Tensor Calculus 2 - Differentiation

Now, the equation of a geodesicis.
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Notice that:
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Substituting the above expressions for X' and X' into the equation for a geodesic:
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But, the equation of the geodesic in the “dashed” frameis:
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Hence:



Tensor Calculus 2 - Differentiation

Ix® e 2% e ix X< o,

t = —— _— ¢ ¢
& X gIxéqxe a x¢ ﬂx(lféx X (@
\
j 2y
L O PO
X Ix¢ Tx¢ % xEqxe

Note in the above expression, the presence of the 2" term preventsthe G's
transforming as tensors.
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Now, the transformation of “primes’ on “unprimed”, sendsx ® x(, and say

that x¢ =X, so that when you put primes on a function, unprimed become singularly
primed, and singularly primed become unprimed.

Hence, (2), under this transformation, becomes:
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Contravariant Differentiation:
Consider:
(g = 25 1 g
Differentiate w.r.t. xrl.k gives:
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Then:
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Hence B'« does not transform as a tensor.
Now:
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(which is the same as (3), but with symbols changed)
Substituting (5) into (4) gives:
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The last term giving:
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Putting:
A¢
B¢k = Ex(]',‘ +G¢pkAql3
Hence:
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Therefore B« transforms as a mixed tensor.
We write:
B'x = Ak
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Thisis called the covariant differentiation of the contravariant vector A' .
Repeating for the covariant vector A :
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So, the contravarlant differentiation of the covariant vector A is:
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Some examples:
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Proof that g;, transforms as a covariant tensor:
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Hence, the covariant differentiation ofg;, =0
Similarly:
g'k=0
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