

1.2 Proper Time

Putting ds2 = −c2dτ2 in (1.1) gives:

dτ2 =

(
1− 1

c2

{(
dx

dt

)2

+
(
dy

dt

)2

+
(
dz

dt

)2
})

dt2

This is done via trvial rearrangement. We write this as:

dt = βdτ (1.8)

Where:
β ≡ 1√

1− v2

c2

Where, v is the speed:

v =

√(
dx

dt

)2

+
(
dy

dt

)2

+
(
dz

dt

)2

=
√
ẋkẋk

Where:
ẋk =

dxk
dt

From (1.8), we see that:

τ =
∫ t

t0

√
1− v2

c2
dt

We call τ the proper time.

1.3 Motion of a Particle

Let a particle P be in motion relative to an inertial frame S. Suppose that at time t the coordinates
of P are (x1, x2, x3), then the velocity v = (v1, v2, v3) of P at this instant are defined as:

v =
(
dx1

dt
,
dx2

dt
,
dx3

dt

)
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That, is, the components are given by:

vk =
dxk
dt

= ẋk (1.9)

If f = (f1, f2, f3) is the resultant force acting on P , by Newton’s 2nd law we have:

fk =
d

dt
(mvk) (1.10)

Where m is the mass of P , measured in S. In special relativity, m is not a constant, but is given
by:

m =
m0√
1− v2

c2

= βm0

Where m0 is the mass of P as measured in the rest frame of P ; i.e. the frame in which P is at rest.
Thus:

m = βm0 (1.11)

1.4 4-Velocity & 4-Force

I shall try to be consistent with notating the difference in 3- and 4-vectors. Suppose we have the 4-
vector for force, I shall denote the whole as F, which will have 3-spatial, and 1-temporal components.
The spatial part I shall denote f (similarly, the spatial part of 4-velocity u shall be the usual v).
Notice the difference in font between u and u. This is the difference that will be used.

1.4.1 4-Velocity

The 4-velocity u = (u1, u2, u3, u4) is defined by:

uj =
dxj
dτ

(1.12)

For j = 1, 2, 3, 4. We can write (1.12) as:

uj =
dxj
dt

dt

dτ

= β
dxj
dt

By using (1.8). Hence, the spatial and temporal components:

ui = β
dxi
dt

i = 1, 2, 3

u4 = β
dx4

dt

= β
d

dt
(ict)

= icβ

3



Therefore, the 4-velocity u is given by:

u = β(v, ic) (1.13)

Where v = (v1, v2, v3), the normal 3-velocity.

1.4.2 The 4-Force

The 4-force is defined by F = (F1, F2, F3, F4):

Fj = m0
duj
dτ

(1.14)

From (1.2), ds2 = −c2dτ2 = dxjdxj . Which is just:

dxj
dτ

dxj
dτ

= −c2

That is, upon comparison with the definition of the 4-velocity:

ujuj = −c2

Therefore, taking the τ -derivative, noting that c2 is a constant:

d

dτ
(ujuj) = 0

And a trivial application of the product rule:

2
duj
dτ

uj = 0

⇒ duj
dτ

uj = 0

⇒ ujm0
duj
dτ

= 0

Where we see that we have the 4-force. Hence:

ujFj = 0 (1.15)

But, from (1.13) and (1.14):

F = m0
du

dτ

= m0
du

dt

dt

dτ

= m0β
d

dt
(βv, iβc)

= β

(
d

dt
m0βv, ic

d

dt
m0β

)
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Where we have noticed that dt
dτ = β, and that βm0 = m (which we have previously shown). Hence,

this becomes:

F = β

(
d

dt
mv, ic

d

dt
m

)
And, we know that f = d

dtmv, the standard 3-force. Hence, the 4-force is:

F = β(f , icṁ) (1.16)

Now, substituting (1.13) and (1.16) into (1.15), which is basically finding the scalar product of the
4-velocity and force, and putting it equal to zero (the previously found statment that ujFj = 0).
We thus get:

f · v − c2ṁ = 0

Hence, upon rearrangement:

