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1 Review

Here we review the 4 postulates of quantum mechanics.

1.1 Postulate 1

Every dynamical system can be described by a wavefunction from which all possible predictions
about the physical properties can be obtained:

¥(z,y, 2,1) (1.1)

The wavefunction is normalised:
/w*w dr =1 (1.2)

From the wavefunction ¢, we are able to determine all dynamical variables; such as momentum,
energy, angular momentum. . . .

1.2 Postulate 2

Every dynamical variable may be represented by a Hermitian operator, whose eigenvalues represent
the possible results of a measurement on the wavefunction .

Immediately after the measurement, the wavefunction of the system will be identical to the eigen-
function corresponding to the eigenvalue obtained in the measurement.

Consider an operator Q There will be an eigenvalue equation:

Q(bn = qnPn (1.3)

Where ¢, are eigenvalues: if ¢, is measured, then the state is definitely in the state ¢,.
The definition of a Hermitian operator is: if the following integral holds:

/ngdT = /QQ*de (1.4)
Then Q is said to be Hermitian; if f, g are well behaved functions of position, which go to zero at

infinity.
Here are the properties of Hermitian operators:

1.2.1 Hermitian Operators have Real Eigenvalues

Proof of Real Eigenvalues Now, starting with an eigenvalue equation

Q¢n = Gn®n, (1.5)
we may take the complex conjugate of everything, to give:
Q¢ = 459}, (1.6)



Now, if we multiply (1.5) by ¢}, we have:

QS:LQQSn = @Z);’;Qnﬁbn‘

Taking the integral over all space gives:

[ 61@ondr=a. [ 6i0uir

If we similarly multiply (1.6) by ¢,, we have; and writing down the corresponding integral:

[6.diar=a; [ onsiar.

Now, due to the condition that Q is a Hermitian operator, we apply its condition:
[ 61@onir = [ 0uGdi

the RHS of which we notice is the integral in the LHS of (1.6). Hence, we have that:

i [ onsiar / Bbn dr

=q, =

Hence showing that g,, are real.

1.2.2 Eigenfunctions are Orthonormal

This says that:

/gb;‘nqﬁn dr = dpm,

(1.9)

(1.10)

(1.11)
(1.12)

(1.13)

Proof of Orthonomality Starting from the standard eigenvalue equation: Qqﬁn = @¢n®n, Where

Q is some Hermitian operator. Now, we multiply both sides by some ¢, and integrate:
¢:nQ¢n = ¢:ﬂLQn¢n
[on@ondr = [ asnar

Now, we use a property of the Hermiticity of the operator Q: We write the LHS of (1.15) as

[ n@ondr= [ 6,061 ar
Now, the RHS of (1.16) can be expressed using the standard eigenvalue equation:
[0 érar = [ ugonar

2

(1.14)
(1.15)

(1.16)

(1.17)



Now, by working backwards, the RHS of (1.17) is equal to the RHS of (1.15):

/%qmi; dr = /éinqn% dr (1.18)

Hence, we have that:
q?n/%% dr = qn/qbind)n dr (1.19)
= (G — an) / Py, dT =0 (1.20)

Now, using another property of Hermiticity: eigenvalues of a Hermitian operator are real. Hence,
we have that ¢}, = gn,. Hence, (1.5) is:

(qm—qn)/cénqﬁ";ndf =0 (1.21)

Hence, so long as m # n, we have that

/qbnqﬁ,*n dr =0 (1.22)

And the only thing that this proof shows about the m = n case is that

/(bnqﬁi‘n dr #0 (1.23)

1.2.3 Eigenfunctions Form a Complete Set

Any arbitrary function can be described as a linear combination:

=" anén (1.24)
Where the expansion coefficients a,, are found from the overlap integral:
A, = /qbfnw dr (1.25)
Proof of Completeness
Qm = /qbfnw dr (1.26)



1.3 Postulate 3

The operators are:

Po=r (1.31)

P, = _ind (1.32)
ox

P = —ihVv (1.33)

All other operators can be deduced from these; and they bear the same functional relation as their
classical counterparts:

E = — 1.34
5 TV (1.34)
. K2
=H = ——V*4+V (1.35)
2m
L = rxP (1.36)
=L = —ih(rxV) (1.37)

1.4 Postulate 4

When a measurement of the physical property, represented by Q, is carried out on 1, the probability
that the result will be g, will be:

|| (1.38)

e.g Let ¥ = a191+as¢p2+asps3+. . ., where ¢, are eigenfunctions of Q The measurement forces 1 to
collapse into one of the eigenfunctions of @, ¢,,, say, and will return the value g,,, with probability
|am|*.

Now, as [¢*®dr =1 (i.e. normalisation of the wavefunction), this implies that:

a1 |? + Jaof® + Jas* + ... =1, (1.39)

the sum of all probabilities of the different outcomes is equal to unity.

A~

This allows us to define an expectation value (@), which is the average value of many measurements

on -
Q) = /EWder

- / (Z am:n) 0 (Z angbn) dr
— [ andaannir
‘_@M%/%%M

*

*
- ananQn

= Z |an|2(In

n



Which is back to the definition of an average, with |a,|? being the probability of measuring the
value q,. We have made use of the eigenvalue equation: Qa,¢, = a,Qq, = GnqnPn-

2 1D QM for Finite Wells, Potential Barriers & Tunelling

We will find that quantum fluctuations in energy allow for violation of conservation of energy for a
short time, according to the HUP: AFEAt > %

2.1 Infinite Well

Review of the infinite square well.
We have a potential V' = 0 inside a well which sits on —a < x < a, and V = oo outside the well.
The Schrodinger equation inside the well has the form:

h? dPup
. _F 2.1
2m dz? 12 (2.1)
Where the eigenfunction solution is of the form:
ug(z) = Acoskx+ Asinkx (2.2)
2mE
K = e (2.3)

due to the boundary condition that ua(+a) = 0.
With wavefunction and probability distributions looking like:

g }2

|“3
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Figure 1: Wavefunctions and probability distributions for the infinite square well. Notice that the
wavefunctions are all confined to the region within the box: —a < x < a.



2.2 Finite Square Well

Here, we have the situtation that we have 3 regions: w; for x < —a, where V. = Vj; uo for
—a < x < a, where V = 0; and ug for x > a where V = V{. So, we have a potential of V' = 0 inside,
and V = V| outside a box of size 2a. The energy of the particle is E, where E < V| give rise to
bound states.

Now, we expect that due to symmetry, u; and us should have the same form.

The Schrodinger equation, in region 2 (inside the box) is:

h? d?usy
- 2" _F
2m dx? 2
Hence, we have the solution:
uy = Acoskx+ Bsinkx
2mE
2
k* = 2

In region 1 (to the left of the box), we have a Schrodinger equation looking like:

h? d?uy

—— 4V E
2m dx? + Vour “
h? d?uy
et - E
2m dz? (Vo Jur

So, we have solution:
uy = Cel'* 4+ De ™M
2 2m(Vo — E)

w = 2

Note that g is real, if Vj > E.

So, the task is to find relations between the coefficients A, B,C, D. To do this, we look at the
boundary conditions of the problem: continuity.

At x = —a, the wavefunctions

ui(—a) = ug(—a)

And their derivatives

duy
dx

_du
- dx

r=—a r=—a

Match up so. Similarly, at x = a, the wavefunctions
uz(a) = us(a)

And their derivatives

dus
dx

_ dug
dzx

r=a r=a



Notice, infact, we have that the wavefunction must decay for x — +00, so we may write the seperate
wavefunctions for all 3 regions:

w = Ce**
ug = Acoskx + Asinkx
ug = De H*

Now, at x = a, we apply the continuity boundary conditions:

Acoska+ Bsinka = De #¢ (2.4)
—Aksinka + Bkcoska = —pDe™H° (2.5)

And at ¢ = —a:
Acoska — Bsinka = C(Ce ¢ (2.6)

Aksinka + Bkcoska = Cue ¢
Now, there is one solution with (2.4) - (2.5) / (2.6)+ (2.7), which gives us:

Aksinka  (C'+ D)e™#®
Acoska ~  (C+ D)era
= tanka = % or D=-C,A=0

And a second solution with (2.4) 4+ (2.5) / (2.6) - (2.7), which gives us:
cotka = —% or D=C,B=0

So, if we use the tan solution, we also have that D = C and B = 0. If we go with the cot solution,
we also have that D = —C and A = 0.
So, taking the tan solution:

tanka = % (2.8)

With D = C, B = 0, the wavefunctions look like:

w = Ce”
uy = Acoskx
uz = Ce M

Now, to solve the tan solution (2.8), we do so graphically, by plotting y = tan ka and lines of #. To
do this:

2 2m (Vo — E)
n = 2
2mVy 9
B A — k2q?
% ka
\ = 27712/2'()(12
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Figure 2: The graphical method for solving (2.8). Notice that the lines of tan ka only cross lines of
particular A at discrete points.

So, for a ‘shallow well’, we have V4 is small, hence A is small, hence a small number of solutions of
bound states.

Note, if V = oo, then A is large, hence an infinite number of bound states. Which is what has been
previously derived for the infinite square well.

No matter how shallow the well is, there will always be bound states.

The interesting thing is, that the wavefunction seeps into classically forbidden region! This is a
very odd result: remembering that the probability to find a particle somewhere is the square of its
wavefunction, means that there is a finite probability to find any particle anywhere at all!

N

N\

Figure 3: The first two wavefunctions for bound states of the finite well. Notice the seepage of the
wavefunction into classically forbidden regions.

Things to note:



There is always bound states (i.e. at least one solution), no matter how small the value of \ =
2mVpa?
Shpd |

As Vj or a increases, there are more bound solutions (e.g. bound energy levels) and lowest solution
tends towards infinite square well solution.
Energies are slightly lower than for the infinite well.

