Tensor Calculus 1 — Tensors & Geodesics

Tensor Calculus:
Riemannian Space:

Suppose you have two points in norma Euclidean space:
P(yl7 y2 ! yS)
Q(y, +dy;, Y, +dy,, y; +dys)

Now, the distance between the two pointsis given by:
ds® = dy; +dy; +dy;

= dy,dy,
Putting:
y. =y (X X2, %°) That is, y, afunction of x'.
So:
v i
.= ——dx’
dy, 0
Hence:
ds? :M%dxidxk
™ x
Putting:
_ Ty Ty
I g

\ ds® = g, dx’dx“

\ ds® = g, ox'dx’ i,j=12,..,n 1)

This is the prototype for the metric.
Generally, the points wont be embedded in Euclidean space.

Now, defining:

G,; = cofactor of g, in the determinant g = |g; |
Then:

9iGix =d;;9

jk

\ O —— =0
g
Define:
ik

g

=g
And:

gi=it 1=
© 0t
Then:
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gikgjk :dij
Also, we define;
g = 9ji

i i I,]=12,...,n
g =g

Tensors:.

P(x, X2,..., x™)
x' =x'(x¢, x€,..., x¢)
Q(x¢, x¢,..., x¢)

Contravariant Vectors:

These transform from coordinates (x*, x?,...,x") to coordinates(x¢, x¢ ..., x¢)
according to the rule:

Their components with respect to (x') will be deroted by A', and their components
with respect to (x¢) will be denoted by A¢.

Where:

e A'(X)
ix’ At (x9

A¢ =

If defined like this, then a contravariant vector.

Covariant Vectors:

These transform from x' to x¢ according to the rule:

Ix’
¢__
A e A

Tensors:

Let us consider two contravariant vectors A' & B', then:

¢ = ¢ A o = X9 g
x X'
\ pdge = XEIXC g
%< qx

Putting:

TO = A¢B¢

T =A'B’
Then:
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o xe qxd .

This forms a prototype of a second rank, contravariant tensor.

Any set of quantitiesT " which transform fromx' to x¢ according to this rule are called
contravariant tensors of the second rank.

Similarly to covariant:
k |
T =X X

x¢ qx¢

K

If we take A' and B, , then:

ag =T

X
|
Bg=1X_p
Ixe
¢ |
[
Compressing the notation:
A ¢ 9x
T, =X X
M~ Ixe
This forms a prototype for the rule for mixed tensors.
This one was covariant rank 1, contravariant rank 1.

A¢B]¢:

= Mﬂ_x’ﬂ_xr_l_ Pq

IxP x* x¢
Which isrank 2 contravariant, rank 1 covariant.
Similarly:

T,

- x¢ x4 qx’
T¢ = — . TP
a P x¢ qx¢ 4

Raising & Lowering Indices:

ds® = g, ox'dx’ (metric)
If we change from coordinatesxtox¢, ds’will be an invariant:
ds¢ = ggdx¢ax?

ds® = ds?
\ g, ox'dx’ = ggax¢ax¢
But:
x' (x9
\ dxi =X gye
x¢
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‘Hx ﬂx
\ ddx¢dxd = dx®dx¢
gfdx¢dx g”ﬂ¢ﬂx¢ X ¢ dx
Swapping the indices on the RHS around — i-k & j-I:
ax< X
Gdx¢dx¢ = _
9 ~ G x¢ xv
Hence:
3 ﬂ'xk ﬂ'xl
9y = ix¢ xd 9

Hence, g, transforms as a covariant tensor of 2™ rank. That is:g; is atensor of 2™
rank, and is covariant.
Now, x' =x'(x¢)
We assume that we can solve these n equations for x(in terms of x:
x¢ =x¢(x')

LIPS %)
Ix¢
¢ = x¢

ix!
¥ = ‘ﬂx¢

\ dx' =

dx¢ = —dx! (3)

dx® = —dx* (4)

Substituting for dx(v from (4) into (2):
LS P
%o x-

ﬂXi ﬂx(li i
0 0 =d, )

Substituting from (2) into (2) for dx’ :

ﬂX¢ ﬂXJ _ i
ﬂX ﬂx¢( dk (6)

Consider g, T ¢
™ xs  x¢ ‘ﬂxdf
x¢ ¢ s xm ‘ﬂx
t T[X ﬂqu'( gST ml
" qxd qx
= ﬂiM T
e qx °™

gig:rq:k =
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Let:
ggT ¢« :Tjdf
So:
]. ﬂX ﬂX¢‘ _I_S|
‘ﬂx(I)J x'
'ﬂx(llk e LS
™ qx¢

\ Tjiisam|xed tensor

\
T, =g,T"

Similarly, as examples:
gikngTkl = giijk =T
gikngT - gik-l-jk :Tij
g g'sg“ng"qrsr =T,
04979 Ty =T'a"
glglpglqglGqus =T

The bottom one is rank 3 contravariant, and rank 1 covariant.

