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No damping, no force: 
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Damping force b. no forcing term: 
 

0=++ kxxbxm &&&  

Solution: 
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⇒
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So, the damping term is m
btt

ee 22
−−

=
γ

, so bigger b ⇒  faster damping 

γ
ω0=Q  Quality factor of the motion 

So:  20 4
11

Q
−= ωω  

 
Forced & damped: 
 

tiFekxxbxm ω=++ &&&  

As before:  
m
k

=0ω  
4

2

0
γ

ωω −=  
m
b

=γ   
γ
ω0=Q  

Solution: tieAx ω′=  
Hence, the equation of motion can be written as: 

FAkAbiAm =′+′+′− ωω 2  

Where 
bikm

F
A

ωω ++−
=′

2
 - which is a ‘response’ amplitude/phase 

Alternatively:  
γωωω i

m
F

A
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=′
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Taking the real part: 

   
( ) 2222

0
2 ωγωω +−

= m
F

A    (amplitude) 

It appears that:  δiAeA =′ ,  with  
22

0
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ωω

γω
δ

−
=  (phase) 
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LC-Circuits: 
 
Inductor  L  Z = j? L IL

dt
dI

LV &==  

Charge  Q 
Resistance R  Z = R  V = IR  (Z = impedance) 
Voltage  V 
Capacitor C  Z = 1/j?C V = Q/C 

Voltage across capacitor: 
C
Q

VC =  

Voltage across inductor; ILVL
&=  

So, for (just) an LC circuit: 
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⇒
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So, the solution is:  ( )φω += tII sin0  
 
Add a resistor R (like the damping term before): 

0
1

0
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I
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IRIL

&&&

&&&

 with: 
LC
1

0 =ω and 
L
R

=γ  

 

So, the quality term:  
C
L

R
Q

1
=   (Q is NOT the charge above!!!) 

 
Add a voltage source tjVetV ω=)(  (here, 1−=j ) 
 
Solution:   tjIetI ω=)(  
Therefore: 

  Vj
C
I

RIjLI ωωω =++− 2  

Giving: 
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Beats & coupled SHM: 
 

( ) ( ) 





 −







 +

=+ tttt
2

cos
2

cos2coscos 2121
21

ωωωω
ωω  

 From a trig identity 
The second term modulates the beat, and the first provides the ‘frequency’ of the beat. 
 
Coupled, same mass m : 
Coupled pendulums, by a spring 

( )

( )1222

2111

xxkx
l

mg
xm

xxkx
l

mg
xm

−−−=

−−−=

&&

&&
 

Adding gives: 

( ) ( )2121 xx
l

mg
xxm +−=+ &&&&  

Say 21 xxX += , then: 
XX 2

1ω−=&&   which is of the usual form for SHM 

With 
l
g

=1ω , giving a solution of: 

( )111 cos φω += tAX    [or in whatever form] 
 
Subtracting initial equations gives: 

( ) ( ) ( )212121 2 xxkxx
l

mg
xxm −−−−=− &&&&  

And, denoting 21 xxx −= , gives a solution of: 
 ( )222 cos φω += tAx    [or in whatever form] 

With 
m
k

l
g

22
2 +=ω . 

 
X and x are the normal modes of the system – n modes in a system of n coupled 
bodies. 
Rewrite the equations as: ( )xXx += 2

1
1 and ( )xXx −= 2

1
2 , so that: 

( ) ( ) ( )( )tttx A
2121 coscos ωω +=   (if the amplitudes and phases are equal) 

So, using the function above for beats, the two expressions can be written as: 

( ) 





 −







 +

= ttAtx
2
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2

cos 2121
1

ωωωω
 

( ) 

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

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

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

 +

= ttAtx
2

sin
2

sin 2121
2

ωωωω
 

 
Spring with two masses on either end: 
 

( )
( )122

211

xxkxm
xxkxm

−−=
−−=

&&
&&

 



Vibrations & Waves 

 - 4 - 

Then the normal modes are: 

21 xxx −=  gives kxxm 2−=&& , giving an angular frequency 
m
k2

=ω , with solution of 

the form ( )φω += tAx cos  
The other mode, 0=X&& , gives an un- interesting oscillator system: the centre of gravity 
proceeds with constant velocity. 
 