2.3 Finite Well in 3D

Here, we have a well of depth Vj, width a, starting from r = 0 to r = a. There are two wavefunctions:
inside u; and outside us. Now, the Schrodinger equation has the form:

2m

(—thg + V(r)> u= Fu (2.9)

We look for solutions with £ < Vj: i.e. bound solutions.
We assume spherical symmetry, hence independant of 6, ¢; and the Laplacian operator looks like:

We try solutions of the form:

10%
2 — -
= Vu = o2
Hence, the TISE (2.9) becomes:
n? 9%¢
————+Vop=FE
omor? + ¢ ¢

So, for the case V = 0, i.e. inside the well, we have wavefunction:

¢1 = Acoskr+ Bsinkr
2mE
2 _
YT
And for outside, V = Vj:
¢s = Ce M 4+ De!”
. (Vo—E)2m
WS T
Now, us = % must remain finite as r — oo, so D = 0. Similarly, u; = % must remain finite as
r — 0, so A =0. Hence, we have:
Bsinkr
Uy = —
r
Ce™Hr
Uy =
r



We apply the countinuity boundary conditions:

ui(r=a) = wu(r=a)

ui(r=a) = uh(r=a)
This easily gives:

cotka = —

K
k
2mVy
= Ve !

Which we solve graphically. In a similar way to the 1D solution, we find that there are no solutions
for ka < 5. Hence, as:

2mVpa?
2 2 0
Kot ="
Then have that
w2h?
Vo >
0~ 8ma?

For a (bound) solution. Basically, when we plot the wavefunctions, we find that the sin kr must
have started to ‘turn over’ for it to match the gradient of e™#". Hence, k£ has a lower limit. If the
sine just about peaks where it joins the exponential, there is a lot of wavefunction outside the well,
and is hence very loosely bound.

An example of this is the Deuteron: 2H; (pn):

Experimentally, we find that (Vp— E) = 2.23MeV i.e. the binding energy. And that a = 2x 10~ °m.
There are no (bound) excited states of the deuteron - and that the first excited state is unbound
by 0.06MeV.

2.4 Quantum Mechanical Tunnelling

Consider a flux of particles of energy E = % approaching a barrier of width a, height V (E > Vj).
We assume that some flux of particles emerges on the other side.
Basically, we havea zero potential setup, with a barrier of height V{ starting on x = 0 to «a.

The momentum of incoming particles is p = hk. What are the momentum eigenfunction?

R 0

PLB = —Zhaix

= P9 = (hk)o
= (Z) — eikx

So, we have flux of particles incident, assume some to be reflected, and some that appear on the
other side of the barrier. In the region x < 0, we have wavefunction wu;:

Uy = Aeikm +B€_ikz

10



Where |A|? denotes the number of incoming particles per unit length; and B being the eqivalent
for reflected particles.
For the region 0 < x < a, we solve:

d?us 2m(Vy — E)
g _ M=,
dax? h?
=uy = Ce* 4+ DeH*
s _ 2m(Vo—E)
o= T

For x > a, we have that ug = Fe'?.
Now, to progress, we do the standard ‘boundary conditon’ match-up.
At = 0 we have u1(0) = u2(0) and their derivatives:

A+B = C+D (2.10)
A-B = %(C—D) (2.11)
Similarly for at x = a, with us, us:
Cel 4 De Mo = Feika (2.12)
Cel™ — Del* = ier“m (2.13)

Now, we want F in terms of A: i.e. we want to find out how many particles we expect to emerge
from the barrier, if we know how many we are firing at it. To do so, we begin with doing the
following operations, in order: (2.10) + (2.11), (2.12) 4+ (2.13), (2.12) - (2.13):

_ 1l _K

24 = (1+Z,k)c+ (1 Z,k)D (2.14)
20t = <1 + Zk) Fetka (2.15)

p

—pa ik ika

2De " = (1—— | Fe (2.16)

L

And, substituting C, D from (2.15) and (2.16) into (2.14), gives (after a bit of algebra):
F 44 .

- ipk e~ika (2.17)

A (2ipk + p2 — k2)e—ra + (2ipk — p2 + k2)ema

Now, if the tunnelling probability is small (which is what we are assuming), we neglect the e ¢
term in (2.17). We define ‘%}2 as the tunnelling probability, and we find it to be:
F|? 16u2k>
—| = e
A (2 + k2)?
16(V, — E)E

‘Q?
Hence, the tunnelling probabilty is largely determined by the exponential decay within the barrier:

exp(—const X width x +/height)

Where height is the difference between the energy of the particle, and the barrier height, so is
Vo — F.

—2ua

e—2ua

11



2.4.1 Examples of QM Tunnelling
a-Decay: The potential well for a preformed a-particle in the nucleus is the sum of the strong

(short range) nuclear attraction, and the weaker (long range) Coulomb repulsion.
We also have the exmples of the Scanning Tunnelling Microscope, and thermonuclear fusion in stars.

3 Orbital Angular Momentum

3.1 Comments & Introduction
3.1.1 Commutation Relations

The order of QM operators is important. Consider the difference in sequential operations on :

N . 0 0
(Poz — 2Py)y = —zh%(mb) - <—m’ha;b>
= —ih <x?’£ + @b) — <—m'hg7i>
= —ihy

= (Pyi — &Py # 0
This result is independant of the form of ), so we can write:
[Pz, :r} = P& — &P, = —ih

Where we call [P}, :%] the ‘commutator’. Obviously, we could also write:

It is evident that:

And also, there are things like:
[ﬁx,g] = [pxaé] =0
If {Q, R} = 0, then we say that the operators ‘commute’. It is more instructive to write:

(Pt = —dyin

We also see that:



3.1.2 Compatibility of Physical Variables

If {Q, R} = 0, the physical observables they represent are said to be ‘compatible’: the operators

Q, R have a common set of eigenfunctions.

Thus, a measurement of Q on v will collapse the state into a common eigenfunction of Q: On.

A subsequent measurement of the other quantity (represented by R) will have an exactly predictable
result (Rgf)n = rp¢y) and will leave the wavefunction unchanged.

Operators of compatible observables commute:

If we have that ¢ = )" a, ¢y, and if we consider:

Q.Rlv = >l

= > an(Qradn — Randy)

= > an(rnQon — gulign)

= ) an(raGudn — duTndn)
0

Q

Hence proved; as we have assumed that R and Q posses common sets of eigenfunctions, the ¢,.

3.1.3 Comments on the Uncertainty Principle

If two operators do not commute, there is a fundamental limit on the products of the root-mean-
square deviations associated with measurements of their eigenvalues. Now, Rae 4.5 proves the
following statement:

sasr > L([.])

DN |

Where we have:
AP = [ (Q-(QPvdr
@ = [vavar
In later lectures, we used:
Ag? = (Q%) - (Q)?
For example, since [i, Px] = ih, then AzAP, > %
The UP does not imply
e Measurement of P, affect subsequent measurement of x.

e If two operators commute, then the product of their uncertainties must be zero.

However, if 1 is one of the common eigenfunctions ¢,,, then both observables have exactly deter-
mined values and state stays in ¢,,.

So, if [Q, R} = 0, then Q¢pn, = ¢ndn and Ry = rnen, we have a common set of eigenfunctions.

13



3.1.4 Degeneracy

Here, if we have:

Q¢n = Q¢n
Qdm = qém
Then ¢,, is degenerate: we have the same eigenvalue for two or more eigenfunctions.

It was assumed in the proof of orthonormality, that if Q¢ = gndn, then gn # gm, for all n,m. So,
we had that:

[Giomir = 0 it ntm
dn = Qdm Zf n=m

This is only the case if there is no degeneracy.
Hence, a set of non-degenerate eigenfunctions are orthonormal, but a set of degenerate eigenfunc-
tions are not nessecarily orthonormal.

Orthonormality It is always possible to construct a set of orthonormal eigenfunctions, from a
set of non-orthonormal eigenfunctions.
Consider:

C:?¢1 = q¢1
Qp2 = qopo

Now, any linear combination of ¢, ¢9 is also an eigenfunction of @:

A~

Qa1 + Bp2) = aqp1 + Bap2
= q(agr + o)

So, if we construct:

Py = Si2¢1 — ¢
S12 /¢T¢2 dr

/ gidhdr = S / b1 dr — / S1dn dr
S12 — S92
= 0

Thus, we show that ¢/ is orthonormal to ¢;:

Hence orthonormal.
For 3 or more degenerate states, see Rae for ‘Schmidt Orthogonalisation Procedure’.

14



Compatibility If {Q, R} = 0, then there exists a common set of eigenfunctions. Again, before,

Gn # qm Was assumed before.

If ¢, = ¢, a measurement result of g, would not tell you which eigenfunction the state collapsed
into.

Once again, let Qg1 = qd1, Qo = qds. Then, any combination of ¢/ = (a1 + Bo2) is an eigen-
function of Q, but not necessarily R:

Ry = (ari¢y + Brags)
# const X (ap1 + Bo2)

Nevertheless, a set of eigenfunctions can be found, that are common to both operators.
Now, this happens:

e Measurement with Q on arbitrary ; gives a collapse into ¢,,, with result g,.

e ¢, may not be an eigenfunction of R.

e Measurement with R on ¢n; giving further collapse, into common eigenfunctions.
e Leaving g, unchanged, and results in value r,.

All subsequent measurements with Q or R will always give ¢, 7.

e In this case, AgAr = 0.

An example of this is orbital angular momentum:

The n = 2 state is split into L = 0 and L = 1. So, a measurement using L2 gives an eigenvalue
L(L + 1)h?; so, either 0h? or 2h2.

For the zero measurement, there is a unique, common eigenfunction of L2 and ﬁz; and m = 0 being
our eigenvalue.

However, for the 2%2 case, we have 3 possible states when we measure with L.: ones where m =
-1,0,1.

All further measurements will find the same eigenvalues.

