Integral Transforms summary

Integral Transforms:

L aplace Transform:

L{f,(0)+ £, (U = {1, (O} + L{E, (0 (linear operztor)

Assume the infinity-limt has no contribution.

fh=e" 1)

eg Solve:

dy 2t _
—+y= 0)=1
dt+y € y( )

Take LT of whole equation:

p()- ¥(0)+ 5(p)=—7

1 p+3
1)y = 1=
(p+ )y p+2+ p+2

p+3
(p+12)(p+2)

Partial fractions:

\ y=

p+3 _A+B

(p+1)(p+2) p+1 p+2

Thus:
p+3=A(p+2)+B(p+1) [p=-1p A=2& p=-2b B=-1]



Integral Transforms summary

o _ p+3 2 1
\ y= = -
(p+1)(p+2) p+1 p+2
Which can be inverted by inspection to give:
yt)=2e"- e?

Bromwich Contour:;

CHY¥

()= {F(pl= 5 o (pk"op

...an inversion integral. ¢ chosen to the right of any singularities of fe™. Now, if the
conditions hold (it is directly analogous to Jordan’s Lemma...):

f has afinite number of isolated polesin the left half plane (LHP)
: |f‘|® Oasp® ¥ inLHP
m> 0

then, only pick up contributions from the residuesin LHP:

f (t)=i.22pi a Res{fep‘;z: zk}g

i g L inp 0
e.g solve:
dzy"‘?)ﬂ+2y:et y(0)=0
dt> ot y0)=1
Hence:
1
p?y- y40)- py(0)+3py +3y(o)+2y:m

Collecting terms & inserting initial conditions:

_p L p
(p-1p* +3p+2) (p- Y(p+2)(p+1)

Inverting using the Bromwich contour...



Integral Transforms summary

1 p ,
t)=— e’ d
Y 2 O~ Yp+2)(p+1).
°g(p)

:Zimzpi[Res{g(p) p=1+Res{g(p) p=-2+Res{g(p) p=-1]

:1et+ 'Ze-2t+ '1e-t
3X2 -3%2 - 24
:let - 2e‘2t+le't
6 3 2

Thus, the solution to the differential equation, subject to the boundary conditions, is:

1, 2 , 1.
t)=— - — -
) 6° 3° '2°

t

wl_ PTIW
L{e }_ pz +w?2
L{coswt} = fwz

. w
o=

Convolution Theorem:

It we have F (p)gi(p). whetis L *{F(p)a(p)}
Now:

Fourier Transforms;

+

F(k)=

9
f(x ):é g:( Je "k Inverse

(x)e"™dx Transform

LS




Integral Transforms summary

eg.
t)=eMp f(x)=]° *7°

te x<0

thus:

w

F(k)= _ Y (x)e"*dx

0
X

¥
e dx + o2 @' dx
0

- (1+ik)x dx + ¥Cja(i k- 1)x dx
0

1 1

Thus, we can also write, viainversion:

¥ - jkx
e—le:l N ~dk
p_yltk

Which highlights this method as being used to find the values of integrals.
Another example:

f(x)=}1_ |x| Of x<1
70 [X* 1
i1+ X -1£X£0
:%1- X O<x<1
¥O elsawhere

Making use of a pretty useful (derivable) result:

O dx = X gy k—lze”<X
i

Thus, the Fourier transform of f(x) can be shown to be:

2

F(k)= =

(1- cosk)