ṁ =
f · v
c2

(1.17)

From (1.17) we see that the 4-force (1.16) can be written:

F = β

(
f ,
if · v
c

)
(1.18)

Now, let dω0 be the volume measured in the rest frame of P , then if dω is the volume measured in
S, then:

dω = dω0

√
1− v2

c2

Where v is the speed of P , v =
√
vkvk. Thus, we see:

dω0 = βdω (1.19)

Now, defining:

D ≡ F

dω0

We see that:

D =
F

dω0

=
F

βdω

=
(

f

dω
,
if · v
cdω

)
Now, let the force per unit volume be d ≡ f

dω , then the above becomes:

D =
(

d,
id · v
c

)
(1.20)

It can be shown that F,D transform as tensors.
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1.5 Motion of a Perfect Fluid

It can be shown that in the case of a perfect fluid, that the components of D = (D1, D2, D3, D4)
can be written:

Dj =
∂Tjk
∂xk

j = 1, 2, 3, 4 (1.21)

Where Tjk are the components of a tensor known as the energy momentum tensor:

Tjk =
(
ρ0 +

p

c2

)
ujuk + pδjk (1.22)

Where ρ0 is the density (mass per unit volume) measured in the instantaneous rest frame of a
typical particle of the fluid. p is the pressure (force per unit area). p is an invariant, i.e. p′ = p, for
any two inertial frames S and S′.
The derivation of Tjk can be found in Introduction to Tensor Calculus, Relativity and Cosmology,
D.F.Lawden, 3rd Ed, pp50-57.

2 General Relativity

2.1 Tensor Analysis

Throughout, super-scripts and sub-scripts will be deonoted by i, j, k, l, . . ., these are not limited to
being 1, 2, 3, 4; but will range to an arbitrary n. There may be places where i =

√
−1 and the

sub-script i will be confused, but context will sort out the confusion.

2.1.1 Geodesic Coordinates

Consider a change of coordinates xi → x′i, as defined by:

xi = x′i +
1
2
aijkx

′jx′k (2.1)

Where:

aijk = aikj (2.2)
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And are constants. We note that if x′i = 0, then xi = 0. Now, let us differentiate the above
expression, with respect to x′r. That is:

∂xi

∂x′r =
∂x′i

∂x′r +
∂

∂x′r
1
2
aijkx

′jx′k

= δir +
1
2

(
∂

∂x′r x
′jx′k

)
aijk

= δir +
1
2

(
x′kδjr + x′jδkr

)
aijk

= δir +
1
2

(
x′kδjra

i
jk + x′jδkra

i
jk

)
= δir +

1
2

(
x′kairk + x′jaijr

)
= δir +

1
2

(
x′kairk + x′kaikr

)
= δir +

1
2

(
x′kairk + x′kairk

)
= δir + airkx

′k

= δir + airjx
′j

In this derivation, we have make extensive use of the Kronecker delta: used in noting that when
differentiating a component with respect to another, gives zero; and with respect to itself gives one.
We have also used the symmetry in (2.2). We have also used the redundency of repeated indices in
switching between using other letter, so long as order & context is preserved. This can be seen by
inspecting everything above carefully.
Differentiating again:

∂2xi

∂x′s∂x′r =
∂

∂x′s
(
δir + airjx

′j)
= airjδ

j
s

= airs

So, we have derived:

∂xi

∂x′r = δir + airjx
′j

∂2xi

∂x′s∂x′r = airs

These will be used later.
In these two expressions, if we put x′i = 0, then we get:

∂xi

∂x′r

)
x′i=0

= δir (2.3)

∂2xi

∂x′s∂x′r

)
x′i=0

= airs (2.4)

Now, we transform the metric (tensor) via:

g′
ij =

∂xk

∂x′i
∂xl

∂x′j gkl (2.5)
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Differentiating:

∂g′
ij

∂x′r =
∂

∂x′r

(
∂xk

∂x′i
∂xl

∂x′j gkl

)
=

(
∂xl

∂x′j
∂2xk

∂x′r∂x′i +
∂xk

∂x′i
∂2xl

∂x′r∂x′j

)
gkl +

∂xk

∂x′i
∂xl

∂x′j
∂xt

∂x′r
∂gkl
∂xt

Where we have just used the product rule. the expression to the right has just been multiplied by
∂xt

∂xt , i.e. not essentially doing anything.
Now, if we compare the above with the derived expressions (2.3) and (2.3), and putting x′i = 0, we
get:

∂g′
ij

∂x′r

)
x′i=0

=
(
δlja

k
ir + δki a

l
jr

)
gkl + δki δ

l
jδ
t
r

∂gkl
∂xt

= akirgkj + aljrgil +
∂gij
∂xr

Now, writing

akirgkj = airj (2.6)

We can write the above as:

∂g′
ij

∂x′r

)
x′i=0

= airj + ajri +
∂gij
∂xr

(2.7)

Now, by our previously stated symmetry aijk = aikj , we see that:

arij = akrigkj

= akirgkj

= airj

After using the relation (2.6). Hence:

arij = airj (2.8)

Now, by making the cyclic interchange of indices i → r → j → i, we can write (2.7) as (if we do
the change twice):

∂g′
ri

∂x′j

)
x′i=0

= arji + aijr +
∂gri
∂xj

(2.9)

∂g′
jr

∂x′i

)
x′i=0

= ajir + arij +
∂gjr
∂xi

(2.10)

Hence, adding (2.7) and (2.9), making use of (2.8):

∂g′
ij

∂x′r

)
x′i=0

+
∂g′

ri

∂x′j

)
x′i=0

= 2arji + arij + ajir +
∂gij
∂xr

+
∂gri
∂xj

(2.11)
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Subtracting (2.10) from (2.11) gives:

∂g′
ij

∂x′r

)
x′i=0

+
∂g′

ri

∂x′j

)
x′i=0

−
∂g′

jr

∂x′i

)
x′i=0

= 2arji + arij + ajir +
∂gij
∂xr

+
∂gri
∂xj
− ajir − arij −

∂gjr
∂xi

I shall now leave out the indication that everything is evaluated at x′i = 0. So, this results in:

∂g′
ij

∂x′r +
∂g′

ri

∂x′j −
∂g′

jr

∂x′i = 2arji +
∂gij
∂xr

+
∂gri
∂xj
− ∂gjr
∂xi

Now, we shall make use of some notation:

[jr, i] ≡ 1
2

(
∂gij
∂xr

+
∂gri
∂xj
− ∂gjr
∂xi

)
Hence, we have:

[jr, i]′ = arji + [jr, i] (2.12)

Now, if we choose:

arji = [jr, i]′ (2.13)

Then:

[jr, i] = 0 (2.14)

From (2.6) and (2.13), we have

akrjgki = [jr, i]′ (2.15)

But, from (2.5), putting x′i = 0 (and therefore xi = 0), and using (2.3) simply gives:

g′
ij = δki δ

l
jgkl = gij

Hence, (2.15) reads:
akrjg

′
ki = [jr, i]′

Hence:
akrj = g′ki[jr, i]′

Or, using some notation:
akrj = Γ′k

jr

So, we could also write (2.14) as:
gki[jr, i] = 0

That is:

Γkjr = 0 (2.16)

Now, let P be any point having coordinates (a1, a2, . . . , an) in x, and (a′1, a′2, . . . , a′n) in x′. Re-
placing xi by xi − ai and x′i by x′i − a′i in (2.1) gives:

xi − ai = x′i − a′i +
1
2
aikj(x

′j − a′j)(x′k − a′k)

From which it follows that when x′i = a′i, xi = ai, (2.16) gives:

(Γkjr)P = (Γkjr)xi=ai = 0 (2.17)

Thus, at any point we can use geodesic coordinates, such that the components of all the Γ’s are
zero at that point.
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2.2 The Riemann-Christoffel Tensor