Fourier transforms: 
 
 
For odd, periodic functions: 
 

( ) ( )∑=
n

n naf θθ sin   with: 

 

( ) ( )∫
−

=
π

π

θθθ
π

dnfan sin
1

 

 
For even, periodic func tions: 
 

( ) ( )∑=
n

n nbf θθ cos   with: 

 

( ) ( ) ( )∫
−+

=
π

π

θθθ
πδ

dnfb
n

n cos
1

1

0

 

Generally however, one can express a function as the sum of an even & odd 
functions: 
 

( ) ( ) ( )∑ +=
n

nn nbnaf θθθ cossin  
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Waves: 
 

2

2

22

2 1
t
f

vx
f

∂
∂

=
∂
∂

  

Where
µ
T

v = , with µ (kg/m) the mass density of a string with some tension T. 

- This is for transverse 1-D waves 
- Derived using F = ma and tensions on either side of an element. 

 
For longitudinal waves: 
e.g. spring, or a metal bar compressed at one end. 
Gives: 

2

2

22

2 1
t
f

vx
f

∂
∂

=
∂
∂

, but with
µ
k

v = , for a spring constant k. 

- derived using Young’s Modulus, and strain/stress 
 
Solutions to wave-equations: 
Any f(x – vt) or f(x + vt) is a solution. 
The solution f(x – vt) represents a wave travelling in the +x direction, and the other 
solution is –x travel. 
So an example solution would be: ( ) ( )( ) ( )tkxAvtxkAtxf ω±=±= sinsin, , 
remembering that kv=ω . 

Here, k is the wave number
λ
π2

= , but as usual, fπω 2= . 

 
Hence, wave motion can be written in any of the following forms: 

( )tkx ω−sin  ( )tkx ω−cos  ( )tkxie ω−   … 
Speed of wave given by whatever multiplies x over whatever multiplies t. 

λλω fTkv === , and the speed of a wave on a string is µ
Tv = . 

Waves at boundaries: 
 
A wave is incident on a boundary – with different mediums: 

( )kxtiIe −ω  & 
µ
T

v =  Before 

( )xktiTe ′−ω  & 
µ ′

=′ T
v After 

Note the sameω  and T. These are part of the ‘boundary conditions’. 
The refractive index is given by: 

k
k

v
v

n
′

=
′

=
′

=
λ
λ

 

Another boundary condition is that the join must be smooth. 
With just the two waves, Incident & Transmitted, this is not satisfied, so introduce 
Reflected wave, hence: 

( ) ( ) ( )xktikxtikxti TeeRIe ′−+− =+ ωωω . , 
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Evaluating 
x∂

∂
on both sides give: 

( ) ( ) ( )xktikxtikxti TekieikRikIe ′−+− ′−=+− ωωω .  
Cancelling, and using x = 0 at the boundary; 
I + R = T  -ikI + ikR = ik’T 
Gives some relationships: 

nkk
k

I
T

+
=

′+
=

1
22

 
n
n

kk
kk

I
R

+
−

=
′+
′−

=
1
1

 

If k and k’ are similar, then R is small – as expected. 
 
Standing waves: 
 
Consider a very heavy second rope: v’ small k’ large, so T -> 0, and R -> -1. 
So the wave on the left: 

( ) ( ) ( ) )()( xftfeeIeIeIe xt
ikxikxtikxtikxti =−=− −+− ωωω , which, from the function: 

i
ee ii

2sin θθθ −−= , one can see that you get ( )kxt sin)sin(2 ω out. 
Nodes (no disturbance) and anti-nodes (max disturbance) form every half wavelength 

( ) 0sin =kLx , with ...3,2, πππ=kL  (divided by wavelength). 
Only certain wavelengths are allowed, and: 

L
Nvπ

ω =  
L

Nv
f

2
=  

 
Speed of sound: 
 
Use fact that γpV = const hence, γγ pVVp =00  

So, γ

γ

V
Vp

p 00= , therefore: γ

γ

γ

γ γγ
VV
Vp

V
Vp

dV
dp

.
00

1
00 −=−= +  

As γ

γ

V
Vp

p 00= , then 
V
p

dV
dp γ

−=  ⇒  dV
V
p

dp
γ

−=  

 

