Vibrations & Waves

No damping, no force:

% =-W?X
P wW=[—
x = Asn(wt +f ) = Ae't)

Damping force b. no forcing term:

mX+bx+kx=0

*

I :
Solution: X = A€ g=—
m
P k
2 W, =.[—
W =W, - 97 (Wo \/;)
o bt

So, the damping term ise 2 =e 2", sobigger b b faster damping

= Quality factor of the motion

g
So: W =W, ’1- 4072
Forced & damped:

mx +bx + kx = Fe"

As before: W, = K w=w,- L 9:3 Q="
m 4 m g
Solution: x = Ag™
Hence, the equation of motion can be written as:
- mw?AC+ iwbAC+ KAC= F
Where AC= 5 F . - whichisa‘response’ amplitude/phase
- mw* +K+iwb
F

Alternatively: Ao= #

W - W° +igw
Taking the real part:

F
A= %n (amplitude)

o =ui} v

It appears that: At= A, with tand = 29W - (phase)
Wy - W

Wi = wo\fl- %QZ



Vibrations & Waves

LC-Circuits:
dl
Inductor L Z=j?L V=LE:LI
Charge Q
Resstance R Z=R V=IR
Voltage \
Capacitor C Z=1/j?C V=QIC
V oltage across capacitor: V. =%
Voltage across inductor; vV, =LI
So, for (just) an LC circuit:
. Q _ '
LI +== o
b
L1 1
LI+=1=0 W= ——
C JLC
So, the solution is: | =1 sn(wt +f)
Add aresistor R (like the damping term before):
Li+Ri+21 =0
c 1 R
® with: w, =———and g=—
° JLC L
. R. 1
l+—1+—1=0
L LC

1 |L
So, th ality term: =—.|=
equality term:  Q R\/;

Add a voltage source V(t) = Ve

Solution:
Therefore:

(here, j =+/- 1)

1(t) = leM™

- WLl + jwRl +|E: jwv

Giving:

wv

"X

_wilL + iWR jWR
}/C w L+ jwR W§-w2+J A

(Z = impedance)

(QisNOT the charge abovel!l)



Vibrations & Waves
Beats & coupled SHM:

cos(w,t)+ cos(w,t) = 2cos<; i > Wa € cosq - Wp 0
4]
From atrig |dent|ty
The second term modul ates the beat, and the first provides the ‘frequency’ of the beat.

Coupled, same mass m:
Coupled pendulums, by a spring

mxlz_?xl- k(Xl' Xz)

. m
mx, ='|_gX2' k(xz' Xl)

Adding gives:
m(xl+x2):_ @(Xﬂ. +X2)
Say X =X, +X,, then:

X =-wZX which is of the usual form for SHM
With w, = \/Ig giving asolution of:
X=A cos(wlt +f 1) [or in whatever form]

Subtracting initial equations gives:

oG m
m(Xl B Xz) =" l_g(xl B Xz)' 2k(Xl B Xz)
And, denoting X =X, - X,, givesasolution of:
X=A, cos(wzt +f 2) [or in whatever form]
with w2 = 9 +2K
I m

X and x are the normal modes of the system —n modes in a system of n coupled
bodies.

Rewritethe equationsas: x, =4 (X +x)and x, =1(X - x), so that:

x,(t) = 2 (cos{w,t) + cos(w,t)) (if the amplitudes and phases are equal)
So, using the function above for beats, the two expressions can be written as:

x(t) = AcosQ 2t "c0594t.—:.

xz(t):Asjng:l 2tgsn€gvl 249
e 2 g e 2 g

Spring with two masses on either end:

mxl =" (Xl - Xz)
mX, = - k(xz - Xl)



Vibrations & Waves

Then the normal modes are:

_ , " - 2k .
X=X, - X, gives mX = - 2kx, giving an angular frequency w = E,Wlth solution of

the form x = Acoswt +f )
The other mode, X = 0, gives an ur-interesting oscillator system: the centre of gravity
proceeds with constant vel ocity.

