Random Processes

Probability Distributions:

P isthe probability of outcomex; .

< X>= é PX is the expectation value (or “average’) = X

Standard deviation=s .

Variance:
var(x) =s ? (-<x>)
<X2-2x<x>+<x>%>
_ 9 2 9O
=Q PX-2<x>g Rx+<x>* 3P
i i i
=1
=< x?2>-2< x> + < x>?
=< x?>- <x>?
\ s ?2=<x?>-<x>?

Geometric Distributions:

Probability of success on “first go” = p.
So prob. of failure= 1-p=q.
P, =pa"*
¥
Need that this distribution adds to unity. i.e. that § P, =1:

n=1
¥

AP =p+pg+pg +..

n=1
=p+q(p+pg+pg°+..)
=p+gd P,
\  APR=p+dd P,
b AP-9aP=p
\ a4 P@-q=p

\ AP =
af=1

But: p=1-¢
¥

b épn:—pIEZ:L
n=1 1'q p

¥
See that the average now is given by< n >= é nP, . To compute this value:

n=1

¥
<n>=gnk, =4 npq"' = pa nq"*
n=1

Notice that:
g™t = da @)
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o n__do n
P anql—d—q(aq)

But, é g" isthe sum of a geometric series.

So:
grg=Cgq=0g92
do dggl- qg
1 9
1-q (@-0q)?
_ 1
@- q)?
n p _p_1
b <n>= pénq 1-_F _-_F _=
@-q? p° p
\ <n>:£
p

To find the variance, calculate< n? >, and substitute in. To do this:
See that you need to find the expression for:

an’P,=an’pg™
=pa n’q"’
=pan.

ng
——

o)

“dg

n-1

N i n
= pa ndq(q )

o

—p—23 na"
pdqa q
= pa n(n- g™’
Now, taking out q:
\ a n’P, =pgd n(n-g"° =4 (n*- n)P,
And, seethat:

o e 2 0
ann-1q™? = (- Dg- T
€ T a5
o n- qu
\ pga n(n- Hg™? =———
a @ q)°
Hence:
o 2pq
(n2 - n)Pn =
a @ 9
Notice that:

aAM-nP =an’P - §nP,=<n’>- <n>
Therefore, using the above expression for< n >:
2pq 1. 2(1- p)
@-a° p P’
Hence, the variance var(n) can be computed:
var(n) =<n®>- <n>?

<n’>=<n>+
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Continuous Distributions;

Suppose a discrete prob.dist has aresolution down toDx , sothat P = P(x;, <x <X, +Dx).
LetDx® 0, so that:

P(x <x<x +Dx) = f(x)Dx
Hence:

b
P(a< x<b) = g(rgoé f (x,)Dx = O)f (X)dx

With an expectation value< x >:
+¥

< x>= oxf(x)dx
¥

Notice that:
+¥

of (x)dx =1.
¥

The vari_ance and standard deviation is defined as it was before, but with the integral sign
instead of a summation sign.

Gaussian Distributions:

Displayed as a bell-shaped graph. With the “peak” as the average . The standard deviations
will show points alittle to the right and left of r. They are usualy given by functions of the

form:
2 2
e (x-m)“/2s

, S 2
“Cumulative” functzigns P(x) and C(x) are to show probabilities of the function — for
example, P(m+ S )gives the probability that aresult lies abovethenr +s value. And
similarly C(m- s ) gives the probability below the point rr+s . The main point of these is also
that P(m +s ) = C(- s ) ; from the symmetry of the bell-curve.
Also, P(m+2s) =C(nr- 2s).And soon.
These cumulative probabilities are defined by:

X

C(X) ° P(Y < X)= f (y)dy

f(x)=

The P is not the above cumuiative function P(x); it is a probability function.
P(x) can also be thought of as a survival probability:
P(X)° 1- C(X)
+¥

= of (Y)dy

An important integral result for Gaussian's is below:
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. - ax? _aP 02
dx=¢c=~+
% Sap

An example of a Geometric Distribution:

Suppose you have ana particle, making F collisions per second, with a barrier it istrying to
get out of. In atimet it has Ft attempts. Each attempt has probability p of success, so
probability of failure= (1 - p). So, the probability that the nucleus survivesto timet is:

P(t) = (- t)™

- (eln(l- P) )Ft

_ (eFIn(l— p) )‘
Now, if you denote:
1
FIn(l- p)=-=
n(1- p) T
Then:
t
P(t)=e T
Now, if f (t) isthe probability distribution for decay times, then:

P(t) = ¥@f (t9dte

So, on solving for f (t):

L
f(t):-d_PzieT
a T

An exponential probability distribution.