Now, 
A
F

p = and lAV =  (volume = length x area), so dlAdV .=  

Hence, from all the above: 

lA
pdlA

V
pdV

A
F γγ

−=−=   

l
pdlA

F
γ

−=∴   Calling pAK γ=  

And, as 
µ

γ
µ

pAK
v ==   (remember that V

m=ρ and A
m=µ ) 

 

Therefore: 
ρ
γp

v =  
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The 
n

n 2+
=γ , with n the number of degrees of freedom of molecule, so for diatomic 

air, 4.1
5

25
=

+
=γ  

The assumptions used in this derivation are: 
 pV 1∝  Constant temperature 

 Not isothermal changes; 
 Is adiabatic (no energy flows in or out…); 
 Air is diatomic. 
 
Standing waves: 
 
Strings, with each end fixed… 
 
     2λNL =  
 
 
 
Pressure:   Displacement: 
 
 
 
Pressure node   Displacement node (D-node) 
Pressure anti-node  Displacement anti-node 
 
 
Pipes: 
 
    Closed-closed 
    D-nodes 
    2λNL =  
 
    Open-open  
    D-anti-nodes 
    2λNL =  
 
    Closed-open 
    D-node @ closed end, anti-node @ open 
    4λ=L  
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Energy & power: 
 
For a mass on a spring; ( ) tatx ωsin=  
It’s KE tmaxmmv ωω 222

2
12

2
12

2
1 cos=== &  

 
And to find its PE, remember that F = -kx: 

∫ ==⇒−= tkakxPEFdxPE ω22
2
12

2
1 sin  

To find total energy = PE + KE, first remember that kmm
k =⇒= 22 ωω  

So: 
( )

2
2
1

222
2
1 cossin

ka

ttkaKEPE

=

+=+ ωω
 

 
Total energy per unit length, of a transverse wave, is given by 22

2
1 aTkE = (its an 

average). 

Actually given by:
2









∂
∂

x
fT ; per unit length. 

Remember that 222 vk=ω and µTv =2 . 

Total energy per unit length of a longitudinal wave, is given by
2

2
1









∂
∂

x
fK . 

Energy/pressure in sound waves… 

If a displacement ( )tkxa ω−= sin , then the strain ( )tkxka
x
f

ω−=
∂
∂

= cos .  

And, force = K x strain = ( )tkxKka ω−cos . 
Also, ApK 0γ= , so pressure = force/area = ( )tkxkap ωγ −cos0 . 
Inserting expressions for k, and things… 
 

Pressure amplitude of oscillation = p =
v

fap02πγ
 

 
With: a = amplitude, f = frequency, p0 = atmospheric pressure… 
 
Kinetic energy density is ( )tkxav ωρωρ −= 222

2
12

2
1 cos , as the cosine term gives ½ as 

an average, and the PE density is equal: 
 

Total average energy density 22
2
1 aρω=  

 
For a wave traversing (velocity v, in time t) a volume Avt, its energy is Avta22

2
1 ρω= , 

hence its power density va22
2
1 ρω=  

To find decibels… 





× −1210 10

log10
power  
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EM waves: 
 

All the maths leads to the equation: 2

2

002

2

t
E

x
E

∂
∂

=
∂
∂

µε  

From Maxwell’s equations. 

Note that their velocity
00

1
µε

== c   (in vacuum!) 

Spectrum: radio – IR – UV – X-rays – gamma-rays (long – short wavelength) 
 

Polarisation: apply field E0, you get a field
αN

E
E

+
=

1
0  

Which all implies a change in the speed of light in a medium: 
rr

c
µµεε 00

1
=  

rε is the dielectric constant. 

Refractive index: rrccn µε=′= . 
EMR travels slower in mediums due to effective weakening of E and B fields. 
 
Group & phase velocity:  
 

k
v p

ω
=   

dk
d

vg
ω

=  

 
A wave described by ( )kxt −ωcos or ( )[ ]vtx −λ

π2sin , such that 
kfTv p ωλλ === , and refractive index pvcvcn ==  

The group velocity is the velocity of the envelope – the information speed. 