Let Ai be the components of a covariant tensor. Then, the covariant derivative Ai,j of Ai is given
by:

Ai,j =
∂Ai
∂xj
− ΓkjiAk (2.18)

Where this was shown in the previous set of Tensor Calculus notes, and we also see that Ai,j is a
tensor of rank 2. Also:

Ai,jk = (Ai,j)k (2.19)

=
∂Ai,j
∂xk

− ΓrkiAr,j − ΓskjAs,i (2.20)

Which, upon insertion of (2.18) into (2.21) gives:

Ai,jk =
∂

∂xk

(
∂Ai
∂xj
− ΓljiAl

)
− Γrki

(
∂Ar
∂xj
− ΓtjrAt

)
− Γskj

(
∂Ai
∂xs
− ΓtisAt

)
=

∂2Ai
∂xk∂xj

−Al
∂Γlji
∂xk

− Γlji
∂Al
∂xk
− Γrki

∂Ar
∂xj

+ ΓrkiΓ
t
jrAt − Γskj

∂Ai
∂xs

+ ΓskjΓ
t
isAt

Where we have just expanded out all the brackets, using product rule where applicable. Rearranging,
and renaming some indices:

Ai,jk =
∂2Ai
∂xk∂xj

−
(

Γsij
∂As
∂xk

+ Γski
∂As
∂xj

+ Γskj
∂Ai
∂xs

)
+At

(
ΓskjΓ

t
is + ΓrkiΓ

t
jr −

∂Γtij
∂xk

)

Hence:

Ai,kj =
∂2Ai
∂xj∂xk

−
(

Γsik
∂As
∂xj

+ Γsji
∂As
∂xk

+ Γsjk
∂Ai
∂xs

)
+At

(
ΓsjkΓ

t
is + ΓrjiΓ

t
kr −

∂Γtik
∂xj

)
Now, we note the following things:

∂2Ai
∂xj∂xk

=
∂2Ai
∂xk∂xj

Γsjk = Γskj

So:

Ai,jk −Ai,kj =

(
ΓrkiΓ

t
jr − ΓrjiΓ

t
kr +

∂Γtik
∂xj

−
∂Γtij
∂xk

)
At

So:

Ai,jk −Ai,kj = RtijkAt (2.21)

Where:

Rtijk = ΓrkiΓ
t
jr − ΓrjiΓ

t
kr +

∂Γtik
∂xj

−
∂Γtij
∂xk

(2.22)
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We now prove that Rtijk is a tensor.
Changing the coordinates from xi to x′i gives:

A′
i,jk −A′

i,kj = R′t
ijkA

′
t (2.23)

But, on the LHS, A′
i,kj is a tensor. Thus, the LHS transforms as:

A′
i,jk −A′

i,kj =
∂xr

∂x′i
∂xs

∂x′j
∂xl

∂x′k (Ar,sl −Ar,ls)

So, from (2.21) and (2.23), this gives:

A′
tR

′t
ijk =

∂xr

∂x′i
∂xs

∂x′j
∂xl

∂x′kR
t
rslAt

But, the At are just components of a covariant vector, which transform as:

A′
t =

∂xa

∂x′tAa

Hence:
∂xa

∂x′tAaR
′t
ijk =

∂xr

∂x′i
∂xs

∂x′j
∂xl

∂x′kR
t
rslAt

But, the At are arbitrary. Choose At = δtm, Aa = δam. Hence:

∂xm

∂x′t R
′t
ijk =

∂xr

∂x′i
∂xs

∂x′j
∂xl

∂x′kR
m
rsl

Hence:

R′t
ijk =

∂xr

∂x′i
∂xs

∂x′j
∂xl

∂x′k
∂x′t

∂xm
Rmrsl

Therefore, Rijkl are the components of a fourth rank tensor. It is called the Riemann-Christoffel
tensor

2.3 The Ricci Tensor

Contracting Rtjkl with respect to t and l gives:

Rtjkt = Rjk (2.24)

Where Rjk is known as the Ricci tensor.