3.2 Commutation Relations for Orbital Angular Momentum

Now, from postulate 3, we can go from the classical 1 = r x p, to the quantum mechanical:
L=RxP

Hence, we can write that the components of L are:

L, = §P,— 4P,
L, = :P,—iP,
L, = &P, —gP,

Where we have used standard Cartesian coordinates. Notice the cyclic nature of the coordinates.
We can write that:



Now, to find out if there exists a common set of eigenfunctions of ﬁQ, IZ%, IZ%, IZ, we consider the
commutation relations (where we now omit the hat):

[L}, L},} = (yP, — 2P))(2Py — P,) — (2Py — 2P,)(yP; — 2P,)
= yP.zP, —yP,xP, — 2PyzP, + 2Pz P,
—zPyyP, + 2PyzPy + 2 P,yP, — v P,z P,

Watch out for the order of operators!
Now, remember that [%,5] = 0, and [P},py} = 0 etc; but [Pm,j} = —ih = [py,y} = [Pz,é].

Hence, we have that:

2PyxP, = PyzxP,
= PyrzP,
= zPyzP,

Hence, we have that:
{I:I, I:y] = yPy(P.z— zP,) + 2P,(2P, — P.z)
= yP, [152,:/3} +aP, [2,154

= (yP, — zPy) {pz, 2}

= (_zz)(_Zh)
= ihL,
= [£aL)] = inks
Similarly, by cycling over indices, we have all together:
[L.L)] = inl.
0, 0] = ind.
[L;, 4 = ihi,

Hence, no set of common eigenfunctions exist for any of the pairs of operators.

A system in a state of definite L, (say) cannot have a definite value of L, or L,. Thus, we cannot
determine the direction of L.

Now, let us consider:

2] = [ ][] s 28]
We can immediately see that {lf?c, lfx} = ﬁ§£$ — ﬁwﬁi = 0, as being almost trivial. We look at:
L3.L] = 121, - LI
= Ly(LyLy—ihL;) — (ihL,+ LyLy)L,
= —ih(LyL, + L.Ly)

16



Similarly:

[L? } ih(LyL. + L.Ly,)

Hence, we have that [1:2, [:x} = 0. Similarly then for the other indices.

Thus, there exists a common set of eigenfunctions of L? and L,.

There exists a different set of common eigenfunction of L? and ﬁy; as well as for L? and ﬁy. Hence,
three different sets of common eigenfunctions.

By convention, we work with the last set, in L2 and L.. We can always describe a state which is
an eigenfunction of L (say) by a linear combination of the L. eigenfunctions; as we shall see later
in the course.

3.3 L2, L, Operators in Spherical Polars

Once again, we start with L = R x P = —ih(r x V). Now, we write del in spherical polars thus:

o 10 -~ 1 0
Vo= r87-|-9 %—i_d)rsinGE)iqS

Hence, if we do the cross-product, with r = r in spherical polars, we get that:

) o .1 9
L= (Zh)< 90 Qsmea(ﬁ>

Now, we have the transformation of the unit vector in the z—direction is z = r cos @ — @ sin . Hence:

N A

L, = z-L

And, with much more effort, we find that:
. 1 0 0 1 92
L? = —n? — 0— ——
[sin@ a6 <Sm ae) T oo a¢2]

3.3.1 Spherical Harmonics

The eigenfunctions of L2 are called spherical harmonics Y (0, ¢). To find them, we use separation
of variables:

Y(6,¢) =0(0)2()
From this procedure (found in Rae pp46-49), we find that:

922@@00860 {=0,1,2,...
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With conditions on ay (such as avoiding infinities, so the series must terminate). And we also find
that:

2(6) = 5™

(note the normalisation: fOZW |®[2d¢ = 1). With |m| < £. So, we have that m is constrained:
me=—400—1,...,0,... 0

So that we have 2¢ + 1 values of m for each ¢. Hence, we find that solutions have the form:

Yim(0,0) = mnorm x associated Legendre Polynomial x eme

= o [Er ] Ao

Then these eigenvalues are found:

h
[\
=
3
I

e+ 1)R*Y,, €=0,1,2,...
LYy = mhYe, m=40...,0,...,—(

3.4 Ladder Operators

We can find the eigenvalues and develop a complete set of eigenfunctions of the ﬁQ, L, (i.e. com-
muting) operators; by using ‘ladder operators’:
Ly = L,+iL, (3.1)
io= il
Thus, these operators are non-Hermitian, and do not represent physical observables; But they
change the eigenfunctions Yy ,, to const x Yy ;,+1, and are so sometimes called ‘raising and lowering
operators’.
So, the first thing to do is to establish commutation relations. We initally mulitply the two operators
together:
LyL. = (Ly+iLy) (L, —ily)
= L2+L2—il,L,+iL,L,
= P24i2-i [Lz,Ly}

Now, we know that [Li,;, I:y} = ihL,, and L2 + ﬁg — [? — [2. Hence:

We see similarly, that:



Hence, we have the commutation relation:
[L;, LA_} T A S
= 2L,

Similarly, we have:

[I:z7LA+:| = [LAZaLAx]‘Fi[ zy Loy

(3
z’hA(ﬁy —iLg) (3
(3
(3

&,
>
—

= |:I:Z7 LA+:| = hL+

Similarly, we find that [ljz, LA_} = —hl_.
Now, consider the eigenvalue equation:

szqS = ﬁgb

So that we have that [ is some eigenvalue (= mh), for the eigenfunction ¢.

A

Now, operate on this whole equation with L, :
LyL.¢p=pBLyo (3.8)
Now, from (3.7), we have that L,L, — L. L, = hL, = LyL, = L.L, — hL,. Thus, we put this
into (3.8):
(L:Ly —hly)g = BLyo (3.9)
= L.(Ly¢) = (B+h)(L1o) (3.10)
Similarly:
L.(L-¢) = (B —h)(L-¢)
Hence, we see that (Ly¢) and (L_¢) are (unnormalised) eigenfunctions of L., with eigenvalues
(m+ 1)k and (m — 1)h.
Now, consider
L’¢ = ag¢
- we know that o = £(¢+1)h%. Now, if we operate on this, from the left, with both ladder operators:
LiL*¢ = ali¢
L 1% = al_¢
Now, we also know that L? commutes with f)z, ﬁy, so therefore L? commutes with f)+, f/_; hence,
we can change the order to:

L*(Ly¢) = a(Lye)
L*(L-¢) = o(l_¢)

Which are just eigenvalue equations. So therefore, both Ly and L_ are eigenfunctions of the L2
operator, with the same eigenvalue a.
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Now, imagine we project the L? eigenfunction onto the z—axis; to give L.. Now, the length of
each L line is just |L| = y/a. We can use the ladder operators to move from one L, eigenfunction
to the next. If the maximum L, eigenvalue/functions are (31, ¢1, and the minimum [, ¢o; then
operating on the maximum with the raising operator will produce zero; similarly for the lowering
and minimum.

So, we have that 5, 35 < «, and f)z¢1 = (1¢1. Now, we suppose that:

Li¢r = 0 (3.11)
L.gy = 0 (3.12)

Now, operating on (3.11) with L_ and then use (3.3):

L.Li¢py = (L*—L2=hL.)d1 =0 (3.13)
(a = B = hB1)d1 =0 (3.14)
=a = [i(f+h) (3.15)

Hence, what we have shown is that o, which is the eigenvalue of L? is the same as £ (B1+h), where
(1 is the maximum eigenvalue of L.
We can do a similar operation on (3.12), to give:

a = [2(B2 —h)
Which is equivalent. Thus, these two equations give a symmetry property:
B = —p2
Now, as (8 changes by 1 unit of & in raising and lowering operations, it follows that:
B1 — B2 = nh

Where n is an integer. If arrangement is symmetrical about L, = 0 state, then n is even = 2/ (say).
Thus it follows that:

a = L+ 1)h?

Notice:
. 1 . .
L, = 5(L+ +L_)
1 . ~
L, = —(Li—L_

3.4.1 Axial Symmetry of L, Eigenstates

Here, we show that <ﬁx> =0& <f1y> =0.
Now, since we have the definitions:

r
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We can write:

1

And similarly for L_.
Now, let ¢,, be an eigenstate of L,. For this state, we write:

(L) = [ énLeomdr
= 5 [ nlla+ Lomdr

1

= 2/Cl¢:n¢m+1 + oy, m—1 dT

= 0

Where the last two steps are done using f)+¢m = ¢1¢m+1 and using the fact that the eigenfunctions
are orthonormal. We similarly show that <ﬁy> =0.

Therefore, a state ¢,, has axial symmetry about z—axis, since no preferred x— or y—projection.

3.4.2 What is Constant c¢; in I:er)m =C1Pm4+1?

We want to find the constant ¢; in the eigenequation:

Lim = c1omi1

/fﬁ_ng = /f Ly)gdr

= /g(L; — zLZ)f dr

We need this relationship:

Which we are able to do via the definition of Hermitian operators.
Now, using the normalised wavefunction ¢,,, we have:

e / O bmar dr = / (L) Ly ) dr
— [ Gl Lionr

= /¢> — L2 —hLl.)pdr
= {0+ 1)h% — m?h? — mh?
= lel]? = 0+ DK% —m?h? — mh?

From (3.3). Thus, as [ Ops1Pm+1dT =1, as ¢, normalised:

Li¢m =/l +1) = m(m+1) i1
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Similarly:

L ¢y =h\0l+1) —m(m —1) ¢y

Notice, from these, we immediately see that:

£+¢m=+€ =0
L -¢pp=2rv = 0

Therefore, to combine the knowledge we just gained:

Lidm = h/e(+ 1) = m(m £1) ¢
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4 Spin

This appears naturally, from the Dirac formalism of relativistic quantum mechanics, but has no
classical analogue. There is no differential operator for spin, but we can use the same algebra as for

orbital angular momentum.

An electron is a spin % particle, so s = %h, and the possible values of the projection of spin onto

the ‘z-axis’ are mg = :l:%h.
We have spin angular momentum operators:

S = (8,5,
5% = S24+852+ 52

4.1 Commutation Relations

We use the orbital angular momentum analogues, to write:
(528, = ins.
2.8 = 0

With another two of each, which are similar.
By convention, we work with common set of eigenfunctions for S2,S,. We call the eigenvalues a, 3:

A 1
S.a = —1—57’104
- 1
8.0 = —5hA
So that o corresponds to a spin-up state, and g to spin-down. We also have:
. 1/1 3
2 2 2
= (=41 2
S°a 3 <2 + ) h o 4h «
&2 3.0

So, we have that |S| = \/gh, and the projection onto the z—axis is i%h.
Now, a general spin % wavefunction y (e.g. spin polarised along the z—axis), may be expressed as
a linear combination of the §2, S, eigenfunctions:

X = ac + bf3

Where a, b are coefficients which determine relative populations and relative phases of «, 3 space.
We also have that a? + b?> = 1; i.e. normalisation.

