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Differential Equations: 
 
1st order ODE: 
 

 f
dx
df

α−=   α a constant 

 
Solution: 
 
 ( ) xAexf α−=   
 
2nd order ODE: 
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2

2

=++ cf
dx
df

b
dx

fd
a  

 
Solution: 
 
 ( ) xx BeAexf 21 λλ +=  
 
Specific example: 
 

 fk
dx

fd 2
2

2

−=  

 
Has solutions of the form: 
 
 ( ) kxBkxAxf sincos +=  
 
Wave Equation: 
 

 
2

2
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2 1
tcx ∂

∂
=

∂
∂ φφ

  PDE 

 
Solve by separating variables: 
 
 ( ) ( ) ( ) XTtTxXtx =⇒= φφ ,  
 
Thus, equation becomes: 
 

 
2

2
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2 1
dt

Td
X

cdx
Xd

T =  

 
Divide by XT=φ : 
 

 
2
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2 11
dt

Td
Tcdx

Xd
X

=  

 
The only way this is possible is if both sides are equal to a constant: 
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 Xk
dx

Xd 2
2

2

−=   Tck
dt

Td 22
2

2

−=  

 
Which are just 2 ODE’s. 
The equation and boundary conditions specify an eigenvalue problem. 
 
Normal Modes: 
 

- Oscillations with definite frequency. 
 
If 2211 & TXTX are solutions to XT=φ , then so is: 
 
 2211 TXTX +=φ  
 
Thus: 
 
 ( ) ( ) ( )∑=

n
nn tTxXtx,φ  a linear superposition 

 
For example, an eigenproblem under certain boundary conditions will give: 
 

 ( ) ∑
∞

=






 +=

1

sincossin,
n

nn L
ctn

B
L
ctn

A
L

xn
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πππ
φ  

 
Can find the coefficients nn BA & from Fourier series: 
 
Fourier Series: 
 
If: 

 ( ) ∑
∞

=






 ++=

1
0 sincos

n
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on LxL +≤≤− , then: 
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Orthogonality: 
 

 0sincos =∫
+

−

L

L
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L
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L

xm ππ
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

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Due to symmetry: 
 
 Odd functions …. Sine functions 
 Even function …. Cosine function 
 
Complex Series: 
 

 ( ) ∑
+∞

−∞=

=
n

L
xin

necxf
π

 

 
Two complex exponentials are orthogonal on bxa ≤≤ if: 
 

 ( ) ( ) 0* =∫
b

a

dxxvxu  

 
Thus, on LxL +≤≤− : 
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Hence: 
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Dirichlet’s Conditions: 
 

• ( )xf must be single valued and have a finite number of discontinuities; 

• ( )∫
+

−

L

L

dxxf must be finite 

 
Hence, if these are satisfied, the its Fourier series converges to f(x). 
Eigenfunctions are orthogonal: 
 
Supposed  
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Then: 
 

 ∫ =
L

mn dxXX
0

0  mm ≠  

 
Example: 
 
Laplace’s equation:  02 =∇ φ  

 
Square box with sides length L, in 2D. 
 
Thus: 

 0
2

2

2

2

=
∂
∂

+
∂
∂

yx
φφ

 

With boundary conditions: 
 ( ) ( ) ( ) 0,0,0, === yLxx φφφ  
 ( ) VyL =,φ  
Thus an eigenvalue problem. 
 
So, start by separating variables: ( ) ( ) ( )yYxXyx =,φ , resulting in: 
 

 0
11

2

2

2

2

=+
dy

Yd
Ydx

Xd
X

 

 
Hence: 

 Xk
dx

Xd 2
2

2

=   Yk
dy

Yd 2
2

2

−=  

 
b.c’s give: 
 

 ( )
L

yn
yYn

π
sin=  

 ( ) xk
n

xk
nn

nn eBeAxX −+=  
 
Hence, solution is a linear superposition: 
 

0=φ  

0=φ  

0=φ
 

V=φ  

x 

y 



Maths of Waves & Fields 

- 5 - 

 ( ) ∑
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Impose more boundary conditions, gives: 
  
 nn BA −=  ( ) xkAeeAX nn

xkxk
nn

nn sinh2=−=⇒ −  
 
And, after doing Fourier series: 
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Is the final solution. 
 