Fourier transforms;

For odd, periodic functions:

f9)=8 a,sn(nq) with:
1° :
8, == 0f(@)sn(na)d
-p

For even, periodic functions:

f(g)=& b, cos(nq) with:

1 p
b = Af (g )cosing )d
h m? (Q) 3( CI) q
Generally however, one can express a function as the sum of an even & odd
functions:

f{)=a a,sn(ng)+b, coslng)



Vibrations & Waves

Waves:.
1 f :iﬂzf
> v? qt?

Wherev = Ji , with n (kg/m) the mass density of a string with sometension T.
m

- Thisisfor transverse 1-D waves
- Derived usng F = ma and tensions on either side of an element.

For longitudinal waves:
e.g. spring, or ametal bar compressed at one end.

Gives:

2 2

1 ]; :iz‘” I , but Withv:\/K,for aspring constant k.
X ve it m

- derived using Young's Modulus, and strain/stress

Solutions to wave-equations:

Any f(x —wt) or f(x + vt) isasolution.

The solution f(x — vt) represents awave travelling in the +x direction, and the other
solution is—x travel.

So an example solutionwould be:  f (x,t) = Adin (k(x + vt)) = Adn(kxwt),
remembering that w =kv.

Zy

Here, k is the wave number = T but as usual,w = 2pf .

Hence, wave motion can be written in any of the following forms:
sn(kx- wt)  cos(kx- wt) et
Speed of wave given by whatever multiplies x over whatever multipliest.

v:%:%z fl , and the speed of awave on astringis v= /%

Waves at boundaries:

A wave isincident on a boundary — with different mediums:

el k) g = /f Before

Im
i (wt- ke) _ T
Te & ve= |— After
me

Note the samew and T. These are part of the ‘ boundary conditions'.
The refractive index is given by:

Another boundary condition is that the join must be smooth.

With just the two waves, Incident & Transmitted, this is not satisfied, so introduce
Reflected wave, hence:

Iei(wt-kx) + Ré(vvt+kx) =T (wt- ka)’



Vibrations & Waves

Evauating %on both sides give:

- ikl ) + kRt ) = - ket

Cancelling, and using x = 0 at the boundary;

|+ R=T -ikl + ikR=iK'T

Gives some relationships:

T_ 2 _ 2 R_k-kt_1-n

|  k+k¢ 1+n | " k+k¢ 1+n

If kand k' are similar, then Ris smal — as expected.

Standing waves:

Consider avery heavy second rope: v small k' large, so T-> 0, and R-> -1.
So the wave on the left:
|g/tv ) Ie‘(W“kX) = Ie‘“( il "‘X)— f.(t) f (), which, from the function:
snqg =<52%, one can see that you get 2sn(wt)sin (kx)out
Nodes (no dlsturbance) and anti- nodes (max disturbance) form every half wavelength
sn(kLx) = 0, with kL =p,2p,3p... (divided by wavelength).
Only certain wavelengths are allowed, and:
Nvp fo Nv

W= — =
L 2L

Speed of sound:

Usefact that pvV9=const  hence, p,V, = pV?*

[¢] [¢]
So,p= PoVe’ , therefore: 9 _ gpo\{f - PV
A dv A \YAVA

Asp—po 0 , then dp_.® =) dp—-gpdv
A av \Y

Now, p= %and V=IA (volume = length x areq), so dV = Adl

Hence, from all the above:

F_ gpdV _ gpdlA
A \ A
\ F=- gdeA Calling K =gpA

And, asv-\/i / (remember that r :%mdm: %)

Therefore: V= \/é
r




Vibrations & Waves

The g = nT+2 , with n the number of degrees of freedom of molecule, so for diatomic

. 5+2
ar,g="-==14
9775

The assumptions used in this derivation are:
Vu }/p Constant temperature

Not isothermal changes,
|s adiabatic (no energy flowsin or out...);
Air is diatomic.

Standing waves:

Strings, with each end fixed...

