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Abstract

These are a set of notes I have made, based on lectures given by R.Jones at the University of
Manchester Jan-June ’08. Please e-mail me with any comments/corrections: jap@watering.co.uk.
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1 Linear Algebra & Introduction

This section just lays some of the groundwork & very brief mathematical framework for some of
the things we will be using.

1.1 Basis Vectors

Suppose we define a set of vectors, such that:
€; - ej = 5ij

That is, they are of length one (normal), and are orthogonal (at ‘right angles’) to each other. Hence,
we have a set of orthonormal basis vectors. The cartesian basis vectors are:

e1 =(1,0,0) ex=(0,1,0) e3=1(0,0,1)
Using this basis, we are able to write vectors in terms of the basis. We use the equivalent notation:
x = T1€1 + T2e + r3€3 = (71, T2, 23) = Ti€;

Where the last line has used the Einstein summation convention of implied summations for repeated
indices. We will come back to this later, when discussing tensors in relativistic electrodynamics.

1.2 Rotations & Matrices

In the subsequent discussion, I will be being sloppy with notation, and write the vector « as .

Let us write down the operation of some matrix M on a vector x, giving us some new vector z’:

/
M11 M12 M13 1 Ty
/
M21 M22 M23 T2 = Ty
/
M31 M32 M33 T3 :173
_ /
Mijxj = Iy

The final line M;jz; = «} is the index notation for matrix multiplication. The indices refer to
individual components, irrespective of the basis used.
Now, the transpose of the matrix M is:

T _ .
M;; = M;
Notice then, that if:
Tl
z=| x9
€T3
Then:
I CL‘% 1Ty T1X3
T 2 2
e =1 = (r1,22,23) | x2 | = | wow1 25 wous

T3 T3T1 T3T2 T3
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If a set of basis vectors e; are rotated to some new orientation e}, then the components of the
vectors in the primed system (new ones) are related to those in the unprimed system (old ones) by
' = Rz, or:

a;; = Rijfl'j
Where we have that R;; = €} - e;, the angle between bases in the primed and unprimed frame. The
cosines between the two frames. For a rotation about the z-axis, this looks like:

cosf sinf O
R= —sinf@ cosf 0
0 0 1

The inverse of R obviously has elements e; - e;-; which is just the transpose of R. Thus, R~! = RT.
This sort of matrix is said to be orthogonal. Hence, orthogonal transformations preserve lengths
and orientations of vectors within. This is equivalent to -y = «’ - y’. This will become very
important in our discussion on relativistic electrodynamics; in the invariance of quantities.

It is important that the distinction between the rotation matrix, R, and the operator M is under-
stood.
Suppose we had that = is operated upon by some operator M, to give y:

y=Mx

Now, suppose we want to find the equivalent in the primed frame. So, let us rotate y, via some
rotation matrix:
y' =Ry
Putting our expression for y in:
vy = R(Mx)
Now, a rotation followed by its inverse does nothing; its like saying, rotate by 90° and back again.
Thus, RTR = 1 (essentially). Hence, if we put this factor in, nothing is changed:

y' = R(MRT Rx)

Let us collect the terms:
y' = RMR" (Rzx)

Now, the effect of x by rotation operator R is Rx = z’. Hence:

y = RMRTa/
Now, we also know that in the primed frame, transformations can still happen:
y/ — M/x/
So, upon comparison:
M’ = RMR"

Hence, we have an expression for the operator M in the primed frame. In index notation this is:
M]; = RiMuR]; = Ry RjiMy

Where in the first equality we wrote down the operation, in a way conducive to matrix multiplication;
then used the transposed matrix element, and rearranged. The rearranged expression does not
represent matrix multiplication. Infact, it is a prototype for how a cartesian tensor, of second rank,
transforms.
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1.2.1 Tensors

This is an impressively brief introduction to these objects!

A cartesian tensor is a some Tj;z; which transforms via:
/
abed = RaiRpj Bk Ry Tiji

This is for a rank-4 tensor. Notice where the indices are in the rotation matrices R;;. The tensor
T’ can be thought of as the ‘image’ of T, after the set of transformations given by the rotation
matrices R.

As another example, consider a rank-1 tensor: a vector. It will transform via:

Tglz = RaiT%
A matrix, which is a rank-2 tensor will then transform via:
ab = Rai Ry Tij

Which is what we saw in the previous section: how an operator M transformed.
It is easy to see how this generalises to a rank-n tensor.

We shall have a more complete discussion on tensors when we start to use them & their transfor-
mation properties. In the present discussion, we have not made a distinction between tensors in
different spaces (as we shall do later).

The salient points to take away from this is that a tensor (which is a set of quantities T") transforms
under a given set of rules (where the transformation has been denoted R here). That is, for a
general rank-n tensor, it must transform like:

T, = Rayby Raygby - - - Raynbn Loyby. by,

ajaz...an

This will become clearer when we use them.

1.3 Brief Note on Important Vector Equations

The ‘curl’ of a vector is the measure of how much it ‘rotates’. That is, something that has linear
field lines, which just stretch off to infinity has no curl.

The ‘div’ of a vector is a measure of the divergence of a field from a source. The divergence of the
magnetic field is zero - no magnetic monopoles.

The div grad = V - V¢ = V2¢.

The divergence of a curl of a vector field is zero. This can be visualised, as well as mathematically
proved, as the curl gives you a field which is ‘going round in circles’, which will have no ‘radial’
component; hence its divergence is zero:

V- (Vxv)=0

/VdeS:]{V-dE
s ¢

Stokes theorem:
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That is, the measure of how many field lines pass through a closed path, enclosing a surface.

/V-VdV:/V-dS
\%4 S

That is, the measure of flux of field lines, through a surface enclosing some volume within which
the field exists.

Divergence theorem:

We will be making extensive use of the following:

R T
= —

7]

We shall try to be consistent with the notation that |r| is the magnitude of the vector r, and that
7 is a unit vector in the direction of r.
It is easy to derive various relations, but one that we use a lot is:

1 T r
vf = —-— = ———
R TR e

Where r = 21 + yj + zk, MZT:\/W-

It is very useful to note that dot-products commute. That is:
a-b=b-a
And also that cross-products anti-commute:

axb=-bxa

1.3.1 TImportant Electrodynamics Equations

Most of these will be derived, or used at some point; but this is just a recap.

Maxwell’s equations:

v E=" V- -B=0 (1.1)

€0

B
VXE:_%t VXBZM()J-}-M()&()%*? (1.2)

In matter, these take on the following form:

V-D=p; V-B=0 (1.3)
0B oD

Where we have used the following definitions:
D = gE+ P (1.5)

H = —B-M (1.6)
Ho
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However, in linear media, these simplify to D = ¢FE and H = iB : Where € = ¢pe,., and similar for
the permeability.

The Lorentz force law:

F =¢(E+vxB) (1.7)
The Poynting vector:
1
P=_"(ExB) (1.8)
Ho

Not to be confused with the polarisation vector above!
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2 Electromagnetic Field Equations

2.1 Maxwell’s Equations

Let us start with Coulomb’s law: the force between two point charges.
Let us have two charges q1, g2, a distance d apart, then, the force between the two is given by:

1 quge

Fpp| = — %=
| 12| 47T€0 d2

The factor of 47350 is purely due to the SI units system used, and will give the field in units Vm™!.
We can calculate the electric field at the site of some test charge giest, due to some charge g. This
can be done for both a point charge ¢, and some continuous body of charge. We consider both

below.

2.1.1 Electric Field Due to Point and Continuous Charges

Z tesé

Figure 1: Setup for both point charge (a) and some continuous distribution of charge (b). Note, in
both cases, the observation point is at 7, and the charge of interest is at r’.

Consider the setup in Fig (a), for a point charge. The electric field at some position r (that is,
at the position of the test charge g.st), due to a point charge ¢, at ’, is given by:

F
E(r) =
Qtest
1 q
= —_———C_
dreg e —r/| T
Where e,_,s is the unit vector between r and r’. This is obviously just e,_,» = ;::ﬁ‘, their

separation, divided by the magnitude of their separation. Hence,

1 gq(r—1)
Br)=-—2""")
(r) dmeg |r — 7|3
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Now, suppose we have a continuous distribution of charge, as in Fig (b) Let us have a continuous
distribution p(r’). So, our ‘total charge’ ¢, which we used before, must now be substituted for an
integral over the volume of the charge distribution. Hence, the total charge is [ p(r’) d3r'. Thus,
the electric field at the position of the test charge (i.e. at the observation point P) is:

B(r) = — / p(r’)|(r_r/)d3r/ (2.1)

" 4meg r—r3

The integral will sweep over the distribution, picking up the little contributions from each ‘bit of
charge’ (which sounds like a contradiction for a continuous distribution, but its a useful way to
think about it).

Now, from vector calculus, we can derive the relation:

1 r—r

\%

|r — 7| :_\r—r’\3

Hence, we can compare this with (2.1), and substitute in:

E(r) = ! V/p(r’) ! d>r’

~ 4meg lr — /|

= —Vo(r)

Where we are now in a position to define the scalar static potential:

o(r) = — / p(r) —— ¥’ (2.2)

- 4reg |r — /|

Thus:
E(r) = -Vg¢(r) (2.3)

Hence, by Gauss’ law (which we will come to shortly), we have that V - E = %. Thus, using the
above:

V. E=-V.Vp=2L
€0

Which is just:

20 _ P
Vio=-= (2.4)

That is: Poissons equation. It is important to note (for subsequent discussions) that the expression
E = —V¢ only holds for electrostatic fields. That is, ones for which the charge is at rest. Thus, the
above poission equation also only holds for static fields. We shall come to time-varying fields later.

2.1.2 Gauss’ Law

Suppose we compute the integral over the (closed) surface containing some volume of charge density:

1
j{ E-dS=— [ p(r)d®r (2.5)
s €0 Jv
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This is known as the integral version of Gauss’ law. By the divergence theorem, we are able to write
the LHS surface integral as a volume integral of the divergence of E. We can then make the two
(arbitrary) volumes on either side the same, leaving us with Maxwell’s 15! equation, by equating
the integrands:

v E="' (2.6)

This holds true for time varying and electrostatic fields.

Example Suppose we have an infinite rod, which carries a line-charge density A\ (the rod is also
infinitely thin). Let us compute the electric field associated with such a system.

Let us choose our surface (i.e we are using the integral version of Gauss’ law ) to be a cylinder of
length ¢, radius r enclosing the rod. Hence, the LHS of (2.5) is:

j{ E-dS = E.2nr{
S

Where we have noted that all other possible components of the electric field will be parallel to the
surface, and will hence not contribute to the surface integral. The RHS of ({2.5)) is just:

1 1
— | p(r) dr = —e\

o Jv €0
Where we have used that the charge per unit length A will carry a charge of e, hence the total
charge along the rod is its charge density multiplied by its length £. Note, we have assigned a length
£ to an infinite rod, but this isnt too much of a problem, as they cancel. Hence, equating the two
sides:

1
E2nrl = —eM

€0

A
=B = —

2megr

We have hence computed the (radial) electric field at a distance r away from an infinite rod, with
charge per unit length .
Let us now consider a rod of radius a. We now have:

1
E2mrl = — /Apvdﬁ
€0

Now, the terms in the integral on the RHS: py is the volume charge density; which is just equal to
the line charge density divided by the area in which the charge resides: py = 2%. A is the area

e
Ta?
over which we are looking: that we have constructed our cylinder: A = wr2. Hence:

1
E.27rl = /7T7”2)\62d€
€0 ma

Which is just:
1 72
E.2nrl = ——2)\65
o a
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That is, the field (which is radial) due to a rod of infinite length, but finite radius a is given by:

By(r) = i rie

= r<a
€0 27ra2

We shall now discuss the magnetic vector potential, and use it to derive (by analogy) the Biot-Savart
law.

2.1.3 Magnetic Vector Potential

Now, from the Maxwell equation which states V - B = 0 (i.e. no magnetic monopoles), we are able
(via standard vector analysis) to define some vector A that B is the curl of, as the divergence of
the curl is zero. That is:

B=VxA (2.7)

So that:
V-B=V-VxA=0

Which, as was previously stated, is satisfied by standard vector analysis; and can be verified easily.
Now, another Maxwell equation (only for static fields) reads:
VxB= ,qu

Where J is the current density, which is the charge crossing per unit area per unit time. So,
inserting our expression for the magnetic vector potential:

V XV xA=pugJ
Which, again by a standard vector identity, can be written:
V(V-A)— VA = poJ

Now, we use what we will call the Coulomb gauge, which is the statement that V- A = 0. Hence,
under the Coulomb gauge, the above becomes:

VZA = —pod (2.8)

L

This is the vector form of Poissons equation: i.e. analogous to VZ¢ = — -

Magnetic flux is just the surface integral of the magnetic field:

@:/B-dS
S

Which, by using the magnetic vector potential, is:
¢ = / VxA-dS
S
Now, we can apply Stokes theorem to give us:
= fA - de (2.9)
4

So, we have the interpretation that magnetic flux through an area is the same as the line integral
of the mangnetic field vector over the line enclosing the surface.
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2.1.4 Biot-Savart Law

We shall derive the Biot-Savart law by analogy. Recall that we could find the electric field vector
from the scalar potential; so, let us suppose that we could find the magnetic field from the magnetic
vector potential. Also, by analogy, let us suppose that the vector potential may be found in the

same form as the scalar potential:
av
A:W/J
47 |T12|

Where 715 = r — 7’ is the vector from the current loop carrying J to the observation point P. The
different factor out-front is due to convention in wanting a specific set of units. Now, suppose that

-

lest 1 <

9!

b

o

o)

Figure 2: How things are defined in the Biot-Savart law. The integral will sweep over the current
loop ¢, picking up all its contributions.

we consider the loop of current to be a thin wire element, where the wire has cross-section S (which
doesn’t vary). So, we see that dV = Sdf. Hence:

JdV = JSdl = i.de

Where i, is the charge flow per unit time. df¢ is the line-element. So now, our integral will sweep
over all the conributions from each line element to a field at some observation point. So, we have
that:

_ Hole de
47 ¢ |’I‘12|
Now, we know that we may find B via B =V x A. Thus:

_ Olc%v
|7’12|

V x (av) = aV x v+ (Va) x v

Again, we call upon a vector identity:

Where we have identified |r12| as the scalar. Hence:

B_M%{% VXM+V<]'>xﬂ]
|7 12] |r12]
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It is pretty trivial to show that the first term is zero: if one does the cross product, one finds it to
be zero. We have also shown that:
1 7
v ( ) _ e
[712] [712]

Where 719 is the unit vector from the current loop to the observation point. We then swop the

order of the cross-products, noting that a x b = —b x a; resulting in:
B — Hote j[ dl x 712
47‘(‘ |’l“12|2
_ Molc ?{ dl x ri9
N 47 ‘7‘12‘3

Hence, we have the Biot-Savart law:

B =

Hote % aé x rio

2.10
47 |’I“12|3 ( )

Which finds the magnetic field at a point, from a vector going from the current loop to the obser-
vation point. The integral sweeps around the loop, picking up all contributions as it does. We will
sometimes use the Biot-Savart law in the following form:

IB — Hote Al X 112

A7 |’I"12|3

To be a little more consistent, supose that the current loop is at v’ and the observer at r (relative
to some origin O), then the Biot-Savart law reads:

 poie d X (r — 1)

dB(r) A7 |r —7/)3

2.1.5 Using the Biot-Savart Law

Magnetic Field from a Current Loop Suppose we have a current I going round a loop, of
radius r. Suppose that the current is going clock-wise, and that we have a coordinate system centred
on r = 0, with the # direction pointing radially out from the centre, and the 2 direction directly
out of the page.