Heat Flow Equation: 
 

 
t

D
D

T
∂
∂

=∇
12  

 
Where: 

Thermal diffusivity: 
ρ
κ
c

D =  =κ thermal conductivity 

     =c specific heat capacity 
 
Example: 
 

b.c’s: 
0
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Thus: ( ) ∑
∞

=

−+=
1

0 cos,
n

t
n
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AAtxf γπ  

Where: 
2







=

L
nDn

πγ is the relaxation rate 

 
Integral Transforms: 
 
Fourier transform of ( )xf : 
 

 ( ) ( )∫
+∞

∞−

−= dxexfkg ikx

π2
1

 

 
Inverse Four ier transform : 

     ( ) ( )∫
+∞

∞−

= dxekgxf ikx  



Maths of Waves & Fields 

- 6 - 

 
Travelling Waves: 
 
Phase velocity: 
 

 
k

v p
ω

=  

 
Group velocity: 
 

 
dk
d

vg
ω

=  

 
If cv p = , then non-dispersive wave. 
 
Bandwidth: 
 
For any function ( )xf and its transform ( )kg , their widths satisfy: 
 

 2
1≥∆∆ kx  

 
Where kx ∆∆ , are the widths of the function and the transform. 
 
Convolution: 
 

( ) ( ) ( )∫
+∞

∞−

′′′−= xdxfxxfxF 21  

- The convolution of two functions. 
 

2f is a “smearing” function 
e.g. in astronomy: →1f true image 
   →2f effects of telescope 

- symmetric in 1f and 2f  
 
Fourier transforms of the convolution of two functions is the product of their 
transforms: 
  
 ( ) ( ) ( )kgkgkG 212π=  
 
Dirac δ -Function: 
 

- an infinitely narrow, sharp spike 
 
Suppose a uniform source, centred on 0x , with width a2  
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( )




=
0

2/1 a
xf  

elsewhere

axxax +<<− 00  

 
Let 0→a , but keep area fixed at 1. 
In the limit 0→a : 
 
 ( ) ( )0xxxf −= δ  
 
Which has the properties: 
 

 

( )

( ) 1

0

=

=

∫
∞+

∞−

dxx

x

δ

δ

  
0≠x

  

 
 
Series Expansions: 
 
Taylor, around the point 0x : 
 
 ( ) ( ) ( ) ...2

02010 +−+−+= xxaxxaaxf  

         ( )∑
∞

=

−=
0

2
0

n
n xxa  

With: 

 ( )0!
1

xf
n

a n
n =  

 
Convergence: 
 

If:  1lim 1 <+

∞→
x

a
a

n

n

n
  then the series converges 

 
 

Also works for: 1lim 22 <+

∞→
x

a
a

n

n

n
 

 
Linear Independence: 
 

∑
∞

=

=
0

0
n

n
n xa  

 
Example: 
 
Show that: 2

20 xaay +=  is a solution to: 

 0222

2

=+− ny
dx
dy

x
dx

yd
 



Maths of Waves & Fields 

- 8 - 

Now: 

 

22

2

2

2

2

a
dx

yd

xa
dx
dy

=

=
 

Sub into equation: 
 

 
( )

( ) ( ) 0222

0242
2
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2
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2
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=−++⇒

=++−

xannaa

xaanaxa
 

By linear independence: 
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2
202

0
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nn
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−=⇒
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Hence: 
 ( )xay 210 −=  2=n  
 
Legendre Polynomials: 
 
Legendre’s equation: 
 

 ( ) ( ) 0121 2

2
2 =++−− y

dx
dy

x
dx

yd
x ll    11 +≤≤− x  

      
 
Can show that: 
  

( ) ( )
( )( ) nn a

nn
nn

a
12

11
2 −+

+−+
=+

ll
 

 
  A recurrence relationship 
Thus, all coefficients can be written in terms of 10 & aa . 
Hence: 
 If 00 =a   all even terms = 0 
 If 01 =a   all odd terms = 0 
 