L=NI/2
Pressure: Displacement:

Pressure node Displacement node (D-node)
Pressure anti- node Displacement anti-node

Pipes:

Closed-closed
D-nodes

L=NI/2

Open-open
D-anti- nodes
L=NI/2

Closed-open
D-node @ closed end, anti-node @ open
L=1/4



Vibrations & Waves

Energy & power:

For amass on aspring; x(t) =asnwt
It sKE=4mv =1mx® =1 ma’w’ cos®wt

And to find its PE, remember that F = -kx:

PE=- (FdxP PE=1kx’ =4ika®sn®wt

To find total energy = PE + KE, first remember thatw? = £ b mw? =k
So

PE + KE = 1ka?(sin?wt + cos?wt)

Total energy per unit length, of atransverse wave, isgivenby E =1Tk?a’(itsan
average).
2

Actually given by:Tgalg ; per unit length.
eTxg
Remember thatw? = k*v?andv> =T/m.

Total energy per unit length of a longitudinal wave, is given by = > KaiTTf 0
X @
Energy/pressure in sound waves...

If adisplacement = asin (kx- wt), then the strain = E—f = kacos(kx- wt).
X

And, force = K x strain = Kkacos(kx- wt).
Also, K =gp,A, so pressure = force/area = gp kacos(kx- wt).
Inserting expressions for k, and things...

Pressure amplitude of oscillation=p = 2, fa
\

With: a = amplitude, f = frequency, po = atmospheric pressure...

Kinetic energy density isrv? =1rw?a? cos? (kx- wt), as the cosine term gives % as
an average, and the PE density is equal:

Total average energy density =4rw?a’

For awave traversing (velocity v, in timet) avolume Avt, its energy is=1r w?a’Avt,
hence its power density=1rw?a’v

To find decibels... 10" log,,ERoVer 9

10" g



Vibrations & Waves

EM waves:

. TE__ _TE
All the maths leads to the equation: ﬂ7 =e,m, ﬂt_2
From Maxwell’ s equations.

Note that their velocity=c =

! (in vacuum!)
€My
Spectrum: radio—IR —UV — X-rays— gammarays  (long — short wavelength)
EO

Polarisation: apply field Eo, you get afidd E =
1+ Na

1

Jee,mm

Which al implies a change in the speed of light in a medium: ¢ =

e, isthe dielectric constant.
Refractive index: n =c/ct=,/e.m .
EMR travels dower in mediums due to effective weakening of E and B fields.

Group & phase velocity:

Pk 7 dk

A wave described by cos(wt - kx)orsin [—le— (x - vt)], such that

v, =1 /T = fl =w/k, and refractive indexn =c/v = c/v,

The group velocity is the velocity of the envelope — the information speed.
If two waves. w,,k,, f,I ,,w,,k,, f,l ,, then, writing w = uszand k :m,

and Dw = V\/1_2W2 and similarly for Dk ; and if the waves are superimposed as:

ei(klx—wlt) + ei(kzx—wzt) then:
ei(klx-wlt) +ei(k2x-wzt)

- é(kx+D<x—vvt- Dwt) kx- Dkx- wt+Dwt )

eiq +e iq

+eil
(Remember that cosq = T)

-d (kx- wt) [ei(Dkx— Dwt) +e (- D<><+DN’[)]

= 2¢/l") cog(Dk - Dwt)
The exponential is an infinite wave, velocity¥ , and the cosine term has velocity & .

This implies that the cosine term is the envel ope — small wavenumber (k) and
frequency, so long wavelength.
If v, isaconstant, thenv, =v,.

Otherwise, 9 1w giving arefractive index n, which depends uponl .

Sor —=— . —=—C = — ¢ remembering thatv, =k/w and dw/dk is not a
ddk d dkgv,5dl el g



Vibrations & Waves

After algebra, get:

| dno

v, =v, 419

ST Nd g
Wavesin 2/3D:
For 1D, string tension T, density m Kg/m, then:
ﬂZ mﬂZf 1 ﬂZ é _ Il;l
T 2 V2 a2 g/ mH
In 2D, nr Kg/n?, then the wave equation becomes:
1 f ‘ﬂf 1ﬂ2f

x> ‘ﬂy TV 2

To solve, use separation of variables; use f (x, y,t) = f,(x)f,(y)f,(z), and note
that - only effects fy. so equation becomes:

71, ﬂfy_m 71,
ff e+ f, 2ff,

Then, d|V|de by |n|t|al function: fyfyft:

Lﬂzfx+ ﬂfY—mlﬂft

i e fy w7 R
Note now, that the RHS is independent of x,y, and isthen a constant: -k.