A bit of notation: When we refer to either o or 3, we’ll use x;,,. Thus:

= «

g

X+
X_—

Nl N
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4.1.1 Ladder Operators

Here, we define thus:

S+ = gx—{—lgy (
S = AI —1 Ay

Hence, we have similar results as for orbital angular momentum ladder operators:

~ 1 - N
Sa; == §(S+ + S_)
S, = ~(5, -5
voogptt
S+Xms = \/5(5 + 1) - ms(ms + 1)thS+1
ASALXms = \/5(5 +1) = ms(ms — 1)hxm,—1
Now, as for the a state we have mg = +%, and for the @ state ms = —%; and that s = %; hence, we
see that:
S_;_Oé 0
S.a = hnp
SY_A,_,B = ho
S8 =0
So then, what are the eigenfunctions of S,?
Consider:
A 1 - N
Sza = §(S+ +5)a
1
= —=h
5 B
N 1 - N
1
= §h04

So, we see that «, 8 are not individually eigenfunctions of S, but, adding the two results:
A 1

Therefore, we find that (o + (3) is an eigenfunction: the combination is, but seperately neither are.
Hence, the normalised eigenfunction of S, is \%(a + (), with eigenvalue %h Notice, subtracting
the results gives a different eigenfunction:

Sua—0) = 505 a)



Hence, the only other eigenfunction is %(a — f3), with eigenvalue —%h.

Similarly, for S'y, the eigenfunctions and eigenvalues are:
(v +1ip3) +

(a —if) -

ST

4.2 Dirac Notation

Simple shorthand that can be used for all aspects of quantum mechanics, but particularly for spin-
space, where we need a scheme to handle objects equivalent to [ x*x dr, where we dont know the
space we are integrating over. So, we write:

e Wavefunction ¢ as |¢), a state vector ‘ket’;

e Complex conjugate ¢* as (4| a ‘bra’;

e Normalisation [ ¢*¢dr =1 as (¢|¢) = 1;

e Hydrogen wavefunction ¢ (7,0, ¢) as |n, £, m);

e Spherical harmonics Yy, (6, ¢) as |£,m);

e Expectation value (Q) = [ ¢*Q¢ dr as (¢|Q|¢);

e Orthonormality [ @%@ dT = Gpm as (Pn|dm) = Onm or (n|m) = dpm;

e Expansion coefficients ¢ = Y an¢y,, where a, = [ @50 dr as [¢) = Y an|¢n) where a, =

(Pmlv).

We shall see that a ket |¢) is a column vector, and that the bra (¢| is related to the ket by being a
row vector, whose elements are the complex-conjugates of the ket:

|¢> = b <¢| = (a*7b*76*)

In the same way that a vector must be expressed in terms of some basis (for example, the e;, e;, ey,
unit vectors in Cartesian coordinates), a ket |¢) must be expressed in terms of some basis functions.
We can also see that if |¢) is some orthonormal vector, then (¢|¢) = 1, as aa® + bb* + cc* = 1.

We shall thus see (this is all used later on) that the expectation value of some operator fl, represented
by some matrix A can be written (¢|A|¢); thus:

ailp a2 ais a
(p|Alp) = (a*,b",c*) | a21 a2 a3
az;r as2 ass

Which can obviously be expanded out to a scalar quantity.
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4.3 Matrix Representations in QM
4.3.1 Introduction

Let us work with a complete set of eigenfunctions ¢,,. We call this a basis: a coordinate system for
wavefunctions.
Consider the eigenvalue equation of an operator Q:

QY = qp

Where 1 is an eigenfunction of Q. We can express ¢ in our chosen basis:
¢ = Z and)n
n

Hence, the eigenvalue equation becomes:

Z anQ¢n =(q Z anPn

n

Now, if we multiply from the left by ¢7,, and integrate:
Zan/qb:@é?(ﬁn dr = qzan/gf):ﬁbn dr
n n
= 4 Z anOmn
n
= qam
Now, let us define:
[ 1Qonir = @
Hence, we have that:

Z anan = qam
n

Which is just standard matrix multiplication! The dimension of the matrix [@] (which has elements
Qmn), is the number of eigenfunctions in the basis.
This is known as a matrix eigenvalue equation. Expanded out, this is:

Qu Q12 ... ai ay
Q21 Q22 ... az | =4 | a2

The eigenvalue solutions ¢, are identical in the matrix representation, and in an = qn¥n.
For matrix equations, we have that eigenvalues are the roots of the determinant:

Q11— ¢ Q22
Q21 Qa2—-q .. |=0
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Where we will get the same number of eigenvalues as the dimension of the matrix.
Each solution (each eigenvalue) has an associated eigenvector:

ai
az

Equivalent to the eigenfunction:

Y = a1¢1 + asdo + agps + ...

Where we will obviously have n running up to the dimension of the matrix.
The matrix [Q] is known as an Hermitian Matrix. That is, [Q] is the Hermitian conjugate of [QT]:

Q" = (@]

The transpose of the complex conjugate. With Qumn = Qpnm. We can also see how this works from
the integral defintions:

@ = [ 61,000 r
= Qi = [ 61Q0ndr
= Qe = [ @0y dr

Which is the same as the definition of an Hermitian operator:
[ 6:Q0mir = [ 0,Q7 00 ar

Hence, as we have that [@Q] is an Hermitian matrix, we can therefore say that it has real eigenvalues.
Now, if we had chosen to work in terms of the basis of eigenfunctions of (), so that we have

Qén = qndn:

That is, the matrix [Q] will be diagonal, with entries g;:

q 0 ... al al
0 qo ... a9 =q as
Thus, gia1 = geas = ... = g = ¢;. Therefore, eigenvectors will be:
1 0
0 1

With eigenvalues q1, qo, . ..
The elements of [@)] therefore depend on our choice of basis (our eigenfunction set). The elements
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of [@] contain all the relations we need in order to know everything about Q.

In many cases, we will have an infinite set of eigenfunctions, and matrices of infinite order are
generally very hard to handle!

They are however, very useful in angular momentum problems, as we have a limited set of eigen-
functions: Yy, (0, ¢) has 2¢ + 1 eigenfunctions. In the case of intrinsic spin, we have no possibility
to represent spin operators by differential operators, so we can use matrix operators instead.

4.3.2 Matrix Representations of S’w, S'y and S'z
Matrix Representation of S,

We choose a basis formed from the eigenfunctions of S.: a, 3. Now, continuing with the notation

of [S.] for a matrix, we can write:
( Su Sz >
So1 Sa2

Now, we recall that the element @);; is generated via:

Qij :/¢§Q¢i dr = (6,1Ql)

Thus, we have:

511 = <O¢’SZ|C¥>
Now, we also know:
N 1 ~
S,a = §ho¢ S.8=—=hp
Thus:
1
S = §h<a|a)
1
= —h
2

Via orthogonality. Similarly, we see:

So2 = (BS.]8)

For the non-diagonal entries:

Si2 = (alS.|B)



Where we have used the fact that two eigenfunctions are orthogonal.

Hence, we can write:
[ +3h 0
153 = < 0 —3h )

2

5] = ;h<(1) —01>

1
= 5h0’z

This is usually written as:

Where o, is known as a Pauli spin matrix. You need to be careful about the factor of %h in front of
the matrix: it is technically inside the operator matrix, but its written outside; it does not cancel
off in operations.

If we can to find the eigenvalues, we need to solve:

1 1 0 ap | _ a1
(o ) ()= (5) =
Which we do by bringing the column on the RHS over:

(Mo ) ()=
0 —5h—q as

Which is solved by setting the determinant of the matrix to zero, and solving the characteristic

equation for the eigenvalue ¢:
1 1
—h— ——h—q| =0

Therefore, the eigenvalues are g = j:%h, which we already knew, but were able to recover from the
matrix representation.

To find the eigenvectors, we stick each eigenvalue in turn, into (4.3), and solve for aj,as. So, for
q= +%h, and multiply the matrix out:

1 1
571@1 + 0a2 = ihal
1 1
0a1 — 571@2 = 571@2
=a; =1 as =0

Thus, the eigenvector is:

()

Notice, we could have made a; anything, but we chose 1 as we want orthonormal normalised
eigenvectors.
If we do the same for ¢ = —%h, we find:

&)
Il
Y
_ O
N—

29



Matrix Representation of S,
We have previously shown that:

. 1 . )
Sy = §(S+ +50)
So therefore, we can write that
A 1
$:8 = 3hla)
x = 5 (e}

Hence, we write the matrix, and compute its elements:

[S:v] =

Where we have notices things like:
A 1
(alSela) = Sh{a|B) =0
. 1
i - -h - _h
(BIS:la) = h(BI8) = 5
To find the eigenvectors, we must solve
0 %h ap \ _ ai
%h 0 as | q a9

For each eigenvalue ¢ = i%h.
Thus, we have:

/Bm:

()

The factor of % outfront is to keep the vectors having length one.
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Matrix Representation of Sy
Again, we have shown that:

. 1 . .
Sy=5:(8: —5)
So, we have that:
A 1 1.
Sy = _Z‘@ §Z’5>
1
58 = —gila)
And we notice that:
(@8ulB) = —ihilala) = —iih
ene 2 2
And similar, untill we get to being able to write all the elements of the matrix:
1 0 —i
Sl = gh < i 0 )
1
= Qhay

And, upon solving for the eigenvectors:
oy =

ﬁy:

Other Uses
We can also demonstrate the commutation relations by matrix multiplication.
For example:

(521 8,) = [841184) = [S,[S:
Being careful of the rubbish notation! So, we multiply the spin matrices together:

[gx,bﬂ = ihQ(away—ayax)

SO R R
(5 2)-(4)
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Similarly, we can also find 52 in matrix representation:
2 82 &2, &2
S° = S;+5,+5;

1

— ZhQ(axax—i-ayay—i—azaz)
3,10

= 4h (0 1)

> is an eigenfunction of S2:

w(30)()-()

Notice, if s = 3, then %hQ = s(s + 1A%

Which is the unity matrix.

