Fluid Mechanics: Derivations & Proofs

Derive the material derivative

Now, if:
r(xy,zt)
Then:
ar = ﬂ—rdt + ﬂ—rdx
9t T

Divide (1.2) bydt , and take limit:
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We define the LHS of (1.3) asthe materia derivative:

limZ& 9o Dr
dtlgggdtg Dt

Hence, putting all together:

r_‘ﬂr+ qr

u —
Dt ft ' T

Or, expanding out of suffix notation:

br. :ﬂ_r+(u N )r
Dt it

- the material derivative

Derive the integral form of the continuity equation

Now, the massin volume V:

O"dV

\%

Rate of change of massin V:
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d . JIr
SydV = dv 22
at 9% ~ Og @2

The rate of mass flow out of V, through a bounding closed surface S

xdS (2.3)

©Qy
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Hence, if massis conserved, (2.2) & (2.3) must balance:

(‘;"idv =- ¢y wnds (2.4)
v It s

- the integral form of mass the continuity equation

Using divergence theorem & mass conservation in integral form, derive
the pointwise form of mass conservation:

Divergence theorem:

dloa)dv = gponds (3.1)
\ S

Integral form of mass conservation:
d N\ \
—QdV =-guxdS (3.2
dt S

Now, the RHS of (3.2), using (3.1) becomes:

& u>ndS = N> u)dv (3.3)
S \%

Now, expanding out the divergence in the RHS of (3.3), by vector calculus:
Nxr u)=r (Ru)+ (WN)r (34)

Hence, (3.3) becomes:

O uxndS = Jux)r +r (Rujlav (3.5)

Now, putting (3.5) into (3.2), and bringing over to the LHS:
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@,‘%dv + JuR)r +r ([@ulav =0 (36)
\% \%

Which can be bought under asingle integral. The volume can be shrunk to a point.
Hence:

I ) +r (Rx)=0 3.7)

qt

Which contains elements of the material derivative:

qIr ~ Dr

— NJr © — )

g R e (38)
Hence,

%+I‘ (uN)r =0 (3.9)

- the pointwise form of the continuity equation

Derive equation for hydrostatic equilibrium
Now, suppose a body forceE(g,t) per unit mass, then the total body forceis:

& Fav (4.2)

Now, the total internal pressure forceis:

If the system isin equilibrium, (4.1) & (4.2) must balance. Hence:
g FdV = gpndS (4.3
\%

Now, if we use the divergence theorem in the form:

NfdV = ¢§ ndS (4.4)

Thus, the RHS of (4.3) becomes:

OpndS = Npdv (4.5)
S \
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Hence, (4.3) becomes:

gr F - Np)av =0 (4.6)
\%

We can shrink the volume down to a point, hence, taking over to the other side:

rE=Np 4.7

- the equation for hydrostatic equilibrium

Derive Euler’s equation

Now, if we start from Newton’'s 2" | aw:
=m—+VvV— (5.2)

The analogueis:

i U .
ii Qravy=-g g(g ><r_1)dS+ O E - Npdv (5.2
\%

lv S

Or, rate of change of momentum is mass flux in plus the resultant force. Now, if
looking at the middle integral in (5.2):

e
& u(uxn)ds = c0 u(uxn)ds, ¢y viun)ds,.. (53)

QI--0:

Using the divergence theorem on one of the components of (5.3):

¢y u(u>n)ds = N {r uu)dv (5.4)

And, expanding out the RHS of (5.4):

N H{ruu)adv = Julix{r u)+r (u>N)ujav (5.5)

\%

Thus, doing this for all components of the RHS of (5.3), the LHS becomes:

Funs= uforw)er @Ry 69
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Hence, the original equation, (5.2) becomes:

c‘)%(f u)dV + Ju(fr u)+r (uR)ulav - §r F+Rplav (5.7)

Which can all be put under asingle integral:

gr oIy o) r (0 rE+RpYav =0 (8)
vl t it [V)