To check that thisis a probability distribution, it should sum to unity. To do this:
¥ 1 ¥ i
Of (t)dt ==cg Tdt
0 T 0

For later convenience, note that:

1(1)° ¢g''dt

¢
8
1
T

¥
e

" H

1
|

So, the original integral becomes:
¥
of )t = Ti (1) =(WT)iwT)=1
0

An average and variance can aso be calculated.
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Poisson Distributions;

These are used when severa events might occur independently of each other, and the mean
rate of occurrence is known.
For example: Geiger counter clicks in timet, due to background radiation; Number of
earthquakes in a given time; Number of moleculesin agasin asmall volume.
To do this:
The probability of no event happening, in timet, in the presence of a constant hazard ratea
which isits surviva probability:

P,(t;a)=¢€®
Use this to obtain the probability of one event happening, P,(t;a) , and then extend method
toPR,,R;,..., P.(t;a).
Note thataDt is both the probability of one event happening, in a short period of time, and the

mean number of events in a short time — as the probability of two events occurring in a small
period of timeisvery small. So, a = mean rate of occurrence.

So, tofind R (t;a) :
Divide the time interval into 3 parts, assuming that the single event occurs in the short
interval[S, S+ DS] . This has probability:
DP, =PR,(S)" aDS" R,(t- (S+DS)) =P, (S)aDS.R,(t- S
Where:
P, (S) is the probability of no event upto S

aDbSisthe probability of one event inDS
P, (t- S)isthe probability of no eventsin remaining timet — S asDSsmall

DP, =e " aDS" e?"“9
=e* " aDS
But, the event could occur in any interval DS, so:

t
P(t;a) =g *adS=e"at
0

TodothisforR,,;:

Divide interval into 3 parts: P, eventsinO£t £S, one event in SEt £ DS, and no events
inS+DSE£t£T. This has probability:

DR, =P.(S)” abS” R,(t- S)
And, integrating as before:

Ra(ta) = E‘j:)k(s)l%(t' S)ads

Now, when you start do calculate for different values of k, you will see that the general form
is:

oy e @05
P.(t;a) =e —k!
Which is known as the Poisson Distribution.

Checking that this adds up to unity, writingl =at :

3 o 4 IX gigrka_
aPk=ae —|: Ia'_l —e e =1
k=1 k Tkzok.%

Making use of the series expansion for the exponential function.
The calculations can be done similarly for the expectation value:
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S g 1K
<k>=g kP;(:akFe"

k=0 k=1

\ <k >=|

Also, to find the variance, do similar operations, and one will find:
var(k) =s ? =<k’ >- <k >?=|

p var(k) =<k >=|

For Poisson Distributions.

Sums of Poisson random variables:

Suppose | and m are Poisson random variables, with means| and i, respectively.
For example, they could be the numbers of hurricanes and tsunamis.
So, what’ s the distribution for their sums=1 +mr?
In the example, s would be the total number of disasters — hurricanes + tsunamis.
See that s may be made up in various ways.
(I,m :(s,0),(s- 1D),...,(s- k,Kk),..., (0,
All mutually exclusive possibilities.
So, the probability of scenario| = s- k,m=Kis:
[ ot Ul m' ol
1K p ik P

Which is to be summed over the possible values for k: k =0,1,2,...,s:

éos Is—k mk Ue-(l+m)
T G-K kg

| +m)

e'(

= (1 +m)*=—

Using the Binomial Thedrem.
All this says, isthat sis also a Poisson random variable, with mean< s>=1 +mr
To extend this to n Poisson random variablesl,, 1,,...,I with means| 1 ,,...,I , then their
sum:
o]
s=al;
i
Is a Poisson random variable with mean:
<s>=31,

For non-constant hazard ratea (t) , the Poisson distribution still holds:
The number of “counts’ in the interval[s, s + Ds]is a Poisson random variable, with
meana (<)Ds . Hence the total countsin [0,t] is also a Poisson random variable, with mean:

| = 4a(s9)Ds® (p(s)ds
0

all _intervals
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For large| , Poisson distributions resemble Gaussian’s. To do this, we need to look at:

n

"
P=—=¢'
n!