Let us compute the magnetic field at the origin. That is, compute B(0); when the current loop is
at v’ = rr.



2.1 Maxwell’s Equations
So:
dB(r)

= dB(0)

= df x (—r')

= dB(0)

= B(0)

=B

13

tote dl x (r — ')
A7 |r —7r')3
NOI dl x (—’I’,)
E ‘ _ 7,/’3
|de|| — 7’|z
dlrz
dlrz

wol dér |
Ir

,uoI dl ~
4 ,r2”
wol 27r
Ar 2 °
Hol

2r

Thus, we have found the magnetic field due to a single loop of wire, carrying current I, at the origin.
If the current loop has N (tight) turns, this modifies to:

Npol
B— Ko

2r
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Magnetic Field due to a Long Straight Wire See Fig to see how we have defined things.
So, we have line element d¢ = dx.

6

N
RN
-—

=

T

al —_— %

Figure 3: The setup for the magnetic field due to a long thin wire. The wire goes off in either
direction to +oo. The observer is at P, a vertical distance a from the wire. The wire carries a
current I. The vector r goes from the wire to P, along the 7 direction.

pol de x 7
dB(r) = 1 TP

Let us look at the magnitude of the magnetic field.
So, we first see that:

|d€ x 7| = |d€||7|sind
= dxsinf
We also see that |r|? = 2. Now, by basic trigonometry:

a

sin 6
Hence, let us put all this back into the Biot-Savart expression:
pol |de x 7|
A7 |r|?

pol dxsin 0 sin® 0
_

dB =

4 a
i3
ol sin® 0

 4r a? de

Now, to make this easier to integrate, let us put x in terms of . We see that:

a a
TS Tane T e

So, putting this all in:
dB = ZL] sin 0 df

ma
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We must integrate from 6 = 0 — 7. Hence:

B:’MLI sin@d@z'ui]

ma Jo 2ma

Thus, we have found the magnetic field due to a long thin, straight wire, at a distance a from it.

2.1.6 Magnetic Force Between two Parallel Wires

Now, we have just computed that a wire carrying a current generates a magnetic field. We also
know that a charge will feel a force in the presence of a magnetic field. Thus, a wire carrying a
current will feel a force in a magnetic field.

Thus, two wires carrying a current will exert forces on each other.

Suppose we have two wires, 1 & 2, carrying currents of Iy, Is a distance a from each other. Now,
the magnetic field a distance a from wire 2 is given by:

ol

By =
2 2ma

The force felt on a wire, in a magnetic field, if the wire carries a charge ¢ at velocity v is given by:
F =q(vx B)

Or, in terms of magnitudes F' = quB. Now, qu = I{¢. Hence, the force on wire 1, due to the
magnetic field generated by wire 2 is:

plils
= L

2ma
Where /; is the length of wire i. Similarly, the force felt on wire 2, due to the field generated by 1
is:

Fy 1

_ ply 1o

Fy = 4y
21a
Which is the same. Hence, the force per unit length is:
F o Mflfg
¢ 2ma

So, if the magnitude of the force per unit length between two parallel wires carrying identical
currents, and are separated by 1m, is 2 x 107N /m, then the current in each wire is 1A.
This is the definition of the Ampere.

The definition of the Coulomb is similar: If a current of 1A is passing though a wire, then 1C of
charge passes a surface in 1s.

2.1.7 Amperes Law

Consider a closed loop ¢ enclosing some surface S; where there is a total current I through the
surface S. Then, Amperes law is:

fB-df:uo/J-ds (2.11)
l S
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Using Stoke’s theorem, we get:
V x B = uod (2.12)

Note, this is only true for static fields. So, consider the following:
Charge conservation is the statement that the rate of flow of current density plus the rate of change
of charge density is zero. That is, charge continuity:

dp
R 2.1
VTt =0 (2.13)

Now, as it stands, Amperes law (2.12]) does not satisfy the above. So, finding the divergence of
[£12) gives:

V.-VxB=uV-J

The LHS is zero, by vector identities. Hence, we have that V - J = 0. Clearly, by (2.13)), this

is only true if % = 0; which is not generally the case. That is, we have thus far only found a

static-equation. Let us consider the time varying equation, which we suppose to be:

OFE
V x B = upgd + /«40505 (2.14)

Taking the divergence of this:

oV -E
V- VxB = MOV‘J+NO5OV677§
1 9p
0 = v-J ——
= Ho +M060506t
dp

Where we have used Gauss’ law. Hence, our modified time-varying version of Amperes law is
consistent with the continuity equation.

2.1.8 Faradays Law

This is the statement that the rate of change of a magnetic field through some surface S generates
an electric field (an EMF) in a loop ¢ enclosing the surface. That is:

—8/B-dssz-de (2.15)

Using Stokes’ theorem results in the differential form:

OB
VxE=-"7" (2.16)



2.2 Maxwell’s Equations in Materials

2.1.9 Summary of Maxwell’s Equations in Vacuum

v-E =2
€0
V-B = 0
oB
E = -2
V x o
oFE
VxB = pugd + poeo

ot

2.2 Maxwell’s Equations in Materials

Here we consider what happens to electric and magnetic fields if we put them in materials.

2.2.1 Dielectrics

This is for materials in electric fields.

17

(2.19)

(2.20)

We consider the effect of charges induced in a material, when placed in an electric field. Consider
that there is a free charge density pfr.. and induced charge density p;n,q. Then, the total charge

density is just p = pfree + pina. Hence, Gauss’ law becomes:

1

V.-E=—
€0

(pfree + pind)

Note, the induced charges only exist within the material!
If pijng = —V - P, where P is the polarisation; so that the above easily becomes:

V- (20E + P) = pyrec
To tidy this up, let us define the electric displcement vector:
D=¢gE+P
So, we have the form of Gauss’ law in materials:

V’D:pfree

(2.21)

(2.22)

We also say that P = eoxgE; where xg is the electrical susceptibility, which may be a tensor,

depending on the medium. In linear media only, we say that:
D = (1+xg)eoE =¢e,e0F

Where ¢, is the relative permitivity for linear media only.
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2.2.2 Diamagnetics

This is for materials in a magentic field, such as in a solenoid.

Let us initially consider the non-time-varying version of Amperes law; i.e. that %—]f = 0. Also, as in
dielectrics, we have that the total current density is the sum of free and induced current densities.
Thus:

VX B= NO(Jfree + Jind)

Also analogously, let J;,q = V x M, where M is the magentisation. Hence, the above easily
becomes:
V x (B - ,UOM) = MOJfTee

Again, let us clean up the above, by dividing through by pg, and collecting terms into:

VxH= Jfree

Where: )
H=—B-M

Ko

Which we call the magnetic intensity.
Again, we also say that M = yg H, where g is the magnetic susceptibility. Therefore:

B = po(H + M) = po(1 + xu)H = popr H

It is fairly easy to put the time-varying component back in, to see that:

Vx H = Jpee + %—? (2.23)

2.2.3 Summary of Maxwell’s Equations in Materials

VD = ppree (2.24)
V-B = 0 (2.25)
0B
E = —— 2.2
V x B (2.26)
D
VxH = Jpee+ aa—t (2.27)

2.2.4 Fields Across Boundaries

Consider the new Gauss’ law, which we can put into integral form easily, using the divergence

theorem:
/D -dS :/ pdV
S \%

Where we have dropped the subscript from the charge density.
Now, consider the surface S to be a box; so that it encloses a volume V', half of which is in medium
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1, and the other part in medium 2. The normal unit vector n points into medium 1. So, the integral
on the LHS is just:

/D~dS—D1‘ﬁ,—D2-ﬁ,
S
These then become only components perpendicular to the boundary (that is, parallel to the direction
of the normal), which we denote D;, . Thus, noting that the above is just equal to the surface charge
density:

D1y — Doy = ps
That is, D is discontinuous at boundaries if ps # 0; that is, a discontinuity due to free charges.

In a similar way, consider a small loop, crossing the boundary. The work done by the electric field
in taking a small charge in the closed loop is zero. That is:

fE-dEz()

Eyyy—=FEyy =0

We find that:

That is, the electric field is always continuous across boundaries.

2.3 Potentials & Gauge Invariance

Let us consider Faraday’s law:
0
VxE=—-—B
. ot

Now, we have already introduced the magnetic vector potential B = V x A, so that the above
becomes:

0
E=—-2(VxA
V x at(Vx )

Now, we know that curl grad is zero. That is, for some scalar x, V x Vx = 0. So, by adding some
Vx onto A, we would not ‘notice’ the change to B. So, let us write:

A— A+ Vy
Now, taking a step backwards again, we have (from above) that Faradays law can be written:
0A
\% E+—|=0 2.28
X < + 5 ) (2.28)
So, let us change E so that the above is still valid. So, let us try:
0A
E=-V¢— — 2.29
o (229)

So, let us just check that if we choose (2.29)), (2.28]) is still valid:

0A 0A 0A
VX<E+8t) = VX<_V¢_6t+8t>
= -V xVo¢

= 0
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Thus, our choice in (2.29) has not altered (2.28). Let us see what (2.29) has done to Gauss law:

V-E = v-(—w—aA)

ot
oV -A
2
= V¢ ot
_ P
€0
ov - A p
2 - _~
=V + 5 = o

This is a coupled wave equation, in both fields ¢ and A, driven by charge density p.

Now, using Amperes law:

1 0F
B - o T~
V X ,LL()J—G— 2 Ot

Where we have used that ¢ = ﬁ. Noting that B=V x A

1 0F
VXVXA—M(]J—F?E

Using a vector identity:

VxVxA = V(V-A)-V?A
1 0F
- Tt a

Now, inserting our choice for E (2.29)):

A VA — 10 ( g, 04
V(V-A)-V°A = pod + 25 Vo BT
, . 18%A 1 96

Now, a massive simplification comes when we employ the Lorentz Gauge:

1 0¢
A4+ 2= 2.30
VoAt S5 (2.30)
Then, we are just left with:
1 0%°A
2
A— ——— = —
=V c2 ot? HoJ
That is:
1 02
Vi S A = —pgJ 2.31
= < C2 8t2> Ho ( )

Which is just a wave equation, which is generated by J. Notice that this is decoupled; in contrast
to the above driven by p.
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Basically, as we have that B = V x A and E = —V¢, we can change A and ¢ up to the point
that they dont change E, B. That is, we can make the transformations:

A=A+ Vy (2.32)
ox
/ — —_
¢ = T (2.33)

Where x is some arbitrary scalar function. Let us now see that we can indeed do this. The criteria
we must satisfy is that by changing the potentials, we do not affect the fields.

So, for the magentic field:
B = VxA

= VXA+VxXxVy
= VxA

Where the final term is zero as the curl of the gradient of a field is zero. Thus, we see that B is
invariant under the transformation.

Starting with Faradays law, i.e. V x E = —%B , and inserting our transformed vector potential,
we end up with:
0A
Vx| E+—|=0
(%)

Which we have already shown. Now, we know that £ = —V¢ — %. So, let us suppose that we can
transform our potentials somewhat:

0A'
E = V¢ -
Ve ot
0
/
= V¢ —=(A
V¢ — 5 (A+Vy)
ox 0A
_ / A 2
B v<¢+0t> ot

Where, thus far, we have only used the relation between transformed & untransformed vector
potential. We shall now find out how the scalar potential changes. Now, let:

ox

— / _v
Hence, the transformed potential is:

Ix

/ - =

So everything is consistent, as we see that the above E-field is then unchanged.

We have introduced the Lorentz gauge, which is applicable to time-varying fields; whereas the
previous Coulomb gauge is only to be used on static fields.

Let us have a small mathematical diversion.
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2.4 The Dirac-6 Function & Green Functions

These are very useful for dealing with point charges, or infinitely thin sources.

The Dirac-6 function is defined by:
/ F@)d(x — ') dz = [(2) (2.34)

Notice, it can be used to pick up a single value of a function. One may think about this in the
following way: the integral sweeps over the z-space, but the d-function will only return a non-zero
value when z = 2/. Hence, it will return that value of any function within the integral.