Now, notice that some of the components can be simplified:

fu ~ Du

=4 )N o — 59
" r(uxu = (5.9)
g%éT—HergQ:o (5.10)
et %)

dr 24 1 F+Ripdav =0 (5.11)
Dt
We can shrink the volume down to a point, and thus (5.11) becomes:
Du -
r—-rF+Np=0 5.12
ot [ EtNp (5.12)

Or:

Np (5.13)

- Euler’ s equation

From Euler’ s equation, derive Bernoulli’ s equation
Np+F (6.1)
Now:

—Np=——"-=—a = We can do thisasr is“barotropic”
r !
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Np = Ngo—g (6.2)

Now, asF isa"conservative force”, we can associate a scalar potential:
F =-Nw (6.3)

Now, writing out the definition of the material derivative:

ﬂo ﬂ_g+(u

ot T uxNu (6.4)

Now, uisa“steady flow”. Thus:
—==0 (6.5)

Now, thereis a vector identity:

(ux)u =N(us)- u” R°

[

(6.6)

We shall define the vorticity vector,w © N u. Hence, putting (6.6) on the LHS of
(6.1); and using (6.2) & (6.3) on the RHS... (5.1) becomes:

w)-u’ w=-REGPE w (67)

N u
2

N

Which can be bought under a common grad:
Naigxg+c‘)(i—p+wg=g’w (6.8)

Now, if the flow isirrottational, i.e.w =0, then:

%g){_]+(‘)d—p+W: const (6.9)
r

- Bernoulli’ s equation
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Prove:

N(f a) =f (N>a) + (@) (V11)

Now, in suffix notation, using the chain rule for differentiation:

T Ta, . ff
M fa)=f 4 yq V1.2
‘Hxi(a’) L E (V12)

And, putting back into vector notation:

NXf a)=f (Nxa)+(ax\) (V1.3)

Use the divergence theorem to prove that:

NfdV = ¢§ ndS (V2.1)
\% S

Divergence theorem:

gRoa)av = cpxnds (V2.2)

\%

Now, leta =f ¢, where c an arbitrary constant vector. Thus:
Nxa=Rixf c) =f (Nxe)+ (e (V2.3
Now, due to the definition of ¢, Nxc = 0. Thus:
Na = (cxN¥ (V2.4)

Thus, (V2.2) becomes:

JeNfav = ¢§ cxnds (V2.5)
\% S
Hence:
cx(NfdV = cxc§ ndS (V2.6)
\% S

Thus, we have proven:

NfdV = ¢§ ndS (V2.7)
\% S
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Prove:

N"(fa)=f (N a)+(\f) a (V3.1)

Now, look at LHS:

i K

R fa=Te %y 2 (V32)

fa, fa, fa,

Now, looking only at the ‘i’ component:

el =1 (a)- o () (v33)

Which can be expanded by the chain rule:

N’fgl_:f ﬂag E_f&_azﬂ
! Ty ﬂy 1z 1z

x If qf o

—2. —2i+ga,—-a, —=*
oy Tz5 0T T Mzg

Now, all other components will be similar. Hence:
N (fa)=f(N" a)+(Nf) a (V3.4)

Prove:

u” R u=RGEux)- (WA (V4.1)

Now, looking at part of the LHS, withu = (u, v, w):

i i k
:/ﬂx %y %
u Vv W
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aa1w ‘ﬂvo adTW Muo (V4.2)

v Tz e T2g

For convenience, define:

UL, .
X Ty 1z
VP
X Ty
w, =
I

Hence, (V4.2) becomes:

u” N"u. =w, - vu, +ww, - wu,
= (uu, +w, +ww,)- (uu, +vu, +wu,)

Ve e 1. 1,20 (uxN)u
xé2 2 2 g

Thus, putting together, and other components working similarly:

u” N u=N{Eun)- (U (VA.3)