Near its maximum, as afunction of n. That is, within a few standard deviations+/l of the
mean| . To do this properly, we need an analytical approximation to n!. Thisis done using
Stirling’ s Approximation:

Consider the integral:
| = gn xdx
1

= @In xdx
1

noa 1
= [xln x]1 - ?c;dx

=ninn- n+l
Now, approximate | by a series of rectangles over the y = In x graph. For rectangles that
terminate above the curve:
| <In2+In3+..+Inn=In(n)
And, for rectangles with terminate just below the curve:
| >IN1+In2+...+In(n- 1)

Now, notice:
IN1+In2+..+In(n-1)=In1l+In2+..+In(n-1)+Inn- Inn
=In(n)- Inn
Hence:
| >In(n)- Inn
Therefore:

iin(n)>1=ninn- n+1

Hn(n)<1+Inn=ninn- n+1+inn
Giving lower and upper bounds onin( n!) . To get an approximation to In( n!) , average the two
bounds — add up, and divide by 2:

I(n)»ninn- n+1+ In(«/ﬁ)
Another argument changes the +1 toIn(+/2p ) = 0.919, giving Stirling's Approximation,
which is:

In(n)»ninn- n+ In(«/ﬁ)

The approximation improves with increasing n.
When this approximation is inserted into an expression for a Poisson distribution,
uef()=InP,. So:

"o
f(nN)=Ini—e vy
W=iiyey

=ninl -1 - In(n!)
=ninl - | -{nlnn- n+|n(@)+%lnn}

Now, the max occurs atn = n, with f ((A) = 0:
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1
f¢n)=Inl - Inn- —
2n

Forl >>1pb A~ , asafirst approximation, as the correction- 2—1A: - il is small compared
n

with other terms.
Now, doing a Taylor expansion of f (n) aboutn =n:

A _ A2
f(n)= f(ﬁ)+¥ f q‘ﬁ)+%fqa)+...
But, the first derivative is zero, as a maximum, so, for afirst approximation:
f(i)=f(l)=-In{v2pl )

And:

. dj 1
f&)=—iInl - Inn- —
%) dn{ 2n

n=|

Hence, putting the two together:
_1)2
f(n)»- In(«/2p| )- (-1

2l
Remembering the initial function:
f(n)=InP,
Hence:
(1)’
2l
p=F

J1)

Which is the Gaussian Limit of the Poisson Distribution.
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Binomia Distributions:

Consider an experiment of n independent trials, each having two possible outcomes: success
or falure.

Probability of success p.

Probability of failure q = 1-p.

One possibility is that we have k successes, followed by (n—Kk) failures, with

probabilityp” p” ... . p"q" q .. q

k _times n- k _times
But, the successes and failures could occur in any one of:
n_ano
K- K &k

So, the total probability of k successes will be:

amo
P = e k ~n-k
Which is known as the Binomial Distribution
To check that this is a probability distribution, it needs to add to unity; so require that:

aP agﬁq
Now, the B|nom|al distribution is actually from the binomia expansion, so:
+
gk_p “q"* = (p+q)"
But, p+ q 1, so:
a P = a gk_pkq“k =(p+q)"

Asrequi red.
To find the expected number of successes <k>:

<k>=3 kR,

k=0

Notice that:
k= x -2 (x )
dX

d o afo
<k> X i><k1n—k
X kG
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_ oy O n
=q xdx(x+1)

=q"Xn(X +)™*

.n-1

:q”—pn? +1§
qeq g
:qn-lpnqn+1(p+q)n-1
= np
So:
<k>=np
For the Binomia Distribution.
To find the variance, use the same approach as in the Poisson:
<k(kk-1D>=<k?®>- <k>
:[sf+<k>2J- <k>

So:
<k(k-1>= ak(k 1)gk_|okq”‘k
n2 a8 ¢
= q agk%(k-lbxk
2 d%
:XWX
q 2 d2 éwo k
axz A&
, d?
=q"X2——(X +1)"
q dXz( )
=q"X?*n(n- P(X +1™?
=n(n- 1) p?
Hence:
sZ=n(n-1)p*- <k>?+<k>
=(n*p?- np?)- n*p® +np
=n(p- p*)=npq
So:
s ¢ =npq

Infact, for large n, the Binomial Distribution can be approximated by a Gaussian Distribution,
similarly to the Poisson previoudly. To show this:

amo amo
P - s k n-k - = k 1_ n- k
k gkap q ngp 1- p

And:
<k>=k=np
So:
k
p=—
n

Hence, rewriting P, :
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N akoe ko
R=—— - El-—=
k!(n-k)!én,‘ag Ng
Now:
n! 14 20 k- 16
—— =n(n-D..(n- kK+1) =n*¢l- =¢1- —=.81- ——=
KI(n- K)! (-3 ) ?nze Ng? n g
®1
for
n® ¥
Also:
g[-hg®e'E
Nng

Hence, P, becomes:
Ko = N
P, »n—%k/_n ge'k® K o
kKl gl- k/ng ki
Which is the Poisson Distribution.
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