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Tensor Calculus: 
 
Riemannian Space: 
 
Suppose you have two points in normal Euclidean space: 
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Now, the distance between the two points is given by: 
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Putting: 
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This is the prototype for the metric. 
 
Generally, the points wont be embedded in Euclidean space. 
 
Now, defining: 
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Also, we define: 
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Tensors: 
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Contravariant Vectors: 
 
These transform from coordinates ),...,,( 21 nxxx to coordinates ),...,,( 21 nxxx ′′′  
according to the rule: 
Their components with respect to )( ix will be denoted by iA , and their components 
with respect to )( ix′ will be denoted by iA′ . 
Where: 

 j
j

i
i A

x
x

A
∂

′∂
=′    

)(

)(

xA

xA
i

j

′′
 

 
If defined like this, then a contravariant vector. 
 
Covariant Vectors: 
 
These transform from ix to ix′ according to the rule: 
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Tensors: 
 
Let us consider two contravariant vectors ii BA & , then: 
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This forms a prototype of a second rank, contravariant tensor. 
Any set of quantities ijT which transform from ix to ix′ according to this rule are called 
contravariant tensors of the second rank. 
 
Similarly to covariant: 
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If we take iA and iB , then: 
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Compressing the notation: 
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This forms a prototype for the rule for mixed tensors. 
This one was covariant rank 1, contravariant rank 1. 
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Which is rank 2 contravariant, rank 1 covariant. 
Similarly: 
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Raising & Lowering Indices: 
 

ji
ij dxdxgds =2   (metric) 

If we change from coordinates x to x′ , 2ds will be an invariant: 
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Swapping the indices on the RHS around – i-k & j-l: 
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Hence, ijg transforms as a covariant tensor of 2nd rank. That is: ijg is a tensor of 2nd 
rank, and is covariant. 
Now, )( iii xxx ′=  
We assume that we can solve these n equations for x′ in terms ofx : 
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Substituting for jxd ′ from (4) into (2): 
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Substituting from (2) into (2) for jdx : 
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Let: 
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Similarly, as examples: 
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The bottom one is rank 3 contravariant, and rank 1 covariant. 
 
Contraction: 
 
Consider k

ijT , making j=k  and sum w.r.t k. So that we are thinking of the tensor: j
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If we write, 
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Which is a contravariant tensor. 
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 Contravariant vector Covariant vector Covariant 2nd rank tensor 
 
Consider ijT contracting w.r.t  i=i. That is the tensor iiT . So: 

 kl
l

i

k

i
ii T

x
x

x
x

T
∂

′∂
∂

′∂
=′  



Tensor Calculus 1 – Tensors & Geodesics 

- 6 - 

Which does not simplify any more. 
 
Geodesics: 
 
Imagine on the surface of a sphere are two points, p and q. the shortest distance 
between the two is a geodesic – although there are two geodesics… the longest and 
the shortest. They are arcs of a circle. 
 
Equations of a Geodesic: 
 

∫∫ ==
2

10

t

t

ji
ij

s

dtxxgdsl &&  

ji
ij dxdxgds =2  

      2dt
dt

dx
dt
dx

g
ji

ij=  

So: 

 dtxxgds ji
ij &&=  

Now, )(txx ii = with 21 ttt ≤≤ . And ))(( txgg ijij = . 
So: 

 ))(),(( txtxFxxgF ji
ij &&& ==  

Now, from the calculus of variations: 

 0=
∂
∂

−
∂
∂

ii x
F

x
F

dt
d

&
  ni ,...,2,1=  

So: 

 ( ) ( )lk
kli

ji
iji

xxg
x

xxg
x
F &&

&
&&

& ∂
∂

=
∂
∂ −

2
1

2
1

 

        ( )[ ]kl
i

lk
iklji

ij

xxg
xxg

&&
&&

δδ +=
2

1
 

Just noting that: 

 ( )
i

l
k

i

k
llk

i x
x

x
x
x

xxx
x &

&
&

&
&

&&&
& ∂

∂
+

∂
∂

=
∂
∂

 

So, carrying on: 
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Hence, substituting both into the formula for the calculus of variations function: 
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Multiplying through by :ijg  
 [ ] 0, =+ lkijk

ik
ij xxiklgxgg &&&&  

But: 
 i

kik
ij gg δ=  

∴   
 [ ] 0, =+ lkijj xxiklgx &&&&  
Notation… writing: 
 [ ]iklg ij

kl
j ,=Γ  

Then: 
 0=Γ+ lk

kl
ij xxx &&&&  

Or: 
 0=Γ+ lk

kl
ii xxx &&&&  

Where: 

 
2

2

&
ds

xd
x

ds
dx

x
k

k
k

k == &&&  

 
Now, if 0=s , we proceed by taking limits: 
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