And has the property that is has unit area:

/]5@—ﬂww=1
In 3D, we have:
Br—r) =0z —a2")o(y —y)o(z—2)

So, analogously:

/f(r)53(r —r)d*r = f(r') (2.35)

Let us consider the delta function, having a function as an argument. Let us start with a simple
example; with just a constant inside the (delta) function. Now, let us state (then we shall prove it)
the following:

Sla(z — o)) = —5(z — a)

-~ al

To show this, let us actually evaluate:

[e.9]
| tahitae - o))
—o0
Let us change variables:
y=azx vy =ax
So:
ocoXa ,
/ fFE)(y —y)dy' /a
—ooXa
Notice, if a < 0, then the integral is negative. To see this, replace a with —a everywhere above:
ocoX(—a) , 1 [~ ,
/ / / /
/ F(E)o(y —y)dy /(—a)=—/ F(E)o(y —y)dy
—oox(—a) a4 Joo
Now, notice, the effect of having ‘minus’ an integral is to flip the integration limits. So:

—1/_00 F(L)a(y — o )dy = i/_oo F(L)5(y —y')dy’

a Joo
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So, let us take the modulus of a. Hence:

L[ Yy’ _ /:i Y :i T
1 S8 — )y = @) = s @)
Thus:
| st - i - @) (2.36)

Now, to consider and actual function:
6(g(x))

So, we need to find the zeros of g(x), as we know that the delta-function is non-zero when its
argument is zero. Let them be at z;, so that we have that g(z;) = 0. Let us now do a Taylor
expansion about the zero:

g(xi +€) = g(z;) + (x — xi)g (xi) + . ..

Note, the first term is zero, by definition. Note, here, a prime denotes derivative with respect to x,
wheras above, a prime is a way of distinguishing variables. Hence, near a zero:

9(x) = (& — z:)g'(x:)

Near a zero. So, we have that:
d(g(z)) = (g (zi)(x — 24))

Near a zero. This is just like we had before, except we have more than one place the argument of
the delta-function is zero. So, we must add the contributions up from all the zeros. Hence:

Sg(@) =3 ‘W (2.37)

i
Where z; is a zero of the function g(x).

Now, suppose we had a set of charges, where charge ¢; resides at some position r;, then, we may
write the total charge density as:

plr) =Y qid(r — 7))
i
Which can be thought of as a set of ‘impluse charges’; which may however, be continuous. Or, as

another example, consider that some charges are distributed on an infinitely thin shell, of radius a,
and that the distribution conforms to some o(#). Then, the charge distribution may be written:

p(r) =d(r —a)a(0)

2.4.1 Green Functions: Electrostatics

If we wish to solve a differential equation of the form:

(Lau)(z) = f(z)
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Plus boundary conditions; where L, is a linear hermitian operator. Then, to do so, we can always
write the solution to the DE, u(x) as:

u(z) = / G(a, ') f(2')da’ (2.38)

Where the Green function is defined by:
L,G(z,2') = 6(z — ') (2.39)
We shall now supress the z-subscript on the operator: it is clear that it only operates on x, not z’.

To prove the above statement isn’t too hard:
(Lu)(z) = f(x)
= L/G(m,x’)f(m’)dm’ = /LG(x,x')f(x’)dx'

= /6(x—x')f(:z’)d:v/
= fx)

Hence proven. In the first line, we used the linearity of the operator, to be able to bring it inside the
integral (which is over 2’ anyway). Then we used the definitions of the Green function and delta
function.

Let us proceed by an example from our present electrostatic discussions.

Now, from Gauss’ law V- E = p/eg and E = —V®, we can easily derive Poissons equation:
V2q)((12) — _p(.’L’)
€0

Note, this is strictly for a static charge distribution, else we would have the A term as well. We
have the boundary condition that ®(x) — 0 as || — co.
Now, for a point charge ¢, at ', we have a charge distribution which is just a delta function:

p(x) = gb(x — ')

Note, strictly, we should have written 62, but that is understood, as its argument has 3 variables.
Now, we know that the resulting Poisson equation has the following solution:

V(z) = - Li@—a) = o@)=—L 1

£0 - dreg |x — o]

Now, upon comparison of the above formalism for Green function, Lu = f is just the Poisson
equation. That is, the operatior L is just the V2 operator. Hence, from LG = 6(z — z'), we see
that the Green function we want, is that satisfying:

V3G (z,2') = 6(x — o)

We have the form of G, from the above expression for the point charge. That is:

1 1

!/
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Hence, we have that the solution to Poissons equation is given by:
/

() = /G(a:,a:’) <—p(m)> &’
€0

That is:

1 p(wl) 3,/
B(x) =
() 4reg / |z — w’|d o

Which is something we already knew, but we have derived it using Green functions; and in the
process, have identified a Green function.

Notice, we have also arrived at a useful relation:

1
2 ey = —dnd(x — ') (2.40)

Green function theory is extensive, and is used in solving differential equations (as was hinted at
previously); but we shall not go into that here.

2.5 Poynting’s Theorem

Let us start by stating the Lorentz force law:
F =q(E +v x B)
So, the work done dW on a charge dq, when displaced a distance d€ is given by:
dW =F -d¢

That is:
dW =dq(E+v x B)-d¢

d
t?

Now, from v = ¢, a trivial relation, we can write the above as:

dW =dq(E + v x B) - vdt

That is: W
%: dq(E+UXB>U
However, note that:
dq = pyd®r

Hence:

dw

-— = / pv(E+v x B)-vdr

dt v

= /pV{E-v+(va)-v} d3r
\%

= /VE'(pV'v)dST
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Where we have used (the easily verifiable):
v-(vxB)=0

We also note that J = pyv. Hence:

dW:/ E-Jdr (2.41)
t 1%

That is, the total rate of doing work, by the fields, if there is a continuous distribution of charge
and current.

Now, consider Amperes’ law:
OF

H=J
v x teogy

That is:
oF

J = H —
V x 808t

So, putting this into ([2.41)):

dw OE)
W = /V {VXH—EOat}dr

= /E.(VXH)—EOE.wd?’r
v ot

Now, we use a vector identity for the first expression in the integral:
V- (ExH) = H-(VXE)—E-(VxH)
E- (VxH) = H- (VxE)-V-(ExH)
So, after using this:

—/H-(VXE)—V (Ex H) — g E - %Ed?’
|4

Now, we also know that from Faraday’s law:

0B OH
VI E= g =y

Thus, using this:

aw o OH OF
E = / ,LLQH W—V (EXH)—EOE aid

= /v (Ex H)d r—,uo/H d3r—so/E

Now, we can use the divergence theorem on the far LHS integral. That is:

/Vv.(ExH)d?’r:/S(ExH).ds
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Putting this back in:

d OH
(T‘f = /(EXH) ds — MO/H d%—ao/E — dr
S

_ —/(ExH)-dS—/ (ool B + pol HI?Y dr
5 ot Jy

Now, we start to recognise the Poynting vector, and energy densities of the electric and magnetic
fields:

P = ExH (2.42)
Up = /50|E|2d3r (2.43)
14
Uy = /uoﬂlzd?’r (2.44)
1%
Thus, we have:
dw )
— =—=(Ug+U P.ds 2.45
=5 Ve+Un) = [ (2.45)

So, we see that if the surface integral is zero; the rate at which particles gain energy is equal to the
rate at which the fields lose energy.

Also, if the fields are constant (i.e. their time derivatives are zero), and if work is still being done
on the particles, then this inflow of energy is provided by the Poynting vector. Thus, we see that
the Poynting vector represents the rate at which EM fields transport energy across a unit surface
(hence the integral).

As an example, let us consider the energy flux for a plane harmonic wave. That is, ley uscompute
the Poynting vector.
So, a plane wave is given by:

E = Eoei(k:-'rfwt) B = Boei(k-rfwt)
And, we have that P = E x H. We note that:

vxE--2B pg_lpg
ot Ho

So: 5B
2 LB
5 iw

And, by doing the cross-product, and realising that the argument of the exponential is actually a
scalar, which is i(kyx + kyy + k.2 — wt); and that Ey = (E,, Ey, E.), where each component has
the same exponential factor, we can easily derive:

VxFE=ikxFE

Thus, we have:

VXE:—%I: = tkx FE=1wB
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Hence:
kx FE = wuoH
Now, we also use the fact that:
ok
k|

Where k is a unit vector, in the direction of k. We shall write |k| = k. We also have the standard
relation: w = ke. So:

kExE = wuH
=kkxE = wuH
= H = kxFE

Hence, the Poynting vector is:

P = ExH

1 R
= —FExkxFE
Hoc

1
= - |Bf
Hoc

This is, however, an instantaneous value. The time averaged value is just:

1
(EP) = 5B
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2.6 Laplace Equation & Its Solutions

Here, we shall denote the scalar potential as V', rather than ¢, to avoid any possible confusion with
the coordinate.

Now, from Gauss’ law, using E = —VV, we are able to easily derive the electrostatic Poisson
equation:
vy = -2
€0

Where V' is the scalar potential. We have seen that this has solution:

V()= — / pr) sy

dmeg Jy |r —7/|

If there is no charge density, we have the Laplace equation:
ViV =0 (2.46)

In solving the equation, we use the separation of variables technique; and its solution is unique - up
to additive constants.
We can use various boundary conditions:

e Dirichlet: V(r) is known on some surface;
e Neumann: % =mn-VV is known on S;

e Or, a mix of the above two.
We can solve using the inherent symmetry of the system:

e Rectangular - use Cartesian coordinates;
e Cylindrical - use cylindrical polars;

e Spherical - use spherical polars.

We shall now consider various types of solutions.

2.6.1 Solution to the Laplace Equation: Cartesian

This method will apply to all cartesian systems, with different boundary conditions giving different
final results. The general method is more-or-less unchanged.

Consider 2 plates which are infinite in z. Let one edge of the plates be held at some potential V4.
So, consider the Dirichlet boundary conditions:

e V(z,0) =V(x,a) =0;
i V(O>y) = Vo;
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o lim, .o V(z,y) =0.

So, we have that the Laplace equation reduces to:
o*vV 9’V
T
ox? = Oy?
Where the potential V' (z,y). So, using separation of variables, we have that:
Viz,y) = X(2)Y (y)
Putting this into the Laplace equation:

d’X d’y
Y—4+X—5=0
dz? + dy?
Dividing through by V = XY
1d°X L L 2y
X dz?2 Y dy?

So, we have that each of the above expressions must be a constant:

0

k24 (—k*) =0
That is:

1d°X
X dx?
1d%Y
Y dy?

Each of these is easily solved:
X(z) = A Be ™ (2.47)
Y(y) = Csinky+ Dcosky (2.48)

So, we have that our general solution to the Laplace equation, in 2D (or 3D, with symmetry) is:
V(z,y) = {Ae*® + Be ™ Y{C'sin ky + D cos ky} (2.49)

Where the constants must be determined by the boundary conditions, and will generally be linear
superpositions. So, let us continue, solving for our specific set of boundary conditions:

Let us use the boundary condition that V' must decay as x — oo. That is, A = 0. Hence, we have:
V(x,y) = e " (C'sinky + D cos ky)

Let us use another boundary condition: V' (z,0) = 0. Hence, we see that D = 0. Hence, we now
have:

V(z,y) = Ce * sinky
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Let us use another boundary condition: V' (z,a) = 0. So:
sinka =0

Thus:

Therefore:

V(z,y) = Ce™ e sin <%)

Using the linear superposition of solutions, we have that:

o
V(,y) = Cne e sin (=2 (2.50)
T,y ; e sm( . )

Let us find the constant Cy,. Let us use the final boundary condition: V' (0,y) = Vj. Hence:
> nm
Y Cusin (Ty) =V (2.51)
n=1

To go further, we use the orthogonality of sine functions. That is, we use:

/ sin (@> sin (w) dy = gdnm
0 a a 2

So, let us multiply both sides of (2.51)) with “another”, and integrate. That is:

zn:Cn /Oa sin (n;ry) sin (m;ry) dy =Wy /Oa sin (m;ry) dy

Thus:
a Voa
S9nOnm — — 1 -
En 20 0 m7r( cos mm)

That is: "
a oa
—Cp=—(1—-(-1)"
5 (1= (=0")

So, we see that if m is even, then C,, is zero. And, if m is odd, then:

4
Cm = 4o Vm odd
mm
Therefore, we have:
Viwy) =Y e sin("20)  modd (2.52)
= mm a

Thus, we have found the solution of the Laplace equation, in Cartesian coordinates, under our given
boundary conditions.
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2.6.2 Solution to the Laplace Equation: Cylindrical Polars

Here, we use the coordinate system V (7, ¢, z); so that the separation of variable happens thus:
V(r ¢, 2) = R(r)®(p)Z(z)
So, we have that the Laplacian, in cylindrical polars, takes on the form:

19 oV 10*V  9*V
2y, _ + il i
viV= ror or + r2 Jp? + 022

Thus, using our separated variables:

1d*2R 1 dR 1 d?® 1d%Z

-+ — — =0
R dr? * Rr dr + r2® dp? + Z dz?

Now, we notice a similar linear independence of the terms as for the Cartesian case. Thus, we let:
1d*Z
7 dz?

Hence, we have that the Laplace equation becomes:

= b2

ﬁ@+1@+l@+b2r2_o
Rdr?  Rdr @ dp? N

Now, we also let:
1 d*® 5
_—— = —
® dp?

Hence, the Laplace equation further reduces to:

r?d?R r dR

raf oralv 9 492

Rdr2+Rdr a”+br°=0
Cleaning up:

d*R 1dR a?

el i 2 — _

dr2+rdr+( r2>R 0

So, to summarise, we have that the solution to the Laplace equation, in 3D cylindrical polar coor-
dinates, is the product of the solutions to the following equations:

d*®
a2 —a’® (2.53)
d*Z 5
= = V2 (2.54)
d>R 1dR o?
it 2 — = 2.
d7‘2+7“dr+( r2>R 0 (2.55)

We have that the solutions to (2.53)) and (2.54]) are just:

O(p) = Cycosap+ Dy sinagp (2.56)
Z(z) = FEpcoshbz + Fysinhbz (2.57)
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And that we note (2.55)) is Bessel’s equation, which has solutions:
R(T) = Aabja(bT) + BabNa(bT) (2.58)

Where J,(br), N, (br) are Bessel functions of the first and second kinds, respectively; and are gen-
erally looked up.