Any spin % vector ( Z

4.3.3 Matrix Representation for Spin-1

We can find the matrices for spin-1 operators (Lx,Ly,Lz,LJF,L_,L2)7 in, for example, a basis
spanned by the eigenfunctions of L? and L.. I have left off hats! This basis is denoted by |m),
where m = m, = £1,0.

So, if we define |m, = 1) = |1), |m, = 0) = |0) and |m, = —1) = | — 1) as our basis, we can compute
the elements of [L,]:

Ly Liz Lis
[Le] = | Lo1 Loz Los
L3y L3z L33
Where the elements can be computed;
Lij = (mi|Ly|my)
1 1 .
= S OmilLlmg) + 5 mil L m)

UL (AlLal0) (1Ll 1)
= L) = 0|L ) <orLf|o> (0]Ls| — 1)
(~11Lal1) (~1[Ls]0) (~1]Ls| — 1)

Be careful, as we have defined |m1 |mz =1),|ms3) = |m, = —1) etc. We have used the ladder
operator representation for L, = 7(L+ + L ). We also need the previous relations:

Lylm) = B/l +1) —m(m+1)|m+1)
L_|lm) = h\el(l+1)—m(m—1)m—1)
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We also have that ¢ = 1. So, to compute a few elements:

L = (1|L.1)

—_

o 1 o
= —(1|Ly|1 —(1|L_|1
SQUL 1) + S (11E- 1)

= 0+ %h\/i<1|0>

|
o

Loy = (0|Lg1)
1 . 1 .
= —(0|Ly]1 —(0|L_]|1
5 (01 L+[1) + S{0[L-[1)

= 0+ %h\/?<0|0)

1
= —hv2
2 V2
Continuing for all other elements, we find:
LN B
ol = ——
V2lo 10

= —q(¢* = 1) —1(—q) =0

Hence, the roots are either ¢ = 0, +v/2. However, ¢ is already in units of h/ V2. Thus, we have that
q = 0, &h; which is again a result we already had!
The eigenvectors for g1 = +h are found by solving the system

A 010 a a
— 1101 b | =+1h| b
V2 010

S R
V2
1
—=(a+c)=10
\/5( )
b
V2
Thus, the (normalised) eigenvector is:
1
1
Hove
2 1



So, this is the eigenvector of the +h eigenvalue, of the z-component of angular momentum, with
respect to the z-basis. Hence, in Dirac notation, this is:

1 1 1
Img = +1) = S[m, = +1) + —=|m, = 0) + §’mz =-1)

2 V2

Now, in Dirac notation, we have the interpretation that

We can thus write the interpretation of (m|:
(m| = (a" 0" ")

Thus, when we write an object like (m|m), we actually have;

a
(mm) = (a"b*c*) | b
c

= aa® +bb* + cc*

= 1

Which is done via standard matrix multiplication. We hence can say that (m|m) is like the dot
product.

Example Suppose we have a state initially in the m, = 0 eigenstate. Compute <ﬁx> and ([A,?C>

0
So, we start on (L;). We know that |m, =0) = [ 1
0
(Ly) = (m.=0|Lylm.=0)
10 0
01 1
10 0

_ o = O = O
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Now for (L2):

(L2) = (m, = 0|LyLy|m. = 0)
2 (0 10 010 0
:3(010)101 101 1
010 010
5 0
= %(010) 2
0
= B2

AL,

Example Find the eigenvectors of S,

We know:

Thus, we must solve the equation:

(23)(5) ()

Eigenvalues are the roots of the determinant, and can easily be shown to be ¢ = +%h, q2 = —%h.
Now, for the ¢; eigenvalue, to find the corresponding eigenvector, we must solve:

(5 0) ()= (3)

Easily resulting in a = b. Thus, the eigenvector v is:

=7 (1)
1= A
Which, in Dirac notation, is the same as:
|mg = —i-l) = L\mz = +1> + L\mz = —1>
2 V2 2 V2 2
Similarly, for ¢ = —%h, we end up with

(1)

L1, Lot L
2/ R 2l Rt 2

My = —
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And, to show that these two eigenvectors are orthogonal (which they should be), we write:

s - () ()

= 0

sl

Thus the eigenvectors are orthogonal.

4.3.4 Raising Operators

If we want the matrix representation of the raising operator §+, we write:

S = & 148,
1
= §h(o'x—|—z'ay)

AT
()
() < ()

Which again, is a result we already knew.

We can use this on (say) [:

4.4 Measuring a Spin Component

Charged particles with intrinsic spin, or orbital angular momentum have a magnetic moment pu.
For some classical current loop, where a current [ is going round an area A, we have u = I A; where
the area vector points according to the right-hand-rule.

For some classical electron orbit, we have that the charge flowing per unit time is [ = 7 = §2,
where the period T' = 2‘7” If the area of the orbit is A = 77?2, then we easily have that:

6(,«)7“2

,LL:
™

Now, we also have that /A = rp = m.wr?. Hence:

lh ew
Mew 2
lhe
2me
= gdlup

M:
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It is actually more correct to write this as:

My = gel.pB

Just in terms of notation, ¢, = m,. Where we have defined the Bohr Magneton up, and the
gyromagnetic ratio gy = —1 for electrons.

__eh
UB = om.
So, in vector form, we have:
p = gelup

Where p, is the projection of p along the z-axis, and is always in the same direction as €.

Now, the electron also has an intrinsic magnetic moment - like a bar magnet - along the direction
of s:

Hs = GgsSUB
Simple Dirac theory (apparentyl) yields gs = —2, and we use the approximation pus ~ —up.

The nuclear magneton is pretty much identical, except it uses the mass of the proton. Hence, spin
effects due to the nucleus are tiny, as m, >> me,:

_ eh
UN = om,

If we remember the classical gyroscope, if it has angular momentum, it does not fall over, but
precesses about the vertical axis (direction of gravity).

Thus, a magnetic moment g would align itself with an applies magnetic field B (like a compass
needle), except if the particle also has spin, when the particle will then precess about B.

4.4.1 The Stern-Gerlach Experiment

The experiment has the following setup:

An oven evaporates silver atoms which are emitted in all direction, but are collimated by some
aperture. This beam of silver atoms then passes through an inhomogeneous magnetic field. The
valence electrons spin will interact with the field, and will produce a discrete pattern on the screen:
atoms with different spins leave the field in different directions.

Now, as force = -grad PE, we hence have:

0B,
/’LZW
Hence, a beam of atoms is deflected either up or down, depending on the sign component of p along
the z-axis: m, = —|—% or m, = —%.
So, an unpolarised beam will be in the state:

50%|ar) + 50%|3)
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Where |a) = |m. = +3), and |3) = [m. = —3).
Now, suppose we have selected the |«) component, via a Stern-Gerlach type-experiment, we now
have the state:

100%|cx)

Which is actually half of the initial state.
Now, if we want to then measure S;, we need to know how to describe the |«) eigenstate in terms
of eigenstates of S,. We have previously done this:

1

1
me=+5) = —=(la) +19)

(la) = 18))

H

|

'
SR

Hence:
b = = (I = +3) + e =) )

Now, suppose we further select the |m, = +%> state using another magnet, we then get half of what
enters the second magent, which was half of what entered the first magnet.

4.5 Precession in Magnetic Fields
4.5.1 Solutions to TDSE

These give the time-evolutioon of the wavefunction for a particle in a potential V (r):

2
V) bl t) = i ()

If V(r) is not a function of time, we can apply the standard separation of variables technique. Let
P(r,t) = ¢(r)T'(t), and substitute into the above TDSE, and divide by :

h? 1 19T
—%$V2¢ +V(r) = th@ =const = E
Where we have called the constant F, say. So, we can separate the two halfs of the equation, so

looking at the time equation:

oT
n — BT
ot

Which has solutions of the form: '
T(t) = const - e *EH/h

Sometimes, using £ = hw, this is written:
T(t) = const - e~ ™"

And the spatial part of the TDSE looks like:
R
- =F
{ 5 V°+ V(r)] ) o
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Which has eigenvalues E,, for eigenfunctions ¢,.
Any arbitrary state |¢) at t = 0 could be described by:

) = an|¢n)

Then we now know how the state evolves in time:

() = ane™ " dn)

4.5.2 Quantum Beats

Consider an initial state which is a linear combination of energy states, for example:

Y =¢1+ P2

Where, for this example, ¢1, ¢ are real functions. So we can write the time evolution version of
the wavefunction:

w(t) —_ ¢1e—iw1t+¢26—iw2t
= ¢ (gre™ + ¢2)

Where we have defined w = we — wy. We can compute the probability distribution function via:

W = (Pre” 4 go)(dr1e™! + bo)
= [¢1]> +[6al* + pra(e™ + ™)
|p1]? + |p2|? + 2¢1h2 coswit

The interference between the two phase factors creates a time-dependance of the probability distri-
bution that has the appearance of motion.

