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Moment of Inertia Tensor: 
 

( )jiijij rrrmI ,,
2

αααα δ −=  
 
Where:    32,22,11, ˆˆˆ erererr αααα ++=  

Such that:   2
3,

2
2,

2
1,

2
αααα rrrr ++=  

Making use of:  dVdm
dV
dm

V
m

ρρ =⇒==  

For a body withα -elements. 
 
This gives the elements of the tensor: 
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The evaluation of the elements can be simplified in a number of ways: 
 
Perpendicular axis theorem:  332211 III =+  
To derive this: 
Take a 2D object, with surface mass-density ( )rσ , in the x1, x2 plane. 

So: ( )( )∫ −=
A

jiijij dSrrrrI δσ 2  

Choose x3 = 0 for all points in the plane – symmetry axis. 
This quickly gives:  0&0 32233113 ==== IIII  
Now: 
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Now, the principle axes of inertia have the property that ω&L are parallel for 
rotations about these principle axes. Suppose that ei is a principle axis. Then: 

eIeI = , showing that e is an eigenvector, with I an eigenvalue. 
This will give a diagonal tensor, with elements the ‘principle moments of inertia’. The 
principle axes of a body are also its axes of symmetry. 
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  Kinetic energy of rotation 

L×= ωτ     Torque 
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Eulers Equations: 

We have: L
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Ld
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Eventually giving: 
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Which, after evaluating all the cross-products gives Euler’s equations: 
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These can be applied: 
Suppose 0=τ , and the principle axes of inertia are such that III == 21 . It can then 
be easily shown that 03 =ω& . Then you are left with: 
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If you define 3
3 ω
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So, differentiating: 
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Inserting the above expressions for 21 ,ωω && : 
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Which are just expressions for SHM, assuming that 12 >Γ (otherwise get ‘complex’ 
motion involving hyperbolics!). 

So: 
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With appropriate constants for amplitude & phase difference. 
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Gravitation: 
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−=        ( ê here is a unit vector in the opposite direction to the central body) 

 
Keplers laws of planetary motion: 
1) Law of ellipses: Orbit of each planet is an ellipse, with the Sun at one foci. 
2) Law of equal areas: A line drawn between the Sun and a planet sweeps out an equal 
area in a equal time. 
3) Harmonic law: 32 RT ∝  
 
Conservative forces: work done by the force is independent of the path. 
For conservative forces only, there is a potential energy function U(x), such that: 

dUxdF −=⋅ , from which you can show: 
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And, Newton:     )(rfr =&&µ  
 

Conservation of angular momentum:  
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If you want to work out the period of a circular orbit, say, remember 
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Non-Inertial Reference Frames: 
 
For any position vector W in a rotating reference frame: 
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For example, if a position vector r, then the velocity vector v is given by: 
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Do it again for acceleration: 
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So: 
( )rvaa ××+′×+′= ωωω2  

And, from F = ma: 
( ) amrmvmF ′=××−′×− ωωω2  

So: 
Coriolis force is the   vm ′×ω2  part. 
Centrifugal force is the  ( )rm ×× ωω   part. 
 
If you define: 
e1 as North 
e2 as Up 
e3 as East 
λ as latitude 
Then, if: 321 00 eReex ++=  

( ) ( )λλωωλλω sin,cos,0sincos 32 =+= ee  
Then all the above forces can be found by evaluating the cross products. 
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Relativity: 
 
Lorenz transformations: 

( )( )

( ) 





 −=′

−=′

2

1

c
vx

tvt

vtxvx

γ

γ
   ( )

2

2

1

1

c
v

v

−

=γ  

Velocity transformations: 
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( ) 2mcvE γ=  ( ) vmvp γ=  both imply that: 42222 cmcpE +=  

 
Define ( )ictxx ,= a 4-vector. 
Now, this is true:   xxxx ′⋅′=⋅   -invariance 
Now, in 3D:   jiji xRx =′  

So, in the 4D version:  νµνµ xLx =′ so  xLx =′  

You can think of L as a 4D ‘rotation’ matrix. 

So: 22222 τµµ ctcxxxxx −=−==⋅  
Where we have defined the proper time: 
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Which can be used to derive the velocity transformations. 
 

The wave 4-vector:  
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Momentum 4-vector:  ( )( )imcpvp ,γ=  
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