So, we have that the general solution to the Laplace equation, in 3D cylindrical polars, is given by:

Vir,p,z) = Z{AabJa(br) + Bap Ny (br) }HCy cos ap + Dy, sin ap}{ Ep cosh bz + Fy, sinh bz} (2.59)
a,b

Where the constants must be determined by initial conditions.

2.6.3 Solution to the Laplace Equation: Spherical Polars

We use the coordinate system V' (r, 6, ¢), where the Laplace equation takes on the form:

r29r  Or  r? |sinf 00 90 sin?00%¢%|

Now, we separate V thus:
V(r,0,¢) = R(r)Ym(0, ¢)

Where Yy, are spherical harmonics.
We note that the above Laplacian has the L? operator. That is, the Laplace equation is:
10 4,0V 1.

L2 2=
r287’r or r2 0

Hence, we have that:

1 d ,dR 1 .
—Yyn—1r?— — =RL?*Y}, =0 2.60
r2 b drr dr r2 ¢ ( )

We know that Yy, are eigenfunctions of L2 thus:
LY (0, 0) = £(£ + 1) Y (0, )
Hence, we have that the Laplace equation ([2.60]) reduces to:

Yom d ,dR R
Zm @28 4 1) Y, = 0
7r2 d?“r dr r2(+)£

Now, we try an ansatz: a power law, for R(r). So, let us try R(r) = r®. Hence, putting this into
the above yields:

«

Wm [e% r

Now, this is just:
A+a—0—-0P=0
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Which we can equivalently write as:
(a—Ola+(+1)]=0

Hence, we see that the two solutions to the above equation, are just:
a=/ a=—l+1)

And can be verified by substituting back in. So, we have that the general solution to the Laplace
equation, in spherical polars is:

B,
V60 =Y (Azmrf n ;;) Vi (0, 0) (2.61)

lm

Where we have used both solutions to the ansatz; each having different coefficients Ay, Ben; to be
determined by initial conditions.

Now, as Yy, (6, ¢) = 04(0)®,, () where ®,, () = €™ if the system has axial symmetry, then the
solution reduces to:

B
V(r,0,p) = Z <Ag’l“£ + 74—f1> Py(cosf)
L

Where the Py(cosf) are Legendre polynomials, and can be generated by Rodrigues formula:

P = g () -y

And the first few are given by:

Py(x) 1

P(z) = =

Py(z) = 1(32*-1)

Py(z) = %(51}3 — 3x)

Py(z) = %(352* — 3027 +3)

If the system is symmetrical in both 6, ¢; such as a point charge surrounded by dielectric; then the

Laplace equation looks like:
igﬁal =0
r20r  or

And the potential is just V' (r) = R(r). That is, we must solve:

1d dR

——(P?=) =0

r2dr dr
To see why there is no angular components, or differentials; consider that they are in there. That
is, the Laplace equation has the form we used previously. The differentials of the angular parts are
zero (they are constant: the symmetry of the system), and the radial differential will be multiplied
by the angular functions; however, these are then just divided out.
To solve this, note that we must have:

2 dRrR

D
dr
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Where D is some constant. Then the Laplace equation is satisifed. We can find R by the standard
method:

dR
2
— =D
" dr
d
—~dR = D%
r
dr
D
= — 4 A
r
B
= —4+ A
r

Where A, B are both constants. Hence, we have that the potential in an angular-symmetric system

is given by:
B

For a more extensive treatise of spherical harmonics, see the relevant appendix.

2.6.4 Example: Dielectric Sphere in Uniform F-field

Consider a dielectric sphere, radius a, relative permittivity ¢,, in a uniform electric field, otherwise
vaccum. So, we immediately see that there is axial-symmetry; thus, we solve the Laplace equation
in spherical coordinates, with axial symmetry V(r,0):

= B
V(r,6) = 2 <Ag7‘€ + r@f1> Py(cosb)
=0

The boundary conditions are implied, not necessarily given:

e The potential must go to zero at infinity;

e The potential must remain finite (i.e. not diverge) as r — 0;

The field at infinity is just the ‘unperturbed’ field, Ey;

The potential must be continuous at the boundary;

The perpendicular D must be continuous at boundaries; as no free charges.

So, as E = —VV, we have that V' = —Fjz; just the integral. To see the motivation behind this,
consider how we choose the alignment of the coordinate system. The alignment is obviously arbi-
trary, so we choose it to be aligned with the uniform applied field. Remember, the transformation
between Cartesian and spherical polars, for z is z = r cos#; hence the potential as r — oo is just
V = —Eyrcoséf.
Now, note:

Pi(z)=x = Pi(cosf) = cosf
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So, we have £ = 1 in the summation; by orthogonality considerations of the Legendre polynomials.
That is, consider that the potential (given by a sum over an infinite number of multipoles) must go
to the dipole term (i.e. £ = 1) at infinity. Thus, multiplying both sides by ‘another’ polynomial will
result in just the dipole term being filtered out, on the potential side. This may be seen in more
detail in examples in the appendix. So, taking ¢ = 1, the ‘prototype’ for the potential is:

V(r,0) = (Ar + f;) cos 6

Let us now continue by looking at the two regions (inside and outside) separately, with different
constants in both cases. That is:

B
V1:<A1'r—|—r;>cose r<a

B
V2:<A2r+22)0080 r>a
r

Let us consider a boundary condition:

lim V = —Egrcosf =V,

r—00

Thus, we see that Ay = —FEjy; but we can’t say anything about Bs.
The consideration that V' remain finite at the origin leads us to conclude that B; = 0. Hence, thus
far, we have:

Vi = Ajircos@ r<a

B
Vo = (—E0r+22> cos r>a
T

Let us now consider the first ‘boundary’ condition; that the potential is continuous at the boundary.
That is:
Vl(a'a 9) = VvZ(aa 9)

So:
Ajacost = (—an + B;) cos 6
a

That is:
A = — —Eo (2.62)
Let us now apply the second ‘boundary’ condition; that D, is continuous at the boundary; this is

the case because there are no free charges on the boundary. If there were, there is a discontinuity
in D, which we consider in later examples. So:

Dy(r=a)=Dy (r=a) = &E(r=a)=E(r=a)
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But, we have that ¥ = — 9V hence:

or "
. ovy iz
' or r=a a or r=a
2B
= Aie,cos6 = (—E —32> cos 6
a
2B
= Aig, = —E0—732
a
So:
2B
AIET = —EO—T?)Q

We can easily solve (2.62)) and (2.63) for Ay, Bs; giving:

3L -1
A1 = — 0 BQ = <€T > E(](I3

e+ 2

Hence solution found.

2.6.5 Example: Charge Inside Spherical Cavity

r>a

37

(2.63)

Consider a charge ¢ at the centre of a spherical cavity; where outside the cavity is a dielectric,

permittivity €,; and inside vacuum.

Again, the boundary conditions:

e Potential and D, continuous on boundary;

e Potential is zero at infinity;

e Electric field inside cavity, in limit » — 0 is just the Coulomb field.

Here, our system uses spherical polars, but with complete angular symmetry. Hence, the Laplace

equation is:

10 50V _
r29r Or

We have already discussed the solution to this equation. It is just:

0

V(r):A-i-g
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So, again, let us split the problem into inside/outside:

B

Vi(r) = A1+71 r<a
B

VQ(?“) = AQ‘FT? r>a

To make the potential zero at r = oo, we consider V5; and hence conclude that Ay = 0. Let us
consider the continuity of the potential at the boundary:

By By
a

A+

Using As = 0. That is:
By =aA1+ By

Let us consider the continuity of D, at the boundary. Hence, we have:

W __ v
dr T dr

r=a r=a

Noting that this time the vacuum is on the inside, and dielectic on the outside.
Thus:

By By
2T e
Thus:
Bl = ganQ
Now, let us consider » — 0. That is, inside:
q
E
L deqr?
Noting;:
dV; By
E = —— = — _—
! dr ( 72 >
Hence:
Bl = T'2E1 = T2 ¢ = q

dmegr?  4meg

We also have, via By = ¢,.B>, that:
o q

5 =
4mepe,

And, via By = aA; + By, we have that:

e (52
4mega Er

Therefore, our solution is:
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Let us consider what the surface charge induced is.
Recall that D = ¢gFE 4+ P; where P is the polarisation. Also recall, that for a linear medium,
D = ¢,e9FE. Hence, after a trivial rearangement:

P= (e —1)eoFE

Let us (as we are liberty to) consider the field just outside the sphere. Then, we have that:

q .
E,=-VVp=—"—
2 2 47r£0<€r7°2r
Thus: ( 0
q\&r — ~
P=-——__-
e r? r
Finally, recall that p;,q = —V - P. Then, we have that:
q(er — 1) r q(er — 1)
md=—————"V -—=—""—""26§
Pind Are, r2 g, (T)

We have thus computed the surface charge density induced; where we have used:

\% = 4md(r)

T
r2

2.7 Multipoles

2.7.1 Electric Dipole

Figure 4: The electric dipole. Two charges, q, —q, separated by a distance d, observed at P; which
is at a position r, as measured from %

Consider the potential due to two charges, g1 and g2, at distances r1,72 from some observation
point P. Linear superposition allows us to write that the the ‘composite’ potential is just:

I (1 @
P) = =+ =
v(P) 4meg (rl + r2>
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Now, consider the slightly more specific case, when ¢ = —g2 = ¢q. So:

1 1
v(p) =1 ( - >
4dre 0 ™ T2
Just a quick note, the cosine rule can be very easily derived. Consider:

(r—o)? = P24+ ()2 -2r-o

2+ (r')? — 2r1 cos 0

So, with reference to the figure:

7“% =7+ (%)2 — 2?”% cos
That is:

r2 =712 4 (%l)2 —rdcosf

Also, being careful that the angle is now cos a = cos(180 — ) = — cos €, we see that:
r3 =1*+ (4)* 4+ rdcosf

So, if we combine these results:

That is, just:

7’%,2 =7’

d\* d
1+ <> F 0089]
2r T
Now, for r >> d, we can neglect such quadratic terms. Hence:
d
'riQ =r? [1 F ;. cos 9}
Thus, square-rooting:

1/2
T2 =" [1 F - COSQ]
r

Hence: 1/
1 1 d -
— = - [1¢cos«9]
1,2 T T
Now, to first order binomial expansion; i.e. (14 )" &~ 1 + nx; we have:

Hence:

1 1 1 d d d
— — —=—1|1+—cosf —1+ —cosf| = — cos@
r  Te T 2r 2r r2

Therefore, we can write the potential, at r, due to a dipole:

q 1 1 q dcosf
Vir) — I 2.64
(r) 4dmeg <7’1 r2> dmeg 12 ( )
Which we may write as:
1 p-7
Vir)= —
(r) dmeg 12

Where we have defined the dipole moment p = qd.
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2.7.2 General Multipole Expansion

41

In the present multipole discussion, we assume that there is axial symmetry; which is why we use

Legendre polynomials, as will become apparent.

Here, let v be the angle between r and 7/, as shown in the figure, and R = r — r’; so that R is the

P

Figure 5: The multipole. Consider a distribution of charges. Notice how things are defined. We
have R = r — 7/, and that v = 6’ — 0; where 0 is the angle between the observation point P, and

the Z-axis. Similarly, 6" is the angle between the axis and the charge distribution ‘bit’.

vector from the charge to the observation point, and v the angle between charge and observation

point. So, under the cosine rule:

R? =% 4 ()% — 2r1' cosy

That is:
"\ 2 r’
R*=r%|1+ () —2—cosy
r r
Now, let:
/ /
s="_ <T —2COS"}/)
ro\r
Then:
R2=r?(1+6) = R=rJ/1+6
Hence:
1 1
— = Z(140)7Y2
7=, 1+9)

Now, the binomial expansion is such that:

-1 —1)(n—2
(1+x)”:1+nx+n(n2| )$2+n(n 3)'(” )a;3—|—...

Therefore:

14012 = 1- Lo (F1/2)(23/2) o (Z1/2)(=3/2)(=5/2) 5

2 2 6
=1 25+8(5 165 +...

(2.65)

(2.66)
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Hence, putting this expansion into ([2.66)), and taking ourselves out of using 4, via (2.65]), we have:

1 1 ) 1/ r! 5 N 3 /r'\? [+ 5 2+
= [1=-Z(= — — 2cos — [ — — — 2cos
R r 2\ r T " 8\ r T 7

If we then gather appropriate terms:

r 23cos2y -1 "\ 2 5cos3 v — 3 cos
1+—cos7+ 77—# — 1 7+...
r 2 r 2

Now, recall the Legendre polynomials:

R

1 1
r

Py(x)=1 Pi(x)=z Py (x)=
Thus, we notice those terms as present. Hence:

1

= Py(cosy) + <’:> Pi(cosy) + <;>3P3(cos'y) T

We therefore write the whole thing as a sum:

Which is just:
R Z "V Py(cos~)

Remembering that v is the angle between r and 7. The above ‘motivation’ shows that the ex-
pansion seems to work, but is by no means a proof! A proof of this may be found in the relevant
appendix, under the Legendre polynomial generating function, and the example relating to our
present discussion.

The order to which the sum is taken, is the order of the ‘pole’.

So, we have that the potential due to a small bit of charge is just:

1 dq 1 1 3
d = — d
V= deg R = vir) 4reg / Rp(r) "

Hence, the total potential, at r, due to some charge density p(r’) is given by:

R 1
— o> [ Pleos () ol
£=0

To make this (possibly) a little more transparent, let us write out the first few terms of the sum:

1 1 N g3../ T/ N 33,1 7’/2 2 n 33,/
f— — J— - _ 1
V(r) pr— / r,o(r Ydor' + = cosyp(r)d’r" + 573 (3cos®y — D)p(r")d’r
1 1 7 '

— _ N33,/
= 4%50/[r+ cosv—i— (3COS"}/ )| p(r"d°r
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We have that charges are arranged at some 7/, relative to some orgin, somewhere roughly at the
centre of the distribution, and we are looking at the potential at a distance r away from the origin
of the system (i.e. at a position 7). With computations on this, one must be very careful in noting
that:

cosy = cos(§' — ) = cos @ cos ' + sin O sin 6’

And that the volume element is d®r’ = /2 sin 6'dr’d¢’d¢’.