4.5.3 Classical Precession of Spin

Consider a magnetic dipole moment g in a uniform magnetic field B along the z-axis. The torque

on such a dipole is given by:
I'=puxB

T acts to align the dipole with the magnetic field, and acts perpendicular to the plane containing
both. If the dipole also has orbital angular momentum L, we also have:

dL
or
dt

We find that (a) solution is given by:

L, = Lsinfcoswt
L, = Lsinfsinwt
L, = Lcos6
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Where we have that 6 is a constant, measured from the z-axis, and wt the precession ‘speed’. Hence,

we have described a precession, where:

ubB
w=—

L
Is called the Larmor precession frequency. Note, this is the case for ‘simple precession’ only!
Notice, if
L
H = QEgMB
Then the Larmor frequency is:
o — gepBB
h

4.5.4 QM Description of Precession

If we have the Hamiltonian due to magnetic field:

Hmag = _/J“'B
= _ﬂzB

A

z
= —g=ZupB
9o 1n

Eigenfunctions of which are [¢,my), and L.|¢,my) = mgh|¢,m,); we hence see that energy eigenvalues
are:
Ey = —gemepp B = +hwmy

Where:
_ |9erBB
h
So, to summarise, we have a Hamiltonian due to the applied magnetic field ﬁmag = —u - B, with

eigenstates |¢, my), and eigenvalues —gymupB.

Now, as ﬁmag is not a function of time, energy is conserved in the system. Hence, my is a constant
of motion. Thus, the state |m, = +1) (say) is a stationary state.
L points with equal probability everywhere on the surface of the cone that the spin ‘marks out’.

The time evolution of the stationary state |¢,my) is given by:
[p() = e P my)
— e—zwmgtw’ m£>

Where w is the previous Larmor frequency.
The phase factor (e~*™!) cannot be directly measured by any experiment: we cannot observe any
precession if the system is in an eigenstate |¢,my).

However, consider a spin L = ih, polarised along the z-axis at time ¢t = 0 in a field B along z.
Now, for reference:

[Lw] R~

o = O

10
0 1
10
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And, we have already seen that:
[W(t=0)) = |me=+1)

1 1 1
Which is found from finding the normalised eigenvectors of [L;|, where the fraction out-front is
from the normalisation.

The time evolution of the state is found by multiplying each term by the phase factor e~*mt:

L, 1 1.
@) = 5e " ms = +1) + —5lme = 0) + 3¢ m, = 1)
Where:
_ |gerBB
h

We are now able to observe interference between the different phase factors, which will give us
quantum beats.

A L 51 A 010 e~ iwt
L) = 523 (ewt,\@,e—m) 10 1 V2
2 010 et

V2

_ h (eiwt7 V2, efiwt) e—iwt | giwt
42 V2

—_ Z(eiwt _i_efiwt +eiwt _i_efiwt)

= hcoswt

Thus, we have that L, will sometimes be found along the +1h axis, and other times along the —1h
axis.

Similarly, we can find (ﬁy> = hsinwt, and (L.) = 0 =constant. Which is what we would expect for
Larmor precession.

Hence, we see that putting an atom in a magnetic field has the effect of splitting the energy levels
evenly, by Aw. If the magnetic field is non-homogeneous, then non-even splitting.

Note: The classical analogy does not generally work; if states |m) are not equally spaced in energy,
then each spin appears to precess with a mixture of frequencies simultaneously.

5 Addition of Angular Momenta

We consider the vector addition of 2 angular mometa. In this example, they will be spin and orbital
angular momentum, but the algebra below applies equally well to other types of angular momenta
(e.g. spin-spin).

The vector equation is:

J=L+§8 (5.1)
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Or, with a particular component:

J, is now a constant of motion, whereas L,, S, are fuzzy; and only have the restriction of adding
to J. Squaring J:

J-J = J?
= L[*+5°+2L-S
Or, where everything is an operator:
J? = [2+8%4+2L-5
J. = L.+8.
It can be easily shown that [j 2, I:Q} = [j 2, §2] = 0, thus there exists a common set of eigenfunc-

tions.
But, J2 does not commute with either ﬁz or S’Z due to the L - S term in J2. By writing:

L-S=1L,S8 +L,S+L.S.

We can show:

[(L-8).0.] = in (L5, - SuL,)
(L-8),8.] = —in(L.S, - S.Ly)

Which, upon adding, results in :

Therefore, we have been able to show that [j 2, jz} =0.

The operators J 2, jz, I:Q, 52 have common sets of eigenstates, but are not eigenstates of f/z, S..

We write states as:

14,3204, 8)
So, in an isolated system, the total angular momentum J is a constant of motion, as is j, = my+ms.
We will sometimes use m; = j..

All the usual angular momentum relations apply to J? and jz, as they did to ﬁz, 5’2, f/z, S,:
[Jnd)| = i,

J2 = 24+ J2
[ﬁ,jx] ~ 0
Jr = J.+iJ,
= Li+ 5+
Pljimg) = 3G +DR2m;)
Jolj,mg) = mylilj,my)
Jelimg) = BaJi(G+1) = my(m; £ 1)]j,m; + 1)
Jiljm; =+j) = 0
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Note: there also exists a common set of eigenfunctions of 12,52 [., S., which are more useful for
an atom in a strong magnetic field, as L and S independently precess about the z-axis. So we use:
|€5 my, s, ms>
Thus, for an atom in a strong magnetic field, j is not a good quantum number to use (but m; still

is).
We can always describe a state |j,m;, £, s) as a linear combination of |¢,my, s, m,) basis states:
lgym, £ys) =Y Clmg,mg)|l,my, s,m)
my
Note, only a sum over my, as the m; are already determined by the condition that m; = my + m;

is a constant of motion.
The coefficients C'(my, ms) are called Clebsch-Gardon coefficients, and are generally tabulated for

low-spin combinations of j, ¢, s. From the table, we see that:

Table 6.2. Clebsch-Gordan coefficients for the case | = 1 and £ = i'- Eigenfunctions
of the total angular momentum with given values of (i m j ) are consirected as linear
combinations of products of the angular momentum cigenfunctions denoted by the values
ﬂr ["&-nl..l EI':I_-;_:I.

(my.mg)

Um0 d-h b 0-h Lh 1,-h

(3.8 1 0 0 0 0 0
{Eli}'} E LE}E jﬁ DT ﬂl .
Gho o o & &
G&» o I -4 o 0 0
(5.-3) 0 0 0 -4 JE oo

Figure 4: Table taken from Rae, showing Clebsch-Gordan coefficients. Note, there is an error on

both lines 2 and 3. They should have \/g rather than %, to make the wavefunctions normalised.

1

.3 3 1

3 1 1 1 2 1
.:7 L — o . :1 S:_i - = s S: —_ .
|7 5 M 2) \/g\mg ,m 2>+\/;|7TL£ 0,m +2> (5.3)
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We can work out the coefficients, for example, we can work out (5.3) via (5.2). First, we apply
J_=L_+5_ to the LHS of (5.2):

3 3 . 3 1
Ji=Smi=2) = Wi+ 1) = mim = 1)l = 5,m; = 3)
3 1
And, applying to the RHS of (5.2):
. . 1 . 1 . 1
(L +S_)|mg=1,ms = 5) = L_lmy=1,ms= §> +S_|my=1,ms = 5}
1

1
= \/§h|mg =0,mg = 5) + hlmg=1,ms = —§>

Thus, equating these two:

J. = L +5
3 1 1 1
jf‘]_? :§> = \/iﬁ|mg:0,ms:f>+h|m£:1’ms:_§>
3 1 2 1 1
:>‘]_§ m]:§> = \/g’mgzo,ms > f‘mz 1 msz—§>

Which is what we had from looking up the coefficients.

6 The Hydrogen Atom

6.1 Review

The TISE for an electron in potential:

Is given by:
h?
(=5 7+ ) ¥l) = Ev(0)
Where the wavefunction ¢ (r) = v (r, 0, ¢). Now, we can show easily that the Laplacian in spherical

polars has the form:
10 0 1 .
2 2
- - L
v T r2or ( 87“) r2p2
Hence, we want to look for eigenfunctions of the form ¢ (r) = R(r)Yy m, (0, ¢).
We have that:

LYy, = UL+ 1)E2Yy 1,
Then, we have that R(r) satisfies:

B (10 ) 00+ 1)h? e?
[_Qm <r2 or < 8r>> L R 47?507”} B(r) = ER(r)
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This has all been done in previous QM courses, and we find energy eigenvalues:

Ey
En — ﬁ
Where E; = —13.6eV. n is the principal quantum number, and takes on integer values from 1 to
infinity. We have that the allowed values of ¢ are from 0 to (n — 1), and the projection of orbital
angular momentum onto the z-axis my = —¢,...,0,...,+¢.

Hence, if we try to draw an energy level diagram for Hydrogen, we start with the ground state:
n = 1. For this state, £ = 0 only. Hence, as we can have my = i%, we can have 2 electrons in the
n = 1 state, up and down.

For n = 2 we have that £ = 0,1 and hence my = —1,0,1 for the £ = 1 state only. Hence, we can
put 2 electrons into the ¢ = 0 state and 6 into £ = 1. Generally, for a given ¢, we have 2(2¢ + 1)
electrons in that state.

6.2 Spin-Orbit Coupling and Fine Structure

Classically, an electron orbiting a nucleus of charge +Ze ‘sees’ the nucleus in orbit around it: a
current loop.
This produces a magnetic field at the electron, which can be found via the Biot-Savart law to be:

I
B — Hot
2r
The current is found to be:
Zew
[=——
2

And we get w from classical angular momentum of electron: L = mewr?. Hence, putting this all

together:
Z
Hoze L

- Armers3
The nteraction energy with electrons magnetic moment is given by:

E:_gus'B

Where the % comes from a relativistic effect known as ‘Thomas Precession’, and will just have to
be accepted. Now, using p = mieS , we therefore have:

2
E—AL.§ A= MZ¢

8rm2r3
A is known as the fine structure coefficient. The Hamiltonian must now include a correction:
Hgo = AL - S

The spin-orbit correction.
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We have already seen that L-S commutes with j2, jz, f/Q, IAJZ, so the states |7, m;, ¢, s) are eigenstates
of Hgo. The spin-orbit coupling results in all states with £ # 0 being split into 2 components. One
with s aligned parallel, and one anti-parallel to L; where anti-parallel is the lowest energy state.