Ijk

Contraction:

Consider T"«, making j=k and sum w.r.t k. So that we are thinking of the tensor:T" ;.
So:

T(ﬁ L= M_ﬂxq! _ﬂxm
P Xk X qxd
— 11:[[Xf d mTk|
T[X¢ Tkl
X«
If we write,
T ¢ = T @ j
We have:
Te=M¢
X«

Which is a contravariant tensor.
\ T, isacontravariant tensor.

Similarly:
T =T Tiju = Ti Tul =T,
Contravariant vector Covariant vector Covariant 2" rank tensor

Consider T contracting w.r.t i=i. That is the tensorT" . So:

Td¢ :METH

ix< X
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Which does not ssimplify any more.
Geodesics:

Imagine on the surface of a sphere are two points, p and g. the shortest distance
between the two is a geodesic — although there are two geodesics... the longest and
the shortest. They are arcs of acircle.

Equations of a Geodesic:

S tz
| = fis= /g, x'x’dt
0

4

ds® = g, ox'dx’
X dx!
ey
So:
ds=,/g;Xx x! dt

Now, x' = X' (t)witht, £t£t,. And g; = g; (X(t)).

So:
F =g, ¥x’ = F(x(t). X(1)

Now, from the calculus of variations:

dafF _F _, i=12..n
dt % I’

So:
F 1 L q

o =50k F k)
1

= W[gkl (dikxl + dilxk)]
ij

Just noting that:

I (s ) = 30 T e I

X' ' %!
So, carrying on:
- 1 Jl k
— = —————=\0; X t0yX
ﬂx 2 'ginIXJ ( | ki )
= ;(gikxk + gikxk)
2,/g; X' X’

J

o xk

1
= Ui
'\/gijxl X!
J%x&1:9§:s
dt

But,
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v gt
™ ¢
And:
F _ 1 kol T
™ 2 /g, x'%! o (@)
_ x*x' Mg,
T 28 X

Hence, substituting both into the formula for the calculus of variations function:
dog, X0 119,

= . Mgk =0
at § 5 28 x
Now,
& d fs)
C Kk .. S— 2 )-0.,.8=
g@ikxko_%ﬂxk +ingg_.k9: g, X“ +ng dt(g'k) ik -
dt S 1] S ﬂt dte g S é Sz :
@
Oik ok Xk%ﬂgik | .
=== + )
S‘ X SZ gs ﬂXI X g|ks
:%xk +ﬂgik XX . gikxké
$ ™% 8 2
\
i gy ﬂg‘lk Xk,xl - g‘k.fks- i,ﬂi‘kax' =0
S > ¢ S 2¢ X
So:
g_ )'(k +§Igik - lﬂg_klgxkxl _ gikaS:O
A 21X g s
Now:
%xkx' :%x'xk [a=bp a=1(a+b)]
X X
Hence:
g i + 189 190 190 guugr XS _ g
b 28X WX X g s
Notation:
[kl i]:lﬂgik +ﬂg” _ ﬂgkl 9
] Zgﬂxl ﬂXk ﬂxl B
\

0

o K
g, + [k i - D52
S

-

[fst Owecanchooset =<,s0that $=1& §=0
\
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g, X< +[KLi]x*x' =0
Multiplying through by g" :

g g, %" +g"[kl,i]x*x' =0
But:

9’9, =d,

%+ gl [kl iJx*x =0
Notation... writing:

G'v = g"[Kl,i]
Then:
X' +Gux*x' =0
Or:
X +Gux*x' =0
Where:
ok = dx* g sk = d?x*
ds ds?
Now, if s=0, we proceed by taking limits:
s=et with e®O0
\ S=e §=0
\

g, X +[KLiJxx' =0

Takinge =0\ s=0. The equation is the same, except that:

k 2.,k
X :%& KK = ddt):