So, we have a multipole expansion of V. We see that the first term is the monopole ¢ = 0; then
dipole £ = 1, quadrupole £ = 2, and continuing up. Notice, at large distances, the multipole
expansion will be dominated by the monopole term; or the lowest pole term present.

For a point charge at the origin, all components other than the first are zero; so the monopole is

the only contribution:
1 1 q
Vv — - / d3 I
(r) 4dmeg / r'o(T Jdr 4megr

The total charge is just q.

If the total charge vanishes, then the dipole term is dominant. Now, if we define the dipole moment
to be:

p= / ' p(r')d*r! (2.67)

Then, as # = T, we have:

1 1
p-F= /r.r’p(r’)d3 ’:/rr'coS’YP(T/)d?’ = /7“’ cos yp(r')d’r’
r T

Where we have noted that the angle between r and 7’ is v, by definition, with reference to the
figure. Which is just the dipole term in the expansion:

_ 1
 Amegr?

1
/T/ cos yp(r')d3r’ = 47750r2p"ﬁ

Recall the dipole moment we defined for a pair of charges: p = gd. This is equivalent, as the
separation between charges is just 7/, and total charge is given by the integral over charge density.
Thus, the dipole moment is better described in terms of the size, shape & density of the system, as
we have with the integral version.

Note, shifting the origin changes multipole moments; however, if the monopole term is zero, the
dipole moment is independant of the origin:
Suppose we have a dipole moment relative to some origin 0:

p= [ r'olr)dv

Then, suppose we shift the coordinates (the origin), so that » = ' + a. Hence, a new dipole
moment:

p* = /(fr’+a)p(r’)d3r'

= /r’p(r')d3r’+/ap(r’)d3r’

= ptaq
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But, as we said, ¢ = 0; hence, p® = p.

Now, the electric field due to a dipole:

Hence, as E = —VV, we have its components:

oV 1 2pcost

Er = Or  4meg 13
g, _ _10V 1 psing
r 00  4meg 13
E, = 0
Hence:
_ £(2cos9ﬁ+sin99)
4meg 13
It is common to notate this as:
1 1 RO
= Fs()ﬁ(?)(p “T)F — p)

So, to conclude, we have that we can write the scalar potential as a sum over multipole moments:

I o m
V(T’, 9) - 47T€0 éz% m

Where we have the /-pole moment:

Dy = /r'ng(cos*y)p(r’)d?’r’

2.7.3 Spherical Harmonic Expansion Multipoles

Figure 6: The definition of angles in spherical polars. Notice that the angle between x and x’ is ~.
Also, we shall be using r as x; and 7’ as ’; although this is a trivial assignment of symbols. Figure
from Jackson.
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Recall the following expansion in terms of Legendre polynomials:

1
|r — 7|

1
= Z T " Py(cos )
l

Where 7 is the angle between r and 7’; and has the relation 7 - ' = rr’/ cosy. So, we had that the
potential may be written:

174 3,./
Vr) 47T€0 Z ) / Py(cosy)p(r)d’r (2.68)

Now, we have the following relation:

m=-+/¢
4m x (gl 4/
Picosy) = 5=~ ; Yim (6, 8) Y55 (¢, &) (2.69)
We have that m = —¢ — ¢, in integer steps. Where, from the addition theorem for Spherical

harmonics:
cosy = cos B cos 0’ + sin 0sin 0’ cos(¢ — ¢')

Hence, inserting (2.69) into our potential expression (2.68) above:

1
Vir) = dreg Z2£+1M+1 Z/ Vom0, )Y (0, ) p ()

1 47 )
- 47'('50 Z 26 + ]_ T£+]‘ Z nm(a, ¢) /rlenm(ela d’l)/)('f‘/)dgr/
E m

Now, to tidy this up. Let us write:

47

Cfm(9a¢) = m

(0, 9) (2.70)

So that its conjugate is just (also changing its arguments):

/ 4

Then, we have that our potential expression cleans up to:

1
V() = g 3 i Conl6.6) [ 7Ci0 ol

47T€0 I
Further cleaning this up, let us define the multipole moment to be:

Qon = [ 7, plr' v (2.71)
Then:

V(T) Z g_HCEm( ¢)sz (2.72)
471'80
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Remember, before, we had:
pe= [ " Pcosplr! )
Which is the axially symmetric version of the Qy,, above.

Now, in rectangular coordinates, we make the ‘connection’ that:

]. o 7,',.l.vl
lr—r/| r
So that the expansion is just:
ol 1 1 1 -1 1
TR S ERE VAL - CR P e AP L
roor r r n! r

Where we have used the standard expansion of the exponential:
oo

=35
n=0

Now, we can evaluate some of the terms in the expansion:

n

1 1 e 3(r'r)? —r%?

|r —7/| ~r 73 2rd

+ ...

Then, using this as the expansion for a multipole:

1 q p r :U,J:]
Vir) =
(r) dmeg 7' r3 3 ;1

Where we have used the usual monopole and dipole expressions, as well as the ‘new’ quadrupole
tensor:

Gij = /(335;3:;- —7"25:)p(r")d>r (2.73)

Which we state, and do not derive.

2.7.4 Relations Between Multipoles in Cartesian & Spherical Polars
Let us compute some components of the multipole:
Qun = [ 18, plr'

Where the coefficients are given by (infact, its worth noting that they are the associated Legendre
polynomials, but we won’t go into that here):

o | A4Am x (ol 41
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Monopole Moment This is the component (Qgg. So, we look up the spherical harmonic:

1 X
Yoo=—— = Y5 =Y

Var

Then, we have:
Qoo = /\/E\/%P(T,)d?’?”/
Which is just the total charge:
Qoo = /P(r/)dgr, =q

Dipole Moment Let us look up the following spherical harmonics:

/3 /3 -
Yio =1/ —cosf Yy = —1/— sin fe'?
4 s

And the final harmonic, i.e. Y7_1 can be found from the relation:
Yoom = (=1)"Yy,

Hence, let us start to compute things

4
Qo = /r’\/;\/fcosﬂ/p(r/)d?’r/
7

= /r’p(r')cos@’d?’r’
= Pz

Where we have noted that r’cosf’ = z, as the standard conversion between spherical polars &
cartesian. Thus, we see that (1¢ is the z-component of the dipole moment.

Next:
4 Iy
Qu = /r'\ / g <_”8?;T sinﬂle_w) p(r")d3r
1

= —— [ 'sin€e ¥ p(r)d>r
1
= —— [ 7/ [sin0(cos¢’ —ising’)] p(r')d*r’

= 7 {/ 1’ sin @' cos ¢’ p(r')d>r’ —i/r’ sin @' sin ¢/ p(r)d>r
1 ,

= _—— r — VA
\/i(p py)

Again, where we have noted the use of the standard polars-cartesian conversion. Finally:
4 3 o
Qir = / g (\/ g, o'’ ) p(r')d*’
1 Il . / / .. / N 33,/
= — [ 7" |sin@(cos¢ + isin r)d°r
5 [ Bt (cos 4 dsin )] )

= \}5(1% + Zf’y)
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Doing these, we must be careful that we conjugate the spherical harmonic before putting into the
integral.

Quadrupole Moment Here, we compute a component of the quadrupole moment. We look up

the following spherical harmonic:
1 /4
}/2[)25 5(3(30829—1)

4
Q2 = / ’2\/ W\/ 3cos 0 — (r')dgr'

= 2/[3(r cos 0')% — 2| p(r")d>r!

1
_ 5 /(32’/2 _ TIQ)p(’I“/)dBT/

1

= §Q33

That is, we find that it is related to an element of the quadruple tensor.

2.7.5 Properties of Multipoles

We have see that the details of a charge distribution in a volume, are encoded into the multipoles
Qem. We have seen that:

e /=0 is the monopole moment: 2° = 1 charges;
e /=1 is the dipole moment: 2! = 2 charges;
e ! =2 is the quadrupole moment: 22 = 4 charges;

e /=3 is the octupole moment: 23 = 8 charges.

We have also seen that (), depend on the choice of origin; however, the first non-zero moment is
frame independent.
The far field potential is dominated by the first non-zero moment.

2.8 Multipole Expansion of the Vector Potential

As we have previously seen, under the Coulomb gauge, we have that the magentic vector potential
satisfies the Poisson equation:

VZA = —pod (2.74)
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Which, as we have seen, has solution:

Alr) =10 / T()_ o, (2.75)

=7

Thus, exactly as we did for the scalar potential, we may expand this:

A(r) = Ho [1/J(r’)d3r/ + :—3 : /T/J(r/)d?’r/ +.. ]

4w |

This is a bit more transparent if we consider a single element of the potential:

1
A=t [r / a5 / r’Ji(r’)d3r'+...] (2.76)
Now, looking at the monopole term:

/Ji(r’)d?’r' =0

Which is zero (no monopoles). This can also be argued from vector calculus ground; which won’t
be done here. Looking at the dipole term (the second):

r-/r/Ji(r')d?’r’ = xj/:c;Jid?’r/
]‘ / / 3,../
= 3% (z3J; — x5 J;)d°r

1

= 5k /('r' x J)pd3r!

= —% [r X /(r’ X J)dWL

Hence, we have an expression for the magnetic dipole moment:

m = ;/r’ x J(r')d>r! (2.77)
So that the dipole component of the magnetic vector potential is just (using @ x b = —b x a):
A(r) = %?mrj r (2.78)
Thus, the magnetic field induced by such a vector potential, from B =V x A, is just:
B(r) = Ho 3(m - 7r)r — r’m (2.79)

C A4r rd

Where we have used the vector identity:
V x (r"a x r) = r"?[(n+ 2)r’a — n(a - r)r]

We shall stop with the magnetic analysis here.
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2.9 Multipole Expansions Summary

If we have some axially-symmetric charge distribution, at r’; with observation point at 7, then,
we are able to expand the distribution in terms of multipoles, so that the scalar potential may be
written:

_ 1 - 1 " N 33,/
V(r,0) = p— éz; s, /r Py(cosy)p(r)d’r (2.80)

Where the angle between the distribution and observation point is v = 6’ — 6.
It can be useful to think about the ¢-pole term, which will be given by:

Py = /r'ng(cosy)p(r’)d?’r’ (2.81)

So that the potential will be a sum over poles:

I 1
V(r,0) = m)gz;rgﬂpe

If, however, the charge distribution is not axially-symmetric, then we must appeal to a sum over
spherical harmonics, as opposed to Legendre polynomials.

2.10 Method: Potentials and Surface Charges

Suppose we have the problem of finding the scalar potential in all space, in the presence of some
symmetric charge distribution.

The first thing to do is to write the relations between D, E and ¢ at the boundary. That is:
a(rzsout 8¢zn

or — &in€o or = —p Dout = Pin

Doyt — Dip, = P Eout€0Fout — Eincolin = P Eout€0

Where all are only valid at the boundary. The first expression is that the perpendicular component
of the electric displacement field is discontinuous in the presence of surface charge. The second and
third expressions just follow from the first, using standard relations to link.

Usually, to find ¢, the solution in Spherical Polars will be used. This must then be divided into
two separate expressions: inside and outside. We must use ‘common sense’ boundary conditions
(it is usual that these are not stated in questions, but must be used). That is, at the origin and
infinity, the potential does not diverge. Upon inspection of the potential expressions for inside &
outside, this immediately eliminates one coefficient from each expression.

NOTE: this cannot be used if there is an applied electric field. If there is an applied field, then one
computes the potential (essentially) at infinity, and uses this as a boundary condition.

Continuing, one is then able to express one coefficient in terms of the other; by using the fact that
the potential is continuous at the boundary. To actually do this, one may either use linear inde-
pendence of the coefficients of Legendre polynomials, and read off the relation directly; or (possibly
the more complete method) use orthogonality: multiply the equation by ‘another’ polynomial.
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To then find the remaining coefficient, use the discontinuity of the derivative of the potential, at the
boundary. If possible, express the surface charge density in terms of Legendre polynomials, which
will make the next step a lot easier to do. Then, once the derivatives done, one must multiply
the whole equation by ‘another’ polynomial, and use orthogonality. Then, one will see that if the
surface charge is given by a finite number of polynomials, then the exact forms of the coefficients
can be read off. Otherwise, only an approximate ‘infinite sum’ will result as the coefficients.

Hence, in this way, the scalar field in all space may be found. This method works even if there is
a field present, but care must be taken over the ‘infinite’ boundary condition.

2.11 Discussion

So, let us review this section, and discuss the concepts introduced.

We started by introducing Maxwell’s four equations: Gauss’ law, no magnetic monopoles, Faradays
law & Amperes law. We discussed the electrostatic Coulomb gauge, which allowed us to derive a
wave equation for static fields only. We found that we must modify Amperes law, in light of the
continuity equation, to take account of time variation of fields.

We then looked a little at the effect of matter & materials on the fields, with boundary conditions
for the presence of surface charge, and their effect on the fields.

Next, we looked at time varying fields, employing the Lorentz gauge to derive wave equations which
are correct for time-varying fields. We also showed how much freedom we have in choosing the
fields, in terms of their associated potentials, in terms of invariance.

We then took a mathematical diversion, looking at the Dirac-d function, and various properties &
uses. As well as a brief note on Green functions, with a specific case given.

We carried on with looking at Poynting’s theorem, which gives information on the energy of fields,
and the energy flux of a field, over a time period.

Then we discussed the solution to Laplaces equation, which arises in electrostatic systems, where
there are regions of no charge density. We discussed its solution in Cartesian, polar & spherical
polar coordinates, with solving some special cases with a specific set of boundary conditions.

Finally, we found a way of expressing a continuous distribution of charge, by approximating it to
a series of monopoles, dipoles etc. By writing the potentials as a sum like this, we are able to find
some properties of the potentials, due to specific distribution of charges. We started with axially
symmetric systems (using Legendre polynomials), but continued with removing the axial symmetry
(using spherical harmonics: a fuller treatment of spherical harmonics & various related theorems
may be found in the appendix).