We can calculate the energy shifts due to the interaction Hgo = AL-S. Now, from J = L+ S, we
can right down J? = J - J, and rearrange for the L - S term. This is then done with the operators,
to give:

L.g:%(ﬁ_p_sz)
Thus:
feo — g (7 -12- )

Hence, we have that the eigenstate |j, m;, ¢, s) have eigenvalues according to:

. Ao ae N
Hsolj,mj, l;s) = §(J2—L2—52) |3, my, £, 5)

2
- ATh (7 +1) = Le+1) = s(s+1))j,my, ¢, s)

Since |j,m;, £, s) are eigenstates of Hgo, then the expectation value (7, mj,6,5|flso|j, mj,t, s) is
just:

2
GG+ 1) — 1) — s(s 4 1) (6.1

Example Suppose we have a system with £ =1, s = % This is the 2p state in hydrogen.

Now, we have that there are two possible values of j which can be made: j =/ 4 s = %, %

Thus, pictorially, we see that from some unperturbed state, we have two states, splitting. for j = %
and j = % We define the energy splitting AFE; as being measured from the unperturbed state

(centroid).
So, if we have AF; for the j = % state, we can stick our numbers into (6.1) to get:

AR? 15 3] An?
AEj=—|—-2—-| =—
T [ 4 4] 2
Similarly, for AFE, for j = %:
AEy = —AR?
So, we see that the j = % has more energy than the j = % state.

Infact, we see that the spin-orbit splitting is asymmetric. However, it is such that the energy

centroid of the 2p is ‘unchanged’. This is actually a useful check to do on such calculations:

For the j = % state, there are 4 possible m; values. Thus 4 states shifted by %712. For the j =

1
2
state, there are 2 possible m; values. Thus, the total energy shifting of all states combined should

equal zero:
AR?
= x4- AR’ x2=0
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6.2.1 Magnitude of Spin-Orbit Splitting

Now, the total energy splitting has been written in terms of Ah?, where A has previously been

derived: )
_ _ Hoc

~ 8mm2r3

Now, if we assume that r = ag, the Bohr radius, and the Rydberg energy:

2
Roo = ;47;:0@0 = 13.6eV
And writing pg = —=. Thus, a substitution and rearrangement:
2 n’ 2
ARh* = RWW = Ry«

Where we have defined the ‘fine structure constant’:
oo 1
cagme 137

Q
Il

Now, the total splitting between the very top j = % and j = % states is:

3 3
SAR? =< 002—71 s =11x1
; S Rocr 3661/1372 x 1073eV

Thus, the fine structure splitting is very small, compared with an optical transition of typlical energy
level differences =~ 2eV.

6.3 Zeeman Effect

If a magnetic field B is applied to an atom along the z-axis, then an extra term must be included
in the Hamiltonian, of the form —u - B. Thus, for a single electron-atom:

ﬁ:ffo+ﬂso+ﬁma9

Where:
N 152
Hy = — 4V ~ Ry =13.6eV
2m
Hso = AL-S~ Rya? =103V
gmag = _%(gﬁﬁz +gsSz)B ~upB = 107 4ev Tt

So, we can see that if B << 1T, then the external interaction is negligible, compared with the
internal spin-orbit coupling.

Now, we see that Hmag does not commute with J2, if g 7é gs, which is generally true.
On the other hand, HSO = L - S does not commute Wlth L, orS,.
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Therefore, eigenfunctions of H are a mixture of either sets of eigenfunctions. So, we can consider
the following cases:

Suppose that B = 0, then we can just use the eigenstates |j,m;, ¢, s).

For weak applied fields, we can use |j,m;,¢,s) as approximate eigenfunctions. J?,J, are still
constants of motion, with L and S remaining coupled together.

~

For strong magnetic fields, H,,q,y dominates, and interaction with external field is much stronger
than the internal spin-orbit interaction, and L and S precess independently about the applied field.

6.3.1 Weak Applied Field

The atomic state J ha s a composite magnetic moment made up of orbital and intrinsic spin
components. We now derive the ‘Lande g-factor’.

We may write:
Wy = g cos By + g cos b

Where py is found from the projections onto the axis, from orbital and intrinsic spin. Now, if we
think about the definition of the dot-product, of, say, the vector L along J:

L.-J

L-J=|L||J|cosy = cosby= 7

And similar for cos 6,.
Now, previously, we wrote that gy = g¢|L|up, so we can write something like g7 = ps/|J|, in units
of the Bohr-magneton. Now, we then find:

g(L-J+g,S-J)
gj = ‘J‘Q

Using an approximation g; = 2g,, we can derive:

iG+1) —W+1)+8(8+1))
2j(j+1)

ngge<1+

Thus:
Ky = 9JiHtB
Thus, in a weak magnetic field, is the energy shift:
= —p;-B
= —gsiBj- B
= —gsppm;B

Which is generally very small for small B.

48



6.3.2 Strong Applied Field

Here, we have that f[mag >> ﬁgo, so we ignore the spin-orbit coupling contribution. Hence, the

Hamiltonian is: i
A A B A~ A~
H=Hy— ?(QZLz + gsSz)B

All terms commute with L., S., L2, §2. Thus, we can find the energy shift of each state:
I:Imagw, my, s, Mms) = —pup(geme + gsms) Bl my, s, mg)

We shall define this energy shift as AFE in units of upB.

We use gy = —1, gs = —2; so, for each my, ms of the £ = 1 state, the energy shifts are (my, ms) =
AFE:
1 1 1 1 1 1
1,+2) =42 V=41 (=1,42) = 1,—2) = —)=—1 (=1,—2)=-2
(HLtg) =42 (045) =+ (-Lt3)=0 (+L,-3)=0 (0,-5)=-1 (-1,

Notice, the two middle states are degenerate.

Also, via Clebsch-Gordan coefficients, we can find that |j = %, m; = %> is a pure state, however,
the others wont be.

For intermediate fields, states may be expressed as a linear combination of either the |j,m;) or
|me, ms) set.

7 Time Independant Perturbation Theory

Suppose we have a system whose eigenstates and energies are given by:
f:foun = Egun

This we shall call our ‘unperturbed system’. We now want to consider the effect of a weak pertur-
bation of the field. For example, we could apply an external magnetic field to an atom. Now, let
our perturbation have Hamiltonian H’. Thus, let the new total Hamiltonian of the system be:

H = Hy + BH' (7.1)

We introduce 8 = 1, to keep track of first and second order terms in 8. So, the eigenvalue equation
of our new system is just:

f:f% = Enq/}n (72)

Now, let us suppose that we have some higher order corrections to the unperturbed system E°, u,,
for our perturbed system, so that we now have:

E, = EX+BE,+G%El+... (7.3)
Un Uy + Bul, + B2l + ... (7.4)
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That we have specified the perturbation is weak allows us to expand like this. Let us now compute
the shift in energy E’ due to first order purturbations. Now, inserting all expressions (7.1), (7.3),
(7.4) into (7.2) to give:

(Ho + BH") (un + Buy) = (Ep + BEy) (un + Buj,)
Where we have neglected higher order terms in 5. Expanding this out results in:
Hou, + HoBu!, + BH'u,, + BH' pu!, = E%u, + E°Bu, + BE! u, + BE. fu’,
Notice, some of these terms involve 32, so we neglect them:
Hou, + Hopu!, + BH'u, = Eu, + E°Bul, + BE uy (7.5)
Now, to zeroth-order, that is, terms that do not involve any powers of § this reads:
ﬁoun = Egun

Which is what we stated as being our unperturbed system. If we write the first order terms of (7.5),
that is, all coefficients of (3:

H'u,, + Hou!, = E%, + E' u,, (7.6)

We know that we have write u), as a linear combination of other eigenfunctions:
1
U, = U,
m

Where we have chosen to expand in terms of the basis states of the unperturbed system. Hence
(7.6) becomes:

ﬁ/un + ffo Z AUy, = Eg Z AU, + E;Lun
m m
We now multiply this expression from the left by v, and integrate over all space:
/u:LI:I/un dr + /u:iflo Z A Uy, AT = /u;Eg Z A Uy, AT + /u:‘LE;Lun dr (7.7)
We now look at each term. The second term can be writtem:
/ uflﬁo Z AmUm, AT = / uy, Z amEL iy, dr
= Yokl [
= amE,, | upum dr

= Z amEglénm

= a,E

The third term can be written similarly:

/u;Eg Z Ut AT = ap E°
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And the fourth term:
/quE,’Iun dr = E}, / wiu, dr = EI,

Hence, inserting these expressions into (7.7):
* 11/ 0o _ 0 !
/unH Uupdr +an by, = a E,+ E,
= FE, = / wl H'uy, dr
Where E! is the shift in energy due to a small perturbation with Hamiltonian H’. And we see that

uy are eigenstates of the unperturbed system.

In the weak field Zeeman effect, we calculated:

And made the assumption that wavefunctions we unchanged. We had that H' = —py - B and
up = |j,mj, 4, s).

Example The proton has a finite size, and is not a point charge, as has previously been assumed.
Lets find the energy shift of a 1s electron orbital, taking the finite size of the proton into account.

We assume that the proton charge lies on the surface of a sphere radius R = 107" m
We have that the potential V (r) due to a point charge is:

62

Vir) =- dmegr

And that for charge on a sphere radius R is constant:

2

e
Vv R)=—
(T < ) 47T60R
And for outside the sphere:
2
e
V(ir>R)=—
(r=R) 4megr

Thus, the perturbation is the difference in the two potentials. We have that, due to a point charge,

the unperturbed Hamiltonian is:
. ﬁQ 62
Hy=——
2m  dmegr

And the perturbation Hamiltonians are:

H = 0 r>R
2

H = _=© € r<R

dmegr ~ 4meoR

Therefore, we have that the energy shift AE, Ej, of the 1s state is:
AE = / W H'dr
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The non-zero contribution is hence:

R 2
1 1
/0 [l 4meq (T R) mrear

Now, the wavefunction for the 1s state is:

r
VP = e/
en

Now, here, we note that R << ag, hence:

1

3
Tag

Y]? ~
Therefore:
4 2 R 2

AE = L:,) / r—dr
dregmag Jo R

4de?  R?