Now, Rijkl = gitR
t
jkl

2.3.1 Properties of Rijkl

Now:

Rijkl = gitR
t
jkl

= git

(
ΓtkrΓ

r
jl − ΓtlrΓ

r
jk +

∂Γtjl
∂xk

−
∂Γtjk
∂xl

)

=
∂

∂xk
(
gitΓtjl

)
− ∂

∂xl
(
gitΓtjk

)
− Γtjl

∂git
∂xk

+ Γtjk
∂git
∂xl

+ git
(
ΓtkrΓ

r
jl − ΓtlrΓ

r
jk

)
11



Where the first step used the definition (2.22), and the second effectively did nothing, except arrange
things in a different fashion, just subtracting terms that are added by the differentiation.

Now, choosing geodesic coordinates at any arbitrary point 0, we can make:

Γijk = 0

As we have previously shown. Hence:

Rijkl =
∂

∂xk
(
gitΓtjl

)
− ∂

∂xl
(
gitΓtjk

)
But:

gitΓtjl = [jl, i] =
1
2

(
∂gij
∂xl

+
∂gil
∂xj
−
∂gjl
∂xi

)
gitΓtjk = [jk, i] =

1
2

(
∂gij
∂xk

+
∂gik
∂xj

−
∂gjk
∂xi

)
Hence:

∂

∂xk
(
gitΓtjl

)
=

1
2

(
∂2gij
∂xk∂xl

+
∂2gil
∂xk∂xj

−
∂2gjl
∂xk∂xi

)
∂

∂xl
(
gitΓtjk

)
=

1
2

(
∂2gij
∂xl∂xk

+
∂2gik
∂xl∂xj

−
∂2gjk
∂xl∂xi

)
Therefore:

∂

∂xk
(
gitΓtjl

)
− ∂

∂xl
(
gitΓtjk

)
=

1
2

(
∂2gil
∂xk∂xj

+
∂2gjk
∂xl∂xi

−
∂2gjl
∂xk∂xi

− ∂2gik
∂xl∂xj

)
Where we have of course noted that ∂2gij

∂xk∂xl = ∂2gij

∂xk∂xk . Therefore, we have that:

Rijkl =
1
2

(
∂2gil
∂xk∂xj

+
∂2gjk
∂xl∂xi

−
∂2gjl
∂xk∂xi

− ∂2gik
∂xl∂xj

)
Now, let us inspect what happens if we swap various indices:

Rjikl =
1
2

(
∂2gjl
∂xk∂xi

+
∂2gik
∂xl∂xj

− ∂2gil
∂xk∂xj

−
∂2gjk
∂xl∂xi

)
= −Rijkl

Similarly, we see that:
Rijlk = −Rijkl

And also:
Rklij = Rijkl

This last one uses the fact that gij = gji.
Remember, all this has been for the 0 point. Thus, as 0 is arbitrary, we have:

Rijkl = −Rjikl (2.25)
Rijkl = −Rijlk (2.26)
Rijkl = Rklij (2.27)
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Again, using our condition that Γijk = 0, and (2.22), we have that:

Rijkl =
∂Γijl
∂xk

−
∂Γijk
∂xl

Cyclic interchange of indices j → k → l→ j gives:

Riklj =
∂Γikj
∂xl

−
∂Γikl
∂xj

And again:

Riljk =
∂Γilk
∂xj

−
∂Γilj
∂xk

Adding:
Rijkl +Riklj +Riljk = 0

Where we have used that Γijk = Γikj . Also, this has been for the 0 point; which is, however,
arbitrary, so:

Rijkl +Riklj +Riljk = 0 (2.28)

Thus, the Rjjkl are not independant, and must always satisfy (2.25)-(2.28).