This concludes our discussion of electrostatic systems. We now move on to considering systems in
which charges move, and various consequences of the motion.
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3 Retarded Potentials & Radiation

3.1 Introduction to Radiation from Accelerated Charges

Let us begin by considering the derivation of some wave equations. These will be waves ‘of potential
field’, driven by ‘charge distributions’.

Consider the following Maxwell’s equations, for time-varying fields:

oF
V'Ezﬁ V x B = ugd + eopo—
€0 ot
Consider also: 5A

So, inserting the first into Gauss’ law:

Giving:

9 P
2y Zyv.A=-1 3.1
VeV + 8tv - (3.1)

And putting both into Amperes law:

0 0A
V x V x A:,LL()J—I—Eo,LLOa (—VV—)

Let us use the following vector identity, and relation:

1
VxVxA=V(V-A)-V?A =
€00
Then, we have:
1 0%A 9 1oV
= _Vv2A A4+ ) = )
2002 \Y —i—V(V —i—cz E)t) pod (3.2)
Now, if we use the Lorentz gauge:
10V 10V
Using this in both (3.1 and (3.2)) gives:
1 9*v 2 p
il vy = L 3.4
2 Ot v €0 ( )
1 6°A
~ VA = pod (3.5)

2 ot2
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Hence, we have, using the Lorentz gauge, decoupled the equations into two in-homogeneous wave
equations. The solutions to these equations are given in terms of retarded scalar and vector poten-
tials.

We must now come to the concept of retarded time. If we are at a point in space (i.e. the observer),
and we observe a charge distribution, which is moving, then, due to the finite speed of light, we
observe the distribution as it was when it emitted the light, not how it is now. That is, if we are at
a time ¢, then we see the charge distribution as it was at some time t¢,¢;, in the past.

So, we have solutions (which we shall later verify) to the scalar & vector potential:

1 p(rlatret) 3 7
Vir,t) = d 3.6
(r.) 47r£0/ |r — /| " (36)
Ho J(T/atret) 3 7
Alr,t)=— | ———=d 3.7
(r,?) 477/ |r — 7| " (37)

Where, as usual, the observer is at r, and charge distribution of interest (i.e. the retarded distribu-
tion) at 7’. So, one supposes, it would be correct to say r'(t,e;). That is, 7’ is the vector from the
retarded position to the origin.

Now, as the distance between observer and charge distribution is |r — 7’|, the the time taken for
information to get from the charge distribution (as it was, at t,¢), to the observer (at time ¢) is
just 1|r —r’|. Hence:

1 ! 1 !
tret =t — —|r — 71| tagw =t + —|r — 7|
c c

Now, the solution to the right, with a +sign, is consistent; but would correspond to an advanced
time; which means that the effect would precede the cause. Which is a violation of causality. That
is, a potential field now would be due to the motion of charges in the future. As an aside, it has
actually been considered, by Feynman & Wheelelﬂ that the potential now is actually a sum of the
advanced & retarded potential, and halved. They review a suggestion that radiation could be due
to interaction of the radiation, with an observer. The consequence of this is that (and this is an
example they give) if we look out of the window, at a star, which is (say) 4 light years away, the
only reason it emits radiation, is because the radiation is interacting with an absorber. That is,
when the light was emitted (4 years ago), it ‘knew’ that it would be interacting with material (i.e.
the observers eye) 4 year in its future. The cause is after the effect. It is presumably like saying
that a tree does not make a sound if it falls in a forest, with no-one around to listen. Anyway, we
digress:

Now, suppose we consider point charges:
p(r,t) = qo(r —ro(t)) J(r,t) =qu(t)d(r —ro(t))

Suppose that the charge distribution is travelling at velocity Bc (at retarded time). Then, after a
fair amount of algebra, which we will do later; we end up with the Lienard- Wiechart potentials:

Vi) = ool (38)
A(r,t) = ﬁ{;ﬁ]m (3.9)

! Interaction with the Absorber as the Mechanism of Radiation: J.Wheeler & R.Feynman Rev.Mod.Phys Vol17,
No2, 1945
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Where, if R=7r —r":
A R A
R=— =1-R-
R " P
So, for velocities close to the speed of light (i.e. 0~ 1), we see that there will be a strong angle-
dependance, due to R -3 = (Bccosf. So, a strong dependance on the angle that the moving charge

is viewed, for speeds close to that of c.

So, how does this effect the radiation of energy; i.e. the Poynting vector P = E x H (which is the
energy density flow, per unit area). If a charge is static, then A = 0. Hence, P = 0; hence, static
charges do not radiate.

Now, we know that if a particle is moving at constant velocity, then an inertial frame of reference
can be found in which the particle is stationary. Hence, for any charge which is moving at a
constant speed, an inertial frame of reference can be found in which it is stationary. Hence, it does
not radiate. Thus, any charge moving at a constant velocity does not radiate. Only accelerating
charges radiate.

Now, once the potentials are converted into fields, we will find that there are two terms: one
dependant upon velocity: ¢3, and one dependant upon acceleration: ¢3. Hence, due to our previous
arguement, only the acceleration terms will radiate.

Let us look at the radial dependancies of the energy flux (i.e. of the radiation, P). Now, if
the maths is done, we find a (electric) ‘velocity field’, which is proportional to %, whereas the

‘acceleration field’ is proportional to %. Now, as magnetic field is proportional to electric field, up
to B = %12: x FE, we see that for the velocity field, P %% = ﬁ. Hence, the radiation field, for
the velocity field, is o %. This is the radiation per unit area, hence, the total radiation flux is the
integral [ Pd?r o #. Hence, the radiation field for the velcity field decays to zero.

Now, if we do this for the acceleration field, we see that P % = f Pd?r — 1. That is, the
radiation field, for the acceleration field, is a constant.

Hence, because the velocity term decays, but the acceleration term stays constant, we refer to the
acceleration term as the radiation field.

The equations reffered to are:

g [Rx[u%—ﬁ)xm

rad velocity —

T d4meo | ((1-8-RSR dmeg | ¢(1— B - R)3R?

Both evaluated at the retarded time. Notice, the first term is the acceleration field, which (at the
end of our discussion) we call the radiation field. These equations are merely stated here, but will
be discussed in detail later.

g [(R—m(l — %)

Consider the following magnitudes, for low §. That is, for non-relativistic motion of charges:

q 1
E =
vel 47 €0 K3 R2
q B
E =
rad dmeg ck3R

Where s =1 — 8- R. So, taking the ratio:
Er‘ad . R .

Evel c
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From which is see that if no acceleration (i.e. 3 = 0), then no radiation. Also, if ¢ is infinite, then
there would be no radiation.

Also, consider radiation with some characteristic frequency of oscillation, via ¢ = v\, then we get:

E?“a
d RB

Evel A

Hence, we see that the velocity field dominates in the near zone, and radiation in the far zone.

3.1.1 Example: Larmor’s Formula

Consider the radiation from a non-relativistic particle. So, we have that 0 << 1. Then, we have
that, in this limit: _
g B

—sinf
4mege R

Where 6 is the angle between the direction of acceleration and the observer. Now, we also have:

Erad =

1 -
Brad = ERret X Erad

Hence, the Poynting vector:

P = iE><B

H0

1 A
= WErad X Ryet X Epaq
1 R ~
= (E?’adRret - (Erad : Rret)ETad)>
1 2
= ‘P‘ =P = WErad

Where we have used that FE,.,q and R,.: are perpendicular; as we will see later. So, inserting our
expressions in:

Hence, we have arrived at Larmor’s formula:

QQ 32 2
p=_—L 7 G429 1
16m2egc B2 (3.10)

Now, this is the power radiated per unit area, per unit time. So, the total power radiated, per unit

time, is just:
d _
W _p- / PR?d$
dt
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That is:
P=_" = R 0dod
dt 167%e0c gz 1t sin0dide
= F27r/ sin® 6d0
6=0
1
= F27r/ 1 — 2%dx
-1
4
= 27—
"3
_ q° 32
6mege

We shall denote this expression for the total power radiated, under Larmors assumptions:

— q2 .2
P — 3.11
L 67reocﬂ (3.11)

Hence, just to check that this satisfies our intuition: as we cannot have negative power, the sign
of the charge must be even (i.e. the ¢®> term). The power radiated must depend only on the
acceleration, and not velocity. Thus, our intuition is satisfied.

Again, even though we have assumed 8 << 1, if ¢ — oo, then power radiated goes to zero. Hence,
that c is finite is important. Hence, radiation is a relativistic effect.

Note, in Larmor’s formula, we see a sin? 6 dependance. That is, no power is radiated along the
direction of acceleration.

3.1.2 Retarded Potentials & the Wave Equation

Now, in the previous section, we stated the retarded potentials:

1 p(r' tret) 3./
t) = d 12
Virt) = g [ Srrear (312)
HO J(Tlatret) 3/
Alr,t)="— | ——2d 3.13
(r7 ) 47_(_/ ’T_T,‘ r ( )

Where t,or =t — %R, with R = |r — /|. That is, the above are:

1 p(r',t — lR) 3,
Vir,t) = € 2d
(r7 ) 47‘(’80/ R "
Ho J(rlvt - l‘R) 3/
Alrt)=— | ——<¢ 7
)= [ S

Now, we wish to show that they do indeed satisfy the wave equations; and we do so for the scalar

potential, V:
1 9 p(r,t)
2 - Y — _ )
<V = 8152) V(r,t) =
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Now, to proceed we compute the following Laplacian:

1

P 21
V2 =pV -
P R

— v2
R R P

Now, we also have the result:
2 1 /
\Y R —4mé(R) = —4nwd(r — ')

Now, as we have that p(r',t — %R), we know it must be a solution to a wave equation (as that what
its solutions look like). Thus, its wave equation is:

1 62
*p= *2*5
c? ot
Hence: )
P 110
VQE E?w —47Tp5('l"—'l",)

Now, the point of computing this was to be able to write:

1 p(r',t — L1R) 1 118%
VIV = — [ VP d = /—4 5(r —r')d*r!
Ameo / R "= e | Ror Ameolr—rdy

That is:

1 18% [p',t—1R) 1
2y, - Y ’ c 3,/ R ry 1 3,./
VV—47F€OC2(%2/ 7 d’r - S(r—r")p(r',t — L R)d’r

Which is just:

As we have noted that:
5(r—vp(r' t = Llr — /)@ = p(r,t)

[

Thus, we have shown that the proposed representation of the retarded scalar potential does indeed
satisfy the wave equation.

3.2 Lienard-Wiechert Potentials: Point Charges

Here, we consider the scalar & vector potentials generated by a moving point charge q.

Consider a point charge, having some coordinates p(r’,¢'). That is, we consider it at some (re-
tarded) position & time: where it was, when it was. So, we may represent this as a delta-function:

p(r', ') = qé(r' — ri(t))
That is, 7(t') is some position within the charge. We have used that it is at the retarded time:

t=t—1tr—v/|
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Now, the potential is given by:

p(r' ¢
Vir,t) / dgr’
~ 4dreg |r — /|
So, as one can imagine, integration here is complicated, as the retarded time is a function of the
integration variable:
q 1 / 1\ 3.7
Vir,t) = §(r" —ry(t)d°r
(rut) = i [ ol = r(e))

To go further, we look at the charge distribution again. We re-write it using a delta function for
the retarded time:

p(r' t") = q/é(T —to(r' —ro(r))dr ' =t—Lr—v/|

Notice then, this integral will only allow the value 7 = ¢’ in the position delta-function. This integral
obviously evaluates to exactly what we had before; the reason for using this will (hopefully) become
clearer. Then, if we put this into the potential integral above:

_ 4 1 oy I 3,/
V(T’t)47750//\r—r’|5(7- tYo(r" —ry(r)) drd’r

Notice, the d®r’ integral will just have the effect of sending ' — 7{(7). Thus:

_4q 1 oy
V(r’t)_4ﬂeo/]r—r6(7)\5(T t)dr

To do this integral, we note that ¢’ is a function of 7:

Virt) = q/ L St (t— L - (r)))dr

dreg J |r —ry(7)]

Let us denote R(7) = r — r((7). Then, the above is:

Vi) = pi [ 00— (0= LR())ar

Let us continue by noting some dirac-delta theory:
Z . 5
|f (i)
Where the function f(z) has zeros at z;. Thus, in our case, we have f(7) =7 — t + 2R(7). Then:

df 1dR
A T
dr +cd7’

And it has zeros at:

1
T—t—ER(T):
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Infact, this ¢’ is the same ‘class’ of coordinate as r(. So, we shall call it . Hence, using this:

1
S(7 (¢ = R(7))) = 8(r ~ th) g
+ % |ty

Then, our integral for the potential becomes just:

q 1 1 /

V(r,t)= o(t —ty)d
0= ey T | w0
c dr (r=tg)
Which is easily evaluated to be:
q 1 1
Vir,t) =
"0 = e T4 18] R(H)
=t

Now, we shall show that:

ldk|  _ _B-R

¢ dr T=t{, B R T=t,
So, let us use the chain rule:

AR _dR_dry
dr — dr}y dr
So:
ﬁ_iha_rl‘__ r-r _ R
drl — dr) o lr—r)| R

And also, we see that the velocity of the beam is present:

dr,
o U
Hence: 1dR R.3
cdr R p
Thus shown. Hence, our potential is:
1 1
V(r,t) a

~ 41 RB P
4eg 1 — 5 R
Where everything is evaluated at 7 = t{;. Thus, we have the Lienard- Wiechert scalar potential:

q

Vir,t) = pr—

L ] (3.14)
R(l_’BR) ret

By very similar considerations, we can find the vector potential:

)
A(r,t) = MO/ AGRLOpCN

T —

Here, we use that:
T ) = Bt p(r )
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Then use the exact same argument, for delta-functions. Giving the Lienard- Wiechert vector poten-
tial:

T R(l - ’6 ' R) ret
Now, from these potentials, we are able to calculate the fields, from:
E=-VV - %;1 B=VxA

After some (!!) algebra, one obtains the the Lienard- Wiechert fields:

B ¢ |(B=B)(-5) Rx((R-p)xp) (3.16)
dreg | (1 - 8- R)3R2 c(l1-p38- R)3R .
5 b [(ﬁxmq—@u 8- RBxR)  _ BxR (3.17)
i |0-p RPR 1 RPR o(1-B-RPR
Where:
= "pr) (3.18)

Notice, we have the accleration & velocity terms in both the electric and magnetic field. The
acceleration fields are those with a % dependance, and velocity have #. We can also recover a
previously known relation:

1 -
B = 7RT6t X E (319)
C

3.2.1 Features of Lienard-Wiechert Potentials

The potentials are relativistically correct - the are Lorentz covariant. That is, shifting reference
frames dosent change anything it shouldn’t!

