Cauchy’s Integral Formula; Laurent Expansion & Theorem

Cauchy’s Integral Formula:

f(z)=—p——dz g : Closed Jordan contour

f (z) regular insideg

If g encloses a singularity:

o (2)dz = 2pi

g

If f(z)isregular insideg :

of (z)dz=0

g

An extension of the CIF:

f‘”)(zo):d(n)f _no g
dz™ - 2p| 9 7- ZO)n+1

Where n3 0, and an e ement of the natural numbers.

Laurent Series:

s .. &b
f(=aaz+a =
n=0 n=0Z

Converges in the common regionR, £|7 £ R,

Where:
a,z"convergesinsidedisc|Z = R,

b,z "converges outside disc|Z = R,

Thus, area of convergence is an annulus:

f(z)= 5 (z- a)° expansion about z = a
n=-¥
- Laurent Series

Laurent’s Theorem:

let f (z)be regular in the annulusR, £|z- 7| £ R,. Then, in the annulus:
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¥

¥
f(z)=a a.(z- z) +a b.(z- z)"
n=0 n=1
Where:
a :i ~ f(Z)
n miw
b :idz- z,) " f(z)dz n=123,..

dz n=012,...

n

2pi
For the particular case only of: f (z)regular inside|z- z)|<R,
Then:
()
b,=0 a, = f(z)
nl

From the extension of the CIF.

Example of aLaurent expansion:

f(2)= aboutz=0

.
(1- 2)2- )

Separate by partial fractions:

f(z)=i- 1 thussingularitiesat z=1& z=2.
1-z 2-z
Now, suppose we expand % intermsof £, then it will be valid outside|Z >1
- 2
Zi intermsof z, then valid inside|7 < 2
-2
Just to see the sequence:
R T T 14<1
1- 2
Thus:
é . u
L:L:léHEJ,g?EQ +..0 onE <1lb |z|<2
2-z 201-2) 285 2 &g

Thus convergent inside|Z < 2.
Now, the other sequence:

1 _ 1 _ 1 _ 1€ 1 Ay U 1
1-2_2(%-1)_ z(l-%)_ ZSHZ-'_%ZQ +--gon z<1p [4>1
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Hence, adding:

(ol Lt 1z 2
CRESHE S

Valid onl<|Z<2
The Laurent expansion of f(2).