2.4 Bianchi’s Identities

Let us differentiate:
Rijkl,m =

∂

∂xm
Rijkl

Again, by noting that Γijk = 0 at position 0; we use (2.22):

Rijkl,m =
∂2Γijl
∂xm∂xk

−
∂2Γijk
∂xm∂xl

Cyclic interchange of indices k → l→ m→ k gives:

Rijlm,k =
∂2Γijm
∂xk∂xl

−
∂2Γijl
∂xk∂xm

And cycling again:

Rijmk,l =
∂2Γijk
∂xl∂xm

−
∂2Γijm
∂xl∂xk

Adding gives:
Rijkl,m +Rijlm,k +Rijmk,l = 0

Again, the point 0 used above is arbitrary, so we have:

Rijkl,m +Rijlm,k +Rijmk,l = 0 (2.29)
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Similarly, by lowering the i:

Rijkl,m +Rijlm,k +Rijmk,l = 0 (2.30)

(2.29) and (2.30) are known as Bianchi’s indentities.
Let us use (2.30) on Rsrjt,i:

Rsrjt,i +Rsrti,j +Rsrij,t = 0

Multiplying by girgts gives:

(girgtsRsrjt,i) + (girgtsRsrti,j) + (girgtsRsrij,t) = 0

Now, we also know the following:

girgtsRsrjt = girRtrjt

= girRrj

= Rij

girgtsRsrti = −girgtsRrsti
= −gtsRisti
= −gtsRst
= −Rss
= −R

girgtsRsrij = girgtsRrsji

= gtsRisji

= gtsRsj

= Rtj

Hence, putting all this together:
(Rij),i −R,j + (Rtj),t = 0

We notice that the last and first terms are identical. Hence:

2Rij,i −R,j = 0

Which is the same as:
Rij,i − 1

2δ
i
jR,i = 0

That is:

(Rij − 1
2δ
i
jR),i = 0 (2.31)

3 Einstein’s General Relativity

If a person jumps from the roof of a building, then relative to the person, there is no gravity; thus,
he/she can set up a frame of reference S′(x′) which is inertial. S′(x′) is limited in space and times,
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ideally being infinitesimal. S′(x′) is called the free-fall frame. In the frame, special relativity applies.
The metric in S′(x′) is ds′2 = dx′

idx
′
i = δijdx

′
idx

′
j . Thus:

g′
ij = δij (3.1)

If S(x) is the general frame set up in the gravitational field, then S(x) is not inertial. But, xi = xi(x′)
(that is, a function of (x′

1, x
′
2, x

′
3, x

′
4)); so that in S(x), space and times lose their objective meaning.

Let T ′
jk be the energy-momentum tensor for a perfect fluid. Then, if D′

j = 0, we have from (1.21)
that:

∂T ′
jk

∂x′k = 0 (3.2)

Depending on the distribution of matter and energy, the form of T ′
jk will not necessarily be given

by (1.21), but in all cases, T ′
jk is assumed to satisfy (3.2); and the condition that:

T ′
jk = T ′

kj

Let Tjk be the components of the energy-momentum tensor in S(x); then:

Tjk =
∂x′r

∂xj
∂x′s

∂xk
T ′
rs (3.3)

If in S(x), ds2 = gijdx
idxj ; then:

gij =
∂x′r

∂xi
∂x′s

∂xj
g′
rs =

∂x′r

∂xi
∂x′s

∂xj
δrs (3.4)

That is:

gij =
∂x′r

∂xi
∂x′r

∂xj
(3.5)

Similarly:

gij =
∂xi

∂x′r
∂xj

∂x′r (3.6)

Now:

T ij = gikTkj

=
∂xi

∂x′r
∂xk

∂x′r Tkj

=
∂xi

∂x′r
∂xk

∂x′r
∂x′s

∂xk
∂x′t

∂xj
T ′
st

But:
∂xk

∂x′r
∂x′s

∂xk
= δsr

So:

T ij =
∂xi

∂x′r δ
s
r

∂x′t

∂xj
T ′
st

=
∂xi

∂x′s
∂x′t

∂xj
T ′
st
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Since T ij,i is a tensor; thus:

T ij,i =
∂xi

∂x′r
∂x′s

∂xj
∂x′t

∂xi
T ′r
s,t

But:
∂xi

∂x′r
∂x′t

∂xi
= δtr

Thus:

T ij,i =
∂x′s

∂xj
δtrT

′r
s,t

=
∂x′s

∂xj
T ′r
s,r

=
∂x′s

∂xj
T ′
rs,r

But:

T ′
rs,r =

∂T ′
rs

∂x′r = 0

By our previous (3.2). Thus:

T ij,i = 0 (3.7)

Gravitational fields are produced by a system of matter and energy. But gravitational fields produce
a distortion in space and time.
Einstein therefore looked for a tensor proportional to T ij , which satisfies the above equation. But,
we know of such a tensor: (2.31):

(Rij − 1
2δ
i
jR),i = 0

So, Einstein proposed his equation of gravity:

Rij − 1
2δ
i
jR = −κT ij (3.8)

Where κ is some constant. Also, since δij,k = 0, Einstein added on another term:

Rij − 1
2δ
i
jR+ Λδij = −κT ij (3.9)

Where Λ is called the cosmic constant.

3.1 Vacuum Equations

In a vacuum, T ij = 0, so that (3.8) becomes:

Rij − 1
2δ
i
jR = 0 (3.10)

Contracting w.r.t i:
Rii − 1

2δ
i
iR = 0
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But, Rii = R and δii = 4. Thus:
R− 2R = 0

That is, R = 0. Hence, (3.10) reads:
Rij = 0

Lowering the i:
gikR

i
j = Rkj = 0 = Rjk

Thus, in a vacuum, the equations of gravity become the vanishing of the Ricci tensor:

Rjk = 0 (3.11)

We shall derive the tensor T ij , by using (1.22):

T ij =
∂xi

∂x′r
∂xj

∂x′sT
′
rs

=
∂xi

∂x′r
∂xj

∂x′s

{(
ρ′
0 +

p′

c2

)
u′
ru

′
s + δrsp

′)
}

=
(
ρ′
0 +

p′

c2

)(
∂xi

∂x′r u
′
r

)(
∂xj

∂x′su
′
s

)
+
∂xi

∂x′r
∂xj

∂x′r p
′

But:
xi = xi(x′

1, x
′
2, x

′
3, x

′
4)

So that:

dxi =
∂xi

∂x′r dx
′
r

Hence:
dxi

dτ
=

∂xi

∂x′r
dx′

r

dτ ′

Where we have used that dτ = dτ ′. Hence, we see that we have the 4-velocity:

ui =
dxi

dτ

Which implies:

ui =
∂xi

∂x′r u
′
r

We also have found previously that:

gij =
∂xi

∂x′r
∂xj

∂x′r

Hence:

T ij =
(
ρ′
0 +

p′

c2

)
uiuj + gijp′

Putting ρ′
0 = ρ′

0(x′) = ρ′
0(x) = ρ and p′ = p′(x′) = p′(x) = p, then:

T ij =
(
ρ0 +

p

c2

)
uiuj + gijp (3.12)
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Now:
T ij = gjkT

ik

Thus:

T ij =
(
ρ0 +

p

c2

)
uiuj + δijp (3.13)

Similarly:

Tij =
(
ρ0 +

p

c2

)
uiuj + gijp (3.14)

Noting that ui = giku
k.

Equations (3.8), (3.9) and (3.11) are complicated non-linear differential equations, even so there
are very many exact solutions (a few of which are given by D.Lawden in An Introduction to Tensor
Calculus, Relativity & Cosmology Chapter 6). A particular solution of (3.11) is the Schwartzchild
solution (see Lawden, Chapter 6). The Schwartzchild solution represents the gravitational field of a
singularity of mass m. This was generalised by R.Kerr in 1963, and represents a rotating singularity
of mass m and angular momentum a. When a = 0, the Kerr solution reduces to the Schwartzchild
solution. These solutions are important because they are thought to represent the steady state
solutions of a black hole.
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