For point charges, the magnetic field is always perpendicular to the electric field.

We have seen that we can decompose the fields into velocity and acceleration components:

E=E,+E, B=B,+B,

Where: ] 1
EU,BUOC,@7ﬁ Ea,BaOCﬁ,E

The energy radiated by a moving charge, per unit time is given by:
dP = P-RdA =P - RR*dQ

This goes to:

dP . s o dt
—q = Jim [P-RR dtm] (3.20)
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As the energy radiated, per unit time, per unit solid angle.

The components of the Poynting vector are:

1

va X |Ev X B’U‘ 0.8 ﬁ (321)
1

Poa 5 |By % Bl % = (3.22)
1

Paa X ’Ea X Ba‘ 0.8 ﬁ (323)

And thus, the only non-vanishing component, as R — 00 is Py,.

One may think of the lack-of radiation of the velocity components, as the energy being ‘convected’
along with the beam. The velocity term does have an associated energy - it is linked to the kinetic
energy of the beam.

Let us consider an example.

3.2.2 Example: Particle Moving With Constant Velocity

So, we have a particle moving with constant velocity c3.

fret LB €
Figure 7: The setup for retarded motion.

If we have that the particle moves with constant velocity, then obviously B = 0. Thus, only the
velocity term of the Lienard-Wiechert field contributes:

g [(R—m(l—ﬁ?)

N 47‘(’60

~

(1-B RPR

ret

With reference to the figure, positions at the retarded time are denoted with a subscript r. Thus,
the above is just:

_a 1-p5%
dmeo (1 -3 j{r)

TP (3.24)
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Now, the main goal is to get everything in terms of positions now, rather than at the retarded time.
We do this by careful vector algebra.

Consider the distance the particle travels between t,.; and t. This is just its velocity multiplied by
the difference in times. That is, the distance the particle travels is just:

cB(t — tret)
Hence, with reference to the figure, we may then write:
R, = cB(t —t,et) + R, (3.25)
Which is (obviously) completely the same as writing:
R, =R, — cB(t —tret)

Also, the distance a signal travel, at speed ¢, between t,.; and t is just R,; by definition. Thus, we
also have:
R, = C(t - tret)

Thus, combining the above two results:
Rp == Rr - RTIB

That is, using the standard R = Rf?, just:

Rp:Rr(Rr_/B) = (RT_IB) =

Ry (3.26)

Hence, using this in (3.24)) gives:
_q (1-5%
dmeo (1 — B - R,)3R3
Thus, the only ‘vector’ left (and hence direction), is actually the actual position R, rather than

the retarded position R,.. Hence, the electric field is in the direction of where the field is now, but
due to where it was! So, let us continue, and get the denominator in terms of ‘now’ variables.

R, (3.27)

Now, let us square the left-hand expression in ([3.26|):

RZQ; = Rz(ﬁr_ﬂ)2
= RI(1-2R, B+ 3%
= R?-2R’R, -3+ RS

That is:
R2=R?-2R’R, - B+ R2p* (3.28)
Now, with reference to the figure; we notice that the vertical in the two triangles is the same. So:

IR, x B° = |R, x B (3.29)
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Let us expand the LHS, carefully:
IR, x B> = [R,Bsind,)?
= R?sin?0,
= R23%*(1 — cos®6,)
= R - (R p)°

Where 0, is the angle between 3 and R,. We have noted that the defintion of the dot-product
comes out, which we have then used. We can then easily see that (3.29) is just:

RIB* = (R, - B)* = Ry6* — (R, - B)? (3.30)
Now, let us compute the following:
R}(1-B-R)’= (R, — B R,)’
Which gives:
RX(1-B-R)’=R}-2R,3 R, + (B R,)’
Now, substitute into the above, for R?; giving:
RN(1-B-R)®=R.+2R!R.-B— R}’ —2R,8-R, + (8" R,)’ (3.31)
If we rearrange slightly, we have:
(R -B)* = R:6° = (R, - B)” — R35”
Substituting this into , for the third and last terms:
RX(1—B-R)*=R}+2R’R,-B—-2R,3 R, + (R, B)’ — R23°
Noting that two terms (note that 2R2R, - 8 = 2R, R, - ) cancel gives:
RI(1-B8-R)’ = Ry + (R, 8)” - R}5°

Now, notice, the LHS of the above is ‘almost’ the same factor as we have in the denominator of the
electric-field expression (3.27) (it is the same, if we take the 3/2 power of the above). And also, the
above is purely in terms of ‘now’! Let us expand this out now, getting some angular dependance.

RX1-pB-R)* = R:+(R,Bcosf)? — R23*
= R+ R>B3*(cos® 0 — 1)
= R2— R’3’sin®0
= RJ(1-— p3*sin®0)
Hence, we can use this in the denominator of :

o (0=5 5
o (1- - R,V
q (1-5%
4mep (1 — B2 sin? 6)3/2RI3,RP
q (1-5% ;
4meg (1 — (B2 sin? 9)3/2R]2)Rp
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Thus, we have computed the electric field in terms of the present position of the particle, and the
angle in which the particle is viewed:

_ g (1-p5%) ;
 4meg (1 — 32 sin® 9)3/2R%Rp

Also, we can find the magnetic field, from the following expression:
1.
B=-R.xE
c

Now, from , we have that:
R, =cB(t —tret) + Ry
And hence:
R =—=—F—+

- R, cB(t—twr) R,
R,

We also had that R, = ¢(t — tet). Hence:

. Rp
And therefore: ) R
B=- “P)xE
c (B + RT> .
Now, R, and E are along the same line. Hence, that term is zero. Thus:
1
B=-8xFE
c
Hence, using our electric field:
q (1-5%)

(B x Rp)

" dmege (1 — B2sin? )32 R2

Also, note that:
L _ e
Aege  Aw

Hence, to summarise what we have done: we have found the electric and magnetic fields due to a
moving particle. We have found that they do not depend upon retarded time, but only on the time
that the particle is in presently.
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3.3 Radiation
Let us consider the radiation emitted by a particle moving. We shall consider the two cases of velcity

and acceleration being parallel and perpendicular; but before then, we shall derive the general form
of radiation from a moving charge.

3.3.1 General Theory of Radiation

Now, we know that radiation is only emitted from the acceleration component of the electric field:

Rx (R- ‘
e:4q [ X( IBA)XIB (332)
TEQ (1-B-R)R | .
With the corresponding (acceleration components of) magnetic field being:
1. -
Ba = E[R]ret X Ea (333)

Now, from these expressions, we can see that both E, and B, are perpendicular to R. That is:
E,-R=0 (3.34)

Now, the radiation per unit area is given by the Poynting vector, as we know:
1
P=—F,x B,
Ho
Thus, using (3.33) in the above expression:
1 .
P=—EFE, x[R],& x E,
Hoc

Let us use the vector identity @ x b x ¢ = (a - ¢)b — (a - b)c; which gives:

1 . .
P~ — (B[R]t ~ (Ea - [R],e)E,)
Hoc
However, from (3.34]), this is just:
1 .
P = 7E2[R]ret (3'35)
Hoc

Now, the amount of energy dW, going through some bit of surface dA, per unit time is:

d A~
di‘f =P dA =[P RR%d)«

Now, as the power P is dP = P - RR2dS) - the amount of ‘poynting vector’ going through an area,
we obviously have:

dP al 2
0= [P - RR*|yet
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Hence, upon comparison of the two above expressions, we can write:

d*w
dtdS2

= [P : RRQ]ret

Now, if the charge is accelerated between times t; — t2, how much energy is lost? We can obviously
write:
aw 2 -
=) [P - RR?)e; dt
1

Hence, as we can convert between retarded times thus:

pop B0 At TdR
v c dt’ c dt’
Where we have previously seen that:
1dR -
cdp ~ BBl

Hence, let us change integration variables:

dW t R dt
G- P - RRY,.; —dt’
dQ /t1 [ Jret dt’

= /t/2 [P - RRZ]ret (1 - [R ‘ 5]ret> dt/

t
Therefore, divinding out the dt’:

2 A A
e =[P RR)( - R-p)

ret

And this, upon comparison of the LHS and previous expressions, is:

® e r0-RPR]

ret

Hence, using ([3.35)) and (3.32)), this is just:

dp_ @ (RX(R—,B)X,3>2
dQ ~ 16m2egc (1-8-R)

(3.36)

ret

Now, we derived P in the comoving frame of the charge ¢; but the result is valid for any frame,
including the rest frame of the lab. Thus, P is invariant under Lorentz transformations.

Let us now consider colinear acceleration:
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3.3.2 Radiation: Acceleration & Velocity Parallel

This is sometimes denoted colinear motion.

Here, we have that the acceleration and velocity of the particle are in the same direction. Hence,
this immediately tells us that:

BxB=0
As is the condition for two things being parallel. Hence, using this:
L 2
b ¢ | (RxRx8)
A 167%0c | (1-8-R)

ret
Now, we use a vector identity’} to see that:
RXRXB:BCOSQR—B
Thus, squaring it:
(RxRxpB)? = (BcosOR— B)?
= (%cos?0+ 3% — 232 cos® 6
= 3*(1 —cos?0)
32sin2 6

Hence, using this:

dP 2 22 in2 0
aQ 16 - [ o 5] (3.37)
T4EQC (1 E R) ot
And, with 8 << 1, we obtain the previously derived Larmor formula:
dP 'S 22 (i 2
- = 0 .
dQ 16#25006 St (3.38)

Where 6 is the angle between B and R.

Hence, we have derived the angular distribution of radiation, from a charge moving parallel to the
direction in which it is being accelerated. We have also derived the form for non-relativistic motion.

Using (3.37)), let us find the angle at which most radiation is emmited.
To do this, let us isolate the #-dependance, and differentiate:

d sin® 6 2 cosfsin 0 543 sin® 0

d9 (1 —Fcos)>  (1—LFcosh)> (1 — [cosh)S -

And set it to zero (maximum). Solving:

[2cos (1 — Bcosf) — 58sinf]sinh =0

2axbxc=(a-c)b—(a-b)c
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Solve this by the quadratic formula, with x = cos 8, giving:

_ —1+/TF 158
T = 35

And thus, the maximum (as opposed to the minimum) is, from = = cos :

b o (—1 +41+ 155)
maxr — 35

Let us finally figure out the total power radiated by a non-relativistic particle. We hence integrate

(13-38)):
242
Pr s /d¢/d9$in2081n0

- 1672ggc

Which, with a substitution?}, gives:
232
_ 9B
L 6megcC

3.3.3 Radiation: Acceleration & Velocity Perpendicular

This corresponds to a charged particle being accelerated in a circular orbit. This will correspond
toB3-8=0
Let us start with our general formula for radiation:
. . A2
dp ¢ (RX(R—B)XB)
A 16m2egc (1-8-R)S

ret

Let us, for convenience, write this in the following way:

dpP 7> =2 . )
_— =~ EER R_
dQ ~ 1672egc [(1_5.1,3)5] t < (R-B)xf

Let us expand out the top, using a vector identity as we go:
=2 = ﬂxﬁxB—RxﬂxEl
= (R-BR-B—(R-B)B+ (R B)P
= R-B(R-p)-B(1-R-p)

Hence, as the numerator in the expression for radiation is squared, let us square our expression (the
very last one):

=2 = (I%ﬂ(R—ﬁ)—B(l—R-B))Q:(R-B)Q(R—ﬁ)2+32(1—3'6)2—25

3See the appendix for a note on doing such integrals
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Where ¢ is the ‘cross-term’ that always results from squaring a bracket:
(=[(R-B)(R-P)[B(1-R-B)

Let us compute this, carefully (remembering that terms that are already ‘dotted’ are a scalar, and
are just treated as ‘numbers’):

£

(R-B)(R-p)]-[B01-R: ﬂ)A
®PR5-(R | >< )(R-ﬂ)
( B)(R- )

Now, from the setup of the system, we have that velocity and acceleration are perpendicular. Hence,
as previously stated B - 8 = 0. Thus, noting this results in the last two terms above being zero;
leaving us with the first two (which we also clean up):

£=(R-B)’—(R-B)*(R-B)

Taking out a common factor:
¢=(R-B’(1-R-p)

Therefore, the squared expression for the numerator is:

(1]

= (R-PPR-B+FP(1-R-B) -2
= (R-B(R-P+1-R-B)°-2(R-B)°(1-R-P)

Again, let us take out a common factor:

(1]
|

? = (R-B7|(R-P)-2+2R-B|+F(1L-R-B)
= (R |1-2R-B+ 5 —2+2R- 8] + (1~ R-p)’
= —(R-B)’(1-p)+5(1-R-B)

Now, treating R. B as the projection of 3 onto the z-axis, we have that R. B = Bsin b cos ¢, Also,
we have that R -3 = S cosf. Hence, the above becomes:

—(Bsinfcos ¢)(1 — 3% + 5%(1 — Bcosh)?
Also, we see that the denominator term in the radiation expression can be written:
(1—8-R)° = (1—fBcosb)®
Hence, using all this, our radiation expression, for acceleration being perpendicular to velocity, is:

dP q? =2
dQ 16m2c (1 — 3+ R)®

¢*  —(Bsinfcos¢)(1 - 5%) + F*(1 — Bcosh)?
16m2egc (1 — Bcosh)®
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Now, to expand out the top, and rearrange:

Q B ¢ 52 _ sin? 6 cos? ¢
dQ)  16m2egc (1 — Bcosh)3 v2(1 — [ cos)?
Where we have noted that:
S
1— (32
Now, we call this type of radiation synchrotron radiation, and we hence have the final expression:
Q B ¢ 52 _ sin? 6 cos? ¢ (3.39)
dQY  16m2egc (1 — Bcosh)3 v2(1 — B cos)? '

3.3.4 Radiation: Summary
We have derived the radiated power, per unit solid angle, for the cases where the velocity and
acceleration are parallel and perpendicular.