If two waves: 22221111 ,,,,,, λωλω fkfk , then, writing 
2

21 ωω
ω

+
= and 

2
21 kk

k
+

= , 

and 
2

21 ωω
ω

−
=∆ and similarly for k∆ ; and if the waves are superimposed as: 

( ) ( )txkitxki ee 2211 ωω −− + , then: 
( ) ( )

( ) ( )

( ) ( ) ( )[ ]
( ) ( )tke

eee

ee

ee

tkxi

tkxitkxitkxi

ttkxkxittkxkxi

txkitxki

ωω

ωωω

ωωωω

ωω

∆−∆=

+=

+=

+

−

∆+∆−∆−∆−

∆+−∆−∆−−∆+

−−

cos.2

2211

  (Remember that
2

cos
θθ

θ
ii ee −+

= ) 

The exponential is an infinite wave, velocity k
ω , and the cosine term has velocity k∆

∆ω . 
This implies that the cosine term is the envelope – small wavenumber (k) and 
frequency, so long wavelength. 
If pv is a constant, then gp vv = . 

Otherwise, kdk
d ωω ≠ , giving a refractive index n, which depends uponλ . 

So: 

















==

λ
π

λλλ
2

..
d
d

v
c

dk
d

d
dk

dk
dn

d
dn

p

; remembering that ωkv p =  and dkdω is not a 

constant. 
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After algebra, get: 







 +=

λ
λ

d
dn

n
vv pg 1  

 
Waves in 2/3D: 
 
For 1D, string tension T, density µ Kg/m, then: 

2

2

22

2

2

2 1
t
f

vt
f

Tx
f

∂
∂

∂
∂

=
∂
∂ µ

   







=

µ
T

v  

 
In 2D, µ Kg/m2, then the wave equation becomes: 

2

2

22

2

2

2 1
t
f

vy
f

x
f

∂
∂

=
∂
∂

+
∂
∂

 

 
To solve, use separation of variables; use ( ) ( ) ( ) ( )zfyfxftyxf zyx=,, , and note 

that 2

2

x∂
∂ only effects fx. so equation becomes: 

2

2

2

2

2

2

t
f

yxTy

f
txx

f
ty

tyx ffffff
∂
∂

∂

∂

∂
∂ =+ µ  

Then, divide by initial function: fxfyft: 

2

2

2

2

2

2
111

t
f

fTy

f
fx

f
f

t

t

y

y

x

x ∂
∂

∂

∂

∂
∂ =+ µ  

Note now, that the RHS is independent of x,y, and is then a constant: -k. 
This is similar for the x and y parts of the LHS, call the constants 22 , yx kk −− . 
Then have 3 equations: 

aat
f fka 2
2

2

−=
∂

∂ for a = x,y and tt

f

v
fkt 21

2

2

2 −=
∂

∂  

With solutions aik
aa

aeCf ±=  and ti
tt eCf ω±=  remembering that 222

yx kkk += . 

So, ( ) ( )trkitykxki
tyx CeCeffff yx ωω −⋅−+ ===  

With
iki
πλ 2=  

 
Generalise into 3D: 
 

f
t
f

vz
f

y
f

x
f 2

2

2

22

2

2

2

2

2 1
∇=

∂
∂

=
∂
∂

+
∂
∂

+
∂
∂
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The Doppler effect: 
 
Moving source: 
Source moves with speed v. Wave travels at speed c, and it emitted at frequency f. 
And wavelengthλ . 
Then, observed, with primes… 

( )λλ c
v−=′ 1 , and as λfc = then 

f
vc

c
ff

c
v −

=
−

=′ .
1

1
 

Moving observer: 
( ) ff c

v+=′ 1  
 

Relativistic version: f
vc
vc

ff
c
v −

+
=

−
=′

γ
1

.
1

1
 

 
Huygens construction: 
 
Consider each point on a wavefront as a source of waves, which give another 
wavefront – but only forward wave needs to be considered – new wavefront is the 
common tangent. 
 
Cases to be considered: 
 
Plane Wave; 
Circular Wave; 
Reflection:  ri θθ =  

Refraction:  n
v
v

r

i =
′

=
θ
θ

sin
sin

 

Single slit: Plane wave strikes a screen, which absorbs everything except one point 
– waves become circular waves.  