47r507mg 6
R2%e2
67?5()(18

We look at this in terms of the unperturbed energy:

1 €2
Eys=R. = =
0 o 2 471'50(1()
Hence:
AE 4R?
E() N 3 a%
If ag = 0.5 x 107%m and R = 10~ m, then:
AE
— =5x10""
E,

Which is very small! Thus, we have calculated what the energy shift due to the correction of the
proton being a sphere, as opposed to a point-like particle is, in the Hydrogen atom. For higher mass
atoms, the nuclear radius gets bigger as R ~ 1.3A/3.

Some lasers have a precision % of about 10719, Therefore, this shift can actually be measured

using laser spectroscopy.
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A Dirac Notation and Vectors

There is a very strong analogy between expressing an eigenfunction in terms of basis functions with
expressing a vector in terms of basis vectors. Lets discuss vectors first:

A.1 Basis Vectors

Suppose we have the column vector:
a
v=| 0
c

Then this only has meaning if we express it in terms of some basis; it is a along a particular direction,
b, c along others. In Cartesian coordinates, we use the unit vectors ¢, j, k. Better notation for a
general unit vector is e;, where in the Cartesian system, i = x,y, 2. Now, a unit vector, as implied
by the name, has length one (that is e; - e; = 1). We thus write a vector as being composed in
various amounts of different basis vectors.

Infact, its fair to say that we must define all of our basis vectors in some way:

1 0 0
ez=|( 0 ey = 1 e,=10
0 0 1

We see that the above unit vectors have the property of being orthonormal: e; - €; = d;;; all have
length one, and are at ‘right angles’ to each other. Note, when multiplying vectors in this way, we
actually take the complex conjugate transpose of the ‘e;’ vector, before multiplication. That we
take the complex conjugate is important in the subsequent discussion in eigenfunctions.

Thus, when we write a vector in the form v = ai + bj + ck, this is (in the previous notation) just:

v = ae; + bey + ce;

Then is it equivalent to writing it as:

1 0 0
v = a|l 0 |+b] 1 | 4+¢c| O
0 0 1
a 0 0
= O]+ b ]|+ 0
0 0
a
= b

Which is back to our original vector. Thus, in a very non-rigourous fashion, we have introduced that
a vector can be written in terms of some fundamental basis vector. We say that the basis vectors
have unit length. This discussion does not (and was not intended to) form a complete definition of
basis vectors, more to give an insight into the analogy with the next section:



A.2 Basis Eigenvectors

Now, the wavefunction v can be written in terms of a linear superposition of other wavefunctions
(eigenfunctions) ¢;:
Y =a1¢1 + a2 +agps + . ..

Now, we shall consider the case where we have a finite number of eigenfunctions to expand into.
There can be an infinite amount, but then things become very complicated!

Now, we make the connection with the previous section: We are expanding a wavefunction in terms
of basis eigenfunctions. In the previous section, where we had e;, we now have |¢;). Just as e; had
unit length and defined a particular direction, so |¢;) defines a ‘particular direction’, and has unit
length.

A.2.1 Spin Angular Momentum

Making the connection with the ‘intrinsic spin’ parts of the QM course, we have that the state «
represents a spin ‘up’ —|—%h, and ( spin ‘down’ —%h along the z-axis. That we use the z-axis is very
important. We are basically using ms to label basis states. We use these as basis functions for spin

systems:
(o) o=(7)

Now, these can be derived from finding the matrix representation for such a spin system, but they
require other definitions which kind of make the argument self-sufficient, so I may as well just state
the above basis functions as being definitions, to aid the connection with basis vectors.

Just as we can make a vector have stretch different amounts along different basis vectors, a spin
can have components in different directions:

x = Aa + Bj
Now, Dirac notation lets us represent «, G as kets:

a = () =lah=lm.=+zn

5= (1) =18 =lm =5

Where I have now made the transition into specifying the value of the quantum number ms. Note,
ms = m, = S,; where care must be taken in ensuring that the difference between spin and orbital
angular momentum quantum numbers is noted when relevant.

Now, our spin ‘vector’ x can then be represented as:

x = Ala) + B|f)

Now, this is fine for the above states, as they are just looking at spins along the z-direction. Suppose
we have a spin —i—%h along the z-direction. How do we write this in terms of eigenfunctions (basis

1I



vectors) of the above basis? The question we are asking is ‘what is the projection of my spin onto
the basis vectors?’.

I have not gone into formulating the matrix representation of spins here, but in the formulation of
the matrix representation of the S, operator, [S;], we use eigenfunctions of S,: the «, 3 states; and
ladder operators. We find the following matrxix:

1 01
5] = 3h ( 10 >
We find eigenvectors of this matrix to be:
a1
ay = ——
V2 \1
1 1
- = 5(4)

Note, there are eigenvalues :t%h for this operator, where o, refers to —i—%h, and equivalent for G,.
Now, let us expand a, in terms of its basis vectors:

()
1

V2

1 1
= \ﬁ‘@ + ﬁ’m

1 1 1 1
= ﬁ|mz +5h) + \ﬁ‘mz 51

Thus, what we see is that a spin —i—%h along the z-direction can be decomposed into an amount %

along both the m, = i%h directions: spins in the z-direction.
Note, we can write oy = |[mg = +41h); so that:

1 1
——|m, = —~h
V2= e

We can start to see how the eigenfunctions of spin in the z-direction are being used in the exact
same way as basis vectors along the x,y, z-directions are used in a Cartesian coordinate system.

o= (1)
(

= +-h) +

We do this similarly for 3,:

1 1
= 50
1 1 1 1
= —my,=4+=-h)— —=|m,=—=h
1 1 1 1 1
=|myg=—-h) = —m,=+-h)— —=|m,=—=h



Suppose we know that the eigenvector of the matrix [S,], corresponding to an eigenvalue m, = —%h

: we ()

Then we can immediately decompose it into ‘amounts of spin’ in terms of the eigenfunctions in the

z-direction:
1 1
w= 5(5)

= valo) ()
1 1 o1
= ﬁ|mzz+*h>—lﬁ’mz:

This is now basically impossible to visualise in our classical picture of spin creeping onto other
directions by a certain amount: there is a complex component to the projection.

1

2 2

A.2.2 Orbital Angular Momentum

This works in the exact same way as for intrinsic spin angular momentum; except that we work in
terms of the basis of eigenfunctions of the L, operator: m,.

We shall work in terms of spin-1 systems, so that there are 3 basis eigenfunctions:

1 0 0
Im, =4+1)= | 0 m, =0)= | 1 lm,=-1)=1 0
0 0 1

Now, suppose we know that an eigenfunction of the [L,] operator, corresponding to an eigenvalue
my = +1 is:

1 1
’mz:+1>:* \/§
2 1

Then we can immediately decompose this:

1 1
me =+1) = = | V2
2
1
1 0 0
1 2 1
0 0 1

V2 1

1 2
= glme=+1) + —-|m; = 0) + S|m; = ~1)

Note, I have not said anywhere how to find the eigenvectors of a matrix, that is for the next section!
I have also been pretty lax in terms of &’s; but hopefully the main ideas of what a basis vector is,
or analogous to, has come across.
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The final thing, is that a bra (¢| has the analogy of being the complex conjugate transpose of the
ket |¢). So, we can write both:

@) =1{ b (9] = (a”, 07, ¢")

In this way, if the above ket is normalised, then we should have that (¢|¢) = 1, which we see is the
case if we multiply the above two matrices together.



B Finding Eigenvalues/Vectors For [L,]|, Spin 1

Now, we have the matrix representation of L, for spin-1 particles, in the basis of eigenfunctions of
L. This is:

5 010
[Ly)=—%| 1 0 1
V2 010
We find eigenvalues A by solving the determinant:
0—X B/V2 0
h/V2 0—X R/V2|=0
0 h/V2 0-)

That is, solving the cubic:

ole-5]-50) -

3 h?
—3 —_— —_— =
= )\+2)\+2)\ 0
= AM=MN+1rY) = 0

Hence, we see 3 solutions of the cubic: 3 eigenvalues of [L,]:

A = —h
A = 0
A3 = +h

Now, to find the eigenvectors of [L,], we must solve:

0 h/V2 0 a
R/V2 0 h/V2 b | =X
0 h/\/§ 0 c

For each eigenvalue. Expanding this out, and collecting terms, results in:
“Xa+bh/V2 = 0

ah/V2+ch/V2 = 0
bh/V2—Xe = 0

S Q

So, for Ay = 0, we have:

bh/V2 = 0=b=0
ah/V2+ch/V2 = 0=a=—c
bh/V2 = 0=b=0

Therefore, the (un-normalised) eigenvector corresponding to the eigenvalue Ay = 0 is:



To normalise this, we require that v3 = 1. We can do this by saying that there is some constant
infront of vy that makes it normalised. So:

1
z(1,0,—)z | 0 = 22(1+1)
-1
= 222
=1
1
=5 = —

V2

Therefore, the normalised eigenvector corresponding to eigenvalue Ao = 0 is:

For the eigenvalue A3 = +h, we have the system:

—ah+bh/V2 = 0=a=0b/V2
ah/V24+ch/V2 = 0=>a=c
bh/V2—ch = 0=>b=cV2

Hence, we see that the un-normalised eigenvector is:

a 1
= \/i = ’Ué
1
Again, to normalise this:
1
22(1,v2,1) | V2 = 22(1+2+1)
1
= 4a?
=1
. = 1
YT

Thus, the normalised eigenvector, corresponding to the eigenvalue vj is:

1 1
V3 = < \/5
2
1
If we do the same thing for the A\; = —h, then we get a normalised eigenvector:
1 -1
v = — \/§
2 -1
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So, we have the states, in terms of eigenfunctions of L. for a spin-1 particle:

[ 2 1 ! (!
|me = —1h) = = | V2 |my = 0h) = — 0 Ime = +18) = = | V2
2 V2 2
-1 -1 1
So, if we want to expand one of these in terms of |m.):
1 -1
me = —10) = = | V2
2
-1
= o)z ()
2\ o 2\o) 2\1
1 V2 1
= —§|mz =1+ 7\”% =0) - §|mz =-1)
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