Polynomial terminates at l=n . Here are a few polynomials: 
 

 

( )13)(

)(
1)(

2
2
1

2

1
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−=

=
=

xxP

xxP
xP

 

 
Legendre’s equation is an eigenvalue problem: 
 
 Eigenfunctions: ( )xPl   Eigenvalues:  ( )1+ll  
  

Boundary condition: finite at 1±  
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Hence: 

 ( ) ( )




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1 l
l dxxPxP m   

m
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 Thus orthogonal 
 
So, can produce a Legendre series: 
 

 ( ) ( )∑
∞

=

=
0l

ll xPcxf  

 
Where: 
 

 ( ) ( )∫
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+
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Bessel Functions: 
 
Bessel’s equation: 
 

 ( ) 022
2

2
2 =−++ ymx

dx
dy

x
dx

yd
x  

 
Boundary condition: finite at x = 0. 
Solution of the form: 

 ∑
∞

=

+=
0n

sn
n xay   s a number 

 

 
( ) 222

1
−

−+
−= nn a

msn
a  

 
If  ( )xJms m⇒+=   Regular at x = 0. 
     Regular Bessel functions. 
 
If ( )xNms m⇒−=   Singular at x = 0. 
     Irregular Bessel functions. 
 
2- and 3-D Problems: 
 
Rectangular membrane:  x-length = a, y- length = b. 
 

 2

2

2
2 1

tc ∂
∂

=∇
φ

φ    ⇒  2

2

22

2

2

2 1
tcyx ∂

∂
=

∂
∂

+
∂
∂ φφφ

 

 
Sides fixed… thus b.c’s: ( ) ( ) ( ) ( ) 0,,,0,,,,,0 ==== tbxtxtyaty φφφφ  
Separable solutions. 
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Gives: 

 
a

n
k x

nx

π
=  ,...3,2,1=xn  

  ( )
a

xn
xkxX x

nn xx

π
sinsin ==  

 
b

n
k y

n y

π
=  ,...3,2,1=yn  

  ( )
b

yn
ykxY y

nn yy

π
sinsin ==  

 
( )

( )2222

sincos

yx kkc

tBtAtT

+=

+=

ω

ωω
 

 
Thus, the solution is: 
 
 ( ) ( ) ( )( )tBtAYXtyx

yxyxyxyxyx nnnnnnnnnn ωωφ sincos,, +=  

 
Where: 

 2

22

2

22
22

b

n

a
n

ckkc yx
yxnn yx

ππ
ω +=+=   

 
Thus, get degeneracies and nodal lines. 
 
Waveguide: 
 

 

Again: 2

2

2
2 1

tc ∂
∂

=∇
φ

φ  

But the boundary conditions are: 
 ( ) ( ) 0,,,0, == tbxtx φφ  
Gives: 
 

 ( ) ( )txki xe
b

yn
Atyx ωπ

φ −= sin,,   
b

n
k y

π
=  

 ,...3,2,1=n  =xk anything! 
Travelling wave: 

 2

22
2

b
n

kc x
π

ω +=   a dispersion relation 

x
g dk

d
v

ω
=  

Cut-off frequency for n-th mode: 

b 

x 

y 
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b

n
cnc

π
ω =  

 
Thus, if ncωω < , then get evanescent waves… attenuated waves. 
 
Hot Plate: 
 
A circular disc on the x,y-plane. 
Boundary conditions: 

 0=
∂
∂

=arr
f

  thus “insulated edges” 

 ( ) ( )πφφ 2+Φ=Φ  gives periodicity of the angular coordinate. 
 
Gives a solution: 
 
 ( ) ( )[ ] t

mmm emBmAkrJtrf γφφφ −+= sincos,,  

  2Dk=γ  
 
Waves on a Sphere: 
 
Use 2∇ in spherical polars. 
The boundary conditions: 
 ( ) ( )tftf ,2,,, πφθφθ +=  
 Regular at πθ ,0=  