Double slit: 
 Circular wave patterns interfere. 
 Path difference θsind   Constructive interference at λθ nd =sin  

 Phase difference
λ

θπ
δ

sin2 d
=  

  Amplitude received is proportional to
43421
2cos2

2221

δ

δδδ
δ









+=+

−
iii

i eeee  

  So, intensity = |Amplitude|2 





∝

2
cos4 2 δ  

  Note, that 4 = 22, with two slits! 
  Has peaks at πδ n=2 . 
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Many slits: ( )δδδ 12 ...1 −++++ Niii eee  , which is a geometric series, with 

sum
2

2

sin
sin

1
1

δ

δ

δ

δ N

i

iN

e
e

=
−
−

 

 Giving peaks at nπδ 2=  
One wide slit: slit, width a, going from –a/2 to +a/2. for anyθ and x, the path 

difference is always
λ

θπ sin2 x
 

 So, total amplitude is proportional to dxe
a

a

ix

∫
+

−

2

2

sin2
λ

θπ

, which eventually 

gives a sinc function: sinc(u) = sin(u)/u. 
 
Polarisation: 
 
Vibrations in horizontal and vertical components (H and V). 
 
Polaroid blocks out one component – so two, at 90deg will block out all. 
In reflection of light, more H is reflected than V. Sunglasses work by blocking H, but 
allowing V to pass. 
The colour of the atmosphere is due to scattering – and the light given off is polarised. 
Birefringence: 
Molecules are polarised (here, it means aligned…) by an E field, giving dielectric 
constant rε , and a different speed of light. This effect also separates the V from H 
components, giving different HV

V
r

H
r nn ,,,εε  - so two images are seen. 

 
Circular polarisation arises when the V and H components are out of step, say: 

tEEH ωcos0= and tEEV ωsin0= , then 2
0

22 EEEE VH =+= . 
 
Water Waves: 
 
Wave a height h from bottom, to equilibrium position of wave, which is at , which is 
at y = 0. Wave velocity c. wave has components v and u in vertical and horizontal 
directions. 
 
Assumptions: 

1) nothing happens in z-direction; 
2) water is incompressible; 
3) ignore viscosity – no friction/damping; 
4) amplitudes small: λ<<A and hA << ; 
5) neglect surface tension; 
6) vertical acc’n is small – “long waves in shallow water” – tidal waves. 

 
Use pressure differences, areas and differences in height, to derive: 

2

2

2

2 1
t
f

ghx
f

∂
∂

=
∂
∂

  so, ghc =2  
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Solving differential equations: 
 
How to find solutions of the equation: 

02

2

=++ cf
dt
df

b
dt

fd
  Remembering that f(t), and b, c are constants 

 
So, think of above equation as: 

0

0

21

2

2

=





 −






 −

⇒

=







++

fr
dt
d

r
dt
d

fc
dt
d

b
dt
d

  with: crr =21 and brr −=+ 21  

 
So, by the quadratic formula: 

2
42

1
cbb

r
−+−

=  and 
2

42

2
cbb

r
−−−

=  

 

Now, if you write: )()( 2 tfr
dt
d

tg 





 −=  

So, (1) becomes: )(
)(.

0)( 12 tgr
dt

tgd
tgr

dt
d

=⇒=





 −  

Which you can solve by direct integration: 

∫ ∫= dtr
g
dg

1  giving:  consttrg += 1ln  

Therefore: 
trconsttrconsttr Aeeeeg 111 === +  

 
So, now need to find f. 

Now, trAegfr
dt
d

1
2 ==






 −  

So, trAefr
dt
df

1
2 =−  

Which can be solved by the integrating factor method: 
trdtr

eeI 22 −−
=∫=  

Multiply by I: 
( )trtrtrtr Aefer

dt
df

e 2122
2

−−− =−    - (2) 

 
Remember that the product rule states: 

( )
dt
du

v
dt
dv

uuv
dt
d

+=  

So, (2) becomes: 

( ) ( )trrtr Aefe
dt
d

212 −− =  

- (1) 
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Which can be integrated, giving: 
( ) Be

rr
A

fe trrtr +
−

= −− 212

21

 

Which you can express as: 
( ) BCefe trrtr += −− 212   if 21 rr ≠  

So, therefore: 
  ( ) trtr DeCetf 21 +=  
Which is the solution! 
Note, that for 21 , rr it doesn’t matter which we choose for the positive or negative sign! 
 