Thisis similar for the x and y parts of the LHS, call the constants - k; - k.
Then have 3 equations:

?f, — 2 _ 7% _ 1,2
T —-kafafora—x,yaﬂdéﬁ—;—-k f,

With solutions f, =C,e"* and f, =C,e*"" remembering thatk* =k} +k_.
So, f = 1,1, f, =Celr ) = cglisn)

X

Wwithl , —Kp—

Generalise into 3D:

2 2 2 2
', P P _ 1P
1'|'X2 ﬂyZ ﬂZZ V2 ﬂtz

-10-



Vibrations & Waves

The Doppler effect:

Moving source:

Source moves with speed v. Wave travels at speed c, and it emitted at frequency f.
And wavelengthl .

Then, observed, with primes...

| (= (1- %)I ,andasc = fl then

fe=—T f=_C ¢
1- 2 c-V
Moving observer:
fo=(@+y)f
Relativigtic version:  f ¢= 1 f.lz C—+Vf
-¥ g C-V

Huygens construction:

Consider each point on awavefront as a source of waves, which give another
wavefront — but only forward wave needs to be considered — new wavefront is the
common tangent.

Cases to be considered:

Plane Wave;

Circular Wave,

Reflection: g =q,

Refraction: s?nqi =Y -p
sng, ¢

Singledit:  Plane wave strikes a screen, which absorbs everything except one point
— waves become circular waves.

Double dlit:
Circular wave patterns interfere.
Path differenced anq Constructive interference atd Snq = nl

Phase differenced = w

. dgp.d dg
Amplitude received is proportiona to1+e = e?2 %e 2 +e2%
2

2cos%
So, intensity = |Amplitudel 4(:0328%9
é2g

Note, that 4 = 22, with two dlits!
Has peaksatd, = np .

-11-



Vibrations & Waves

Many dits: ~ 1+e +e?@ +...+&™ ¥  which is ageometric series, with
é¥-1_sgni
-1 dnd
Giving peaksatd = 2pn
Onewide dlit: dit, width a, going from —a/2 to +a/2. for anyq and x, the path

um

difference is dways w
+af2  Zpixsing

So, total amplitude is proportional to je ' dx, which eventually
-af2

givesasinc function: sinc(u) = sin(u)/u.
Polarisation:

Vibrations in horizontal and vertical components (H and V).

Polaroid blocks out one component — so two, at 90deg will block out all.

In reflection of light, more H is reflected than V. Sunglasses work by blocking H, but
allowing V to pass.

The colour of the atmosphere is due to scattering — and the light given off is polarised.
Birefringence:

Molecules are polarised (here, it means aligned...) by an E field, giving dielectric
constant e, , and a different speed of light. This effect aso separates the V from H

components, giving different e ,e, n,,n,, - so two images are seen.

Circular polarisation arises when the V and H components are out of step, say:
E, = E,coswtand E, = E,snwt, thenE =+/E? + EZ = E2.

Water Waves:

Wave a height h from bottom, to equilibrium position of wave, whichisat , which is
aty = 0. Wave velocity c. wave has components v and u in vertical and horizontal
directions.

Assumptions:
1) nothing happens in zdirection;
2) water is incompressible;
3) ignore viscosity — no friction/damping;
4) amplitudessmall: A<<| and A<<h;
5) neglect surface tension;
6) vertical acc'nissmall —“long wavesin shallow water” — tidal waves.

Use pressure differences, areas and differences in height, to derive:
7t _ 1 7°f

x> gh 1t°

S0, ¢° = gh

-12-



Vibrations & Waves

Solving differential equations:

How to find solutions of the equation:

2
‘?jtzf + b% +cf =0 Remembering that f(t), and b, ¢ are constants

So, think of above equation as:
) )
& b9 =0
gdt a 4
b with: r,r,=candr, +r,=-b

éﬁi-r;?i-rgf=o 1
gdt ‘gdt ‘g - (D)

S0, by the quadratic formula:

- b++/b’- 4c _-b-+/b?- 4c
L D S

Now, if you write: g(t) :851- rzgf(t)
edt g

S0, (1) becomes: 8‘1 I, Qg(t) =0b Ol'L(t):rlg(t)
adt dt

a
Which you can solve by direct integration:

c‘)d_g =0.dt  giving: Ing=rt+const

g
Therefore:

— Ahttconst — Ant qconst — 1t
g=¢g" =e'e™™ = Ae®

So, now nheed to find f.

s 0 rt
= L 2f =g= Ae"
gdt ‘5 J
So, a r,f = Ae*

dt

Now,

Which can be solved by the integrating factor method:
— 00t

| =e =e"

Multiply by I:

e re™f = Agli - (2

Remember that the product rule states:
d dv ,  du
—(w)=u—=+v—

dt dt dt
S0, (2) becomes:

Gfenr)= ad

-13-



Vibrations & Waves

Which can be integrated, giving:
eif=_0 gluhip

-
Which you can express as.
ef=cdvrt+B ifr,1r,
So, therefore:

f (t)=Ce + De

Which is the solution!
Note, that forr,,r, it doesn’'t matter which we choose for the positive or negative sign!

How to find solutions of the equation:

d?f af
+b—+cf =F(t -3
Now, suppose fp; solves (3) (particular integral)
2
And fcr solves (jjtzf + b% +cf =0 (the complementary function)
S0, (fp + for) also solves (3); because:

ad® . d ¢
+b—+caf, + f)J=F({t)+0=F(t
7 O oA * fe) = FO+0=F()

So, any particular integral, plus the complementary function will give a general
solution.

Suppose F(t) = F,cosWt)and f ~ ™

. FO
So, f,, (t) = Aé™, withA= # which contains no arbitrary constants!
W - w2 +igw
So, the complete function: f = f .= fo + T
f — AeIW + Be' %+iW0t +Ce- %t-iWOt

complete

CF

Note, the Ae" has no damping term — is not damped.
The B and C terms have gamma' s — they are damped.

After timet >> }6 they vanish!

These are the transients.
At larget, can forget about the transients.
But cannot at small times.
F(t) = F,cosWw t30
F(t)=0 t<0
f(t) = Oat t = 0 and before.
ft)=0at=0
0, can rewrite feomplete 8S:

oo™ A" +& (B +Ce™!)

complete —

Can find B, C by the initial conditions.

-14 -



Vibrations & Waves

M atter waves:

Photoelectric effect: waves come in quanta of specific energies... E = hf or E = aw
From relativity: E® = p°’c*+mic*  for photonsm, = 0.

SOE=pch p:%:h%:%:hk.

And, for Compton Scattering... photons energy E scatter off electrons,
E¢ ptare for the scattered photon, and E,, p, for the scattered electron.

Then, conservation of momentum says: p=p+pg
And conservation of energy: E+mc’ =E¢+E,
After loads of algebra, get:

o= mc’E

E¢= 2
mc? +E(1L- cosq)
This lot implies that we should treat photons as particle-like: the usage of E = hf.

S0, how about particles behaving like waves...?

If particles are waves, they need a wavelength and frequency: f = E/h,l =h/p
Or, E=hawé& p =rk
So, we should be able to see diffraction and interference effects, if dimensions of ‘dlit’
are comparable to the wavelength.
Which is of the order of| ~10 **mfor a 1kg ball.
But, for an electron:| ~10°m.
There is alittle confusion when talking about group/phase velocities, but if you stick
to the particle velocity as being the group velocity, everything is fine.
Now, waves can be described by awave equation:y (x,t) =g/,
Which describes a free particle wave — no boundarieg/refraction. ..
So what about interacting particles...?
Suppose they are described by somey (x,t) ... what do we know about p, E?

From the original wave equation: y (x,t) =&'(*") to getaw, 7k :

a|ehl9y =hwy =Ey
8 tg
& LY =y = py
e xg
So, if we write: |€):-ih‘"1xandE:ih‘”—ﬂt which are just operators.
S0, we have:

py = py ad Ey =Ey
Usudly: E=PE +KE=V(X) +£ b = £}
So: Ey =V(xy +LZy

2

Therefore: - h_‘ﬂzy—(xt) +V (XY :ihM

2m  x? It
Which is the Schrédinger wave-equation for matter.

-15-