How to find solutions of the equation: 

)(2

2

tFcf
dt
df

b
dt

fd
=++   - (3) 

 
Now, suppose fPI solves (3)   (particular integral) 

And  fCF solves 02

2

=++ cf
dt
df

b
dt

fd
  (the complementary function) 

So, (fPI + fCF) also solves (3); because: 

( ) )(0)(2

2

tFtFffc
dt
d

b
dt
d

CFPI =+=+







++  

So, any particular integral, plus the complementary function will give a general 
solution. 
 
Suppose ( )tFtF Ω= cos)( 0 and tief Ω~  

So, ti
PI Aetf Ω=)( , with

γωω i
A m

F

+−Ω
= 22

0

      which contains no arbitrary constants! 

So, the complete function: CFPIcomplete ffff +==  

444 3444 21
CF

tittiti
complete CeBeAef 0202 ωω γγ −−+−Ω ++=  

 
Note, the tiAe Ω has no damping term – is not damped. 
The B and C terms have gamma’s – they are damped. 
 After time γ

1>>t they vanish! 

   These are the transients. 
At large t, can forget about the transients. 
But cannot at small times. 

tFtF Ω= cos)( 0  0≥t  
0)( =tF   0<t  

f(t) = 0 at t = 0 and before. 
f’(t) = 0 at t = 0 
so, can rewrite fcomplete as: 

( )titiiti
complete CeBeeAef 002 ωω

γ
−−Ω ++=  

Can find B, C by the initial conditions. 
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Matter waves: 
 
Photoelectric effect: waves come in quanta of specific energies… hfE = or ωh=E  

From relativity: 42
0

222 cmcpE +=  for photons 00 =m . 

So kh
c

hf
c

EppcE h====⇒= λ . 

And, for Compton Scattering… photons energy E scatter off electrons. 
pE ′′, are for the scattered photon, and ee pE , for the scattered electron. 

Then, conservation of momentum says:  eppp ′+′=  

And conservation of energy:   ee EEcmE +′=+ 2  
After loads of algebra, get: 

 ( )θcos12

2

−+
=′

Ecm
Ecm

E
e

e  

This lot implies that we should treat photons as particle- like: the usage of E = hf. 
 
So, how about particles behaving like waves…? 
 
If particles are waves, they need a wavelength and frequency: hEf = , ph=λ  
Or, ωh=E & kp h=  
So, we should be able to see diffraction and interference effects, if dimensions of ‘slit’ 
are comparable to the wavelength. 
Which is of the order of m3410~ −λ for a 1kg ball. 
But, for an electron: m310~ −λ . 
There is a little confusion when talking about group/phase velocities, but if you stick 
to the particle velocity as being the group velocity, everything is fine. 
Now, waves can be described by a wave equation: ( ) ( )tkxietx ωψ −=, . 
  Which describes a free particle wave – no boundaries/refraction… 
So what about interacting particles…? 
Suppose they are described by some ( )tx,ψ … what do we know about p, E? 
From the original wave equation: ( ) ( )tkxietx ωψ −=, , to get khh ,ω : 

ψψψ

ψωψψ

pk
x

i

E
t

i

==







∂
∂

−

==







∂
∂

hh

hh
 

So, if we write: 
x

ip
∂
∂

−= hˆ and
t

iE
∂
∂

= hˆ   which are just operators. 

So, we have: 
ψψ pp =ˆ  and ψψ EE =ˆ  

Usually: m
pxVKEPEE 2

2

)( +=+=    { }m
pmv 2

2
2
1

2

=  

So:  ψψψ m
pxVE 2

2

)( +=  

Therefore:    
( ) ( )

t
tx

ixV
x

tx
m ∂

∂
=+

∂
∂

−
,

)(
,

2 2

22 ψ
ψ

ψ
h

h
 

  Which is the Schrödinger wave-equation for matter. 