For the case of parallel, we call the motion colinear acceleration, and usually denote the radiation
dP;,. The expression we derived was:

dP;, ¢ 32sin2 6
dQ  16m2ggc | (1 — Bcosf)d

(3.40)

For the case of perpendicular, we call the radiation synchrotron radiation, denote it dP); and the
expression we derived was:

dP, B 7> 52 B sin? 6 cos? ¢
dQ  16m2gpc (1 — Bcos )3 v2(1 — B cos)?

(3.41)

3.3.5 Example: Minimum & Maximum Radiation
Let us consider two exercises:

e Let us show where no synchrotron radiation occurs, for ¢ = 0. Let us also show where
maximum radiation occurs.

e Let us find the total radiated power, for both colinear and synchrotron radiation.

No synchrotron radiation Let us set ¢ =0 in the expression for %. This gives:

dP, B 7 32 1 sin®
dQ  16m2gpc (1 — Bcos )3 v2(1 — Bcos)?
If there is to be no radiation, this expression must be set to zero. That is:
7 52 1 sin” 6§ B
16m2¢pc (1 — B cos )3 v2(1 — Beosf)?|
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We must then solve this for 6. So, expanding out the (top) brackets, using sin? = 1 — cos? 6, and
the definition of v, this becomes:

1 [ (
(1 —Bcosbh)®
Thus, expanding out the top bracket again, and cleaning up, gives:

(B —cosb)*
(1 —Bcosh)5

1 — Bcosf)? — (1 —cos? ) (1 — ﬂQ)] =0

Hence, we see that we must have cos = 3. That is, we have derived that there is no synchrotron
radiation, along ¢ = 0, if 0,5, = cos™! 3.

To show where power is a maximum, we must differentiate the dP, , with respect to 6, then set to
zero; and solve for . We shall not do this here.

Total power radiated Let us find the total power radiated, first for the colinear case. So, we
must integrate the expression over solid angles. Thus:

/dP//d q2 / B2sin29 a0
1672¢pc (1 —Bcosh)®

Remebering that d)2 = sin 8dfd¢, this becomes:

232
P =47 // Sme 55 s 0d0dg

1672¢eqc

That is:
. P _ﬁQ /”sin3¢9d6
/1 1672e0c 4 o (1—=pcosh)?

Making the substitution of x = cos #, the integral bit is:
/1 1—a? 4 1
——dr = - ————
1 (1= pa) 3(1—p2)?

]5 _ qQﬁ'Z é 1
/1™ 8mege3 (1 — (3?)3
And, noting that 1/92 = (1 — 42), this is:

Hence:

5 (12 52_6
P, = _1
// 67rsocﬁ 7

And, with reference to (3.11]); the Larmor total power radiated, this is:

2
_ 5 6 _—_ q -9

Now, if we do a similar integration, which is more complicated this time, for the synchrotron
radiation expression, we find:
P = Pry!
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3.3.6 Example: Charged Particle in Circular Orbit

Suppose we have a charged particle, in a circular orbit (radius R). We have an applied magnetic field
B which keeps the particles in such an orbit. Then, we have that the acceleration is perpendicular
to the velocity. Hence, we can use the following expression for the total power radiated:
2
— q .
P = ——p%!
6mege

The velocity is v = ¢, and is direction at a tangent to the circle. The acceleration is a = ¢, and
is directed from the particle to the centre of the orbit. Thus, using this expression:

2 2

> q-a 4

P = 3
6mege

Now, we have the relation a = %, from standard Newtonian mechanics for motion in a circle. And
also, note that v = ¢. Hence:

2 .24
P, = ab ’Y4
61 €0R2
Now, from Newtons force equalling the Lorentz force:
62 02
yma = quB = va = qfcB
Noting that everything is at right-angles. This easily gives:
R ymef
qB
Hence, using this in P, :
p _ q4 62 BZ
=22
6megmic

Hence, we have derived a formula giving the total power radiated by a charged particle, mass m, in
a circular orbit (governed by the externally applied magnetic field B), at speed cf3.

3.4 Discussion

So, in this section, we have considered the relativistic effect of the finite speed of light. We have
seen that a consequence of light having a finite speed, is that moving charges radiate. Infact, what
we have also seen, is that only accelerated charges radiate. We saw that this was because stationary
charges do not radiate, and that we can always put a charge moving with constant velocity into an
inertial frame, in which it is at rest.

We then derived the Lienard-Wiechert potentials for point charges in motion, and stated the
associated fields.

Finally, we derived a general theorem of radiation, and specialised it to the cases of linear and
perpendicular motion; whilst finding positions of maximum and minimum radiation.

This concludes our discussion on retarded potentials; and we proceed onto relativistic electrody-
namics.
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4 Relativistic Electrodynamics

The aim of this section is to show that the theory of electrodynamics is consistent with the special
theory of relativity

=
A~

J

Figure 8: The standard setup for the Lorentz boost along the z-direction. It is standard to state
that the origins of the two systems coincide at ¢ = 0, and that the motion of the second frame '
is inertial relative to the first X; where the primed frame is at a speed u = ¢g3.

Let us state the Galilean transformations:

t t
r= o +ut

- (4.1
z= 2

And also the Lorentz transformations:

y = . (4.2)
z= 2!
o 1 v
7= 7@ f= - (4.3)

These two sets of transformations are for ‘boosts along the z-axis’; and are the set we call the
“inverse transformation”.

We can show that Maxwell’s equations are not invariant under Galilean transformations, but are
invariant under Lorentz transformations. By ‘invariance’, we mean that the equations have the
same form in both the primed & unprimed frame. We could also show that Newton’s equation
F = ma is invariant under Galilean, but not under Lorentz transformation.

The postulates of special relativity:
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e All laws of nature are independent of the translational motion of the system as a whole;

e Information cannot travel faster than the speed of light.

There are many physical consequences of these postulates, including length contraction, and time
dilation.

4.1 Notation

We may be able to see, that from the Lorentz transformation equations, that the following is
invariant:
g P2 R g 2 = P

That is, the modulus of a 4-vector remains unchanged under Lorentz transformation. We shall
denote a (contravariant; we shall come to this later) 4-vector by Z, as opposed to the 3-vectors by
v. So, the above modulus is:

i i=7 i =d

Minkowski space ‘mixes’ the spatial components with a temporal component. Minkowski space is a
space in which 4-vectors reside, having their modulus invariant under Lorentz transformation. We
shall demonstrate this below.

Let us write the followinﬁﬂ (what we will call contravariant) 4-vectors:
7= (2" 2?2 g=0"y )

As we shall also see later, these contravariant vectors occupy the vector space. That is, they are
what we usually call ‘vectors’. Also, by way of notation, we can refer to the vector by &, or by
the set of components {x#}. We will usually be sloppy with using this notation, so that writing z*
implies the whole vector. However, in calculations, we will usually use x* to refer to that single
component. By writing x# we are not appealing to any basis system, such as Cartesian or spherical
polar.

The scalar product between the two vectors is then written:

3
Txy= Z 2" gy’ (4.4)
v,u=0

Where we have introduced the metric tensor of Minkowski space:

1 0 0 0
0O -1 0 0

[.g,uu] = 0 0 -1 0 (4.5)
0 0 0 -1

It is important to note that the expression g,, refers to the element, not the tensor itself, which
is why we used [g,.,] above to refer to the whole tensor. Again, we will be sloppy with notation.

4] have made a fairly comprehensive treatise of index notation & the various types of vectors, as well as preliminary
tensor calculus notes. They may be found on hitp://myweb.tiscali.co.uk/jonathanp. The most useful document is
“Index Notation”, which does use a different metric signature of (—, +, +, +), rather than the (+, —, —, —) used here.
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This may also be written as g,,, = diag(1,—1,—1,—1). Under the Einstein summation convention
of implied summation over the available coordinate space, the scalar product may then be written:

81

* Zj = xuguuyy

Or, the modulus of a 4-vector:
d2

8]

T *

v
=a'gur

This way of writing a modulus (or inner product), in terms of a metric, is very useful, as it has
removed the need of how the basis vectors ‘interact’ with each other. Consider the following:

In Cartesian space, we have the metric d;;, which is the identity matrix. We shall write the dot
product between two vectors in Cartesian space:

x -y = (r:€:) - (yje;) = viyjei - €;

Now, we cant go any further without stating how the basis vectors ‘interact’. The Cartesian basis
vector have the following relation:
€;-€; = 5ij

Then, we may write a Cartesian dot-product, in terms of this rule:
Ty = 2y;0ij = TYi

Which is the familiar rule for finding the dot-product of a vector. Now, the first thing to note is
that we have used lower indices everywhere, and that they are all latin letter (as opposed to greek).
This convention will be used throughout. Second to note, is that instead of writing the vectors
as a sum of components with basis (i.e. * = x;e;), we could ignore the basis. In this way, the
dot-product is written simply as:
T -y = x;y;j0i;

With no mention as to the nature of the basis vectors. Infact, this is technically incorrect: the
fact that we have used the expression d;; means that we have used a pre-conceived rule for the
basis vectors. Generally, the rule is called a ‘metric’, and is usually written g;;. So, the metric for
Cartesian space is g;; = 0;;. Then, the dot-product is:

T-Y = GijTiY;

Then, in writing it like this, we have seemingly generalised to any space, without need for a basis,
or how the basis interact (information of which is actually ‘inside’ the metric). So, in Minkowski
space (as above), the dot-product of two 4-vectors is written in terms of just the components (i.e.
not their basis; we have not considered once what the basis is) and the metric:

-

Tr-y= guuxuyu

Where we have gone back to worrying about upper and lower indices. Let us now consider what
these correspond to.

Now, let us define a contravariant position vector thus:

=zt =(ct,x,y,2) (4.6)
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And let us define a covariant position vector:

=z, = (ct,—x,—y, —2) (4.7)
These two objects may appear to be the same, but they are not! What we used to call just a
‘vector’, is actually a contravariant vector. These types of vectors transform in a very different way.
Let us make the following identification:

ot = (xo,xl,x2,x3):(ct,x,y,z) (4.8)

Ty = (IL’O, Ty, .152,.%3) = (Ctv -, =Y, _Z) = (xov _xlv _x27 _x3) (4

Now, its worth noting how the metric acts upon co- and contravariant vectors. Let us multiply the
metric by a contravariant vector:

1 0 0 0 20 20
v 0 -1 0 O z! —z!
G = 0 0 —1 0 2 | T =22
0 O 0 -1 a3 —3

Now, notice that the expression on the far right is actually how we defined a covariant vector in
(4.9). Hence:

Ty = g’ (4.10)

Being careful with the order of the indicesﬂ Note that the operation of the metric lowers the index,
then relabels it. Similarly, we have:

=gz, (4.11)
That is, raising the index, by acting upon a covariant vector with the inverse metric (which we will
come to shortly).

Now, let us refer back to the expression we had for the modulus of a 4-vector:
T = atga”

Now, we have an expression for ‘what happens’ if we multiply a contravariant vector by the metric,
in (4.10)). Hence, let us use that:

atgpa’ =atx,

We denote this, in terms of the actual vectors (as we used the ‘x’ sign for the scalar product of two
contravariant vectors) as:

z-1l= xtx,
And this is the equivalent of the ‘dot-product we knew before’. This is what we will call “the
interval”. So, for later reference, for infinitesimals:

ds? = Gudatdx”

5 Again, for explanations of these indices, and ways of manipulating them, I refer you to the afore mentioned “Index
Notation”.
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Consider a “normal” 3-vector . Its length is given by the dot-product with itself z? = x-2. Then,
given a vector of infinitesimals in each direction:

dx = (dz,dy, dz)
Its length is obviously:
ds? = dx - de = da® + dy? + d=*?

Hence we see the reasoning behind calling the quantity ds? = guwdxtdx” the ‘interval’. We shall
come back to this later, upon discussion of proper time.

The inverse of the metric g, is written g"”. The inverse metric tensor has the same elements as
the non-inverse metric, but it is not the same tensor. So, we may write that g, = ¢g", but that
merely means that its elements are the same, not that the tensors are identical. This highlights the
difference between representing a tensor by a matrix, and the tensor itself: we represent a tensor,
but we do not write the tensor itself. Also notice that g,, = g,,: the tensors are symmetric.

We can arrive at an interesting relation by multiplying by something that will raise the index
on the LHS:
gz, = g g

Now, we can evaluate the LHS, via , to give:

af = gPlga”
Now, we must make this consistently true, which leads us to the relation:

9" g = 60 (4.12)
Which, if we plug it back in, results in:

xf = o6bx" = af

Which is indeed true! Notice, we can think about this in a slightly different, but more ‘hand-wavey’
way: a matrix multiplied by its inverse gives the identity matrix; which is indeed the statement of
@.12).

We say that multiplication always occurs between a covariant and contravariant vector (or vice-
versa). We form the following scalar product between two 4-vectors:

Z-yt =2y, = 909y’ = 9 gurey’ = Srpy’ = oy

Where we have just showed that z#y, = x,y*. To do so, we raised/lowered the indices, depending
on their initial location. Then, notice the inverse-non multiplication, resulting in the Kronecker-
delta, which we then evaluated.

By way of getting ‘used’ to playing around with these objects, consider the following expression:

2\
gupgp 9w
We notice that the middle and last term are inverse times non-inverse, giving:

gupgp)\gku = gup55
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And we can then use the Kronecker-delta:

IupOh = Guv

Hence, we have shown:

A
Gup9”" I = Guv

We have introduced the concept of two different types of vectors: covariant and contravariant
vectors. These are infact two different types of vectors, each occupying their own vector space.
When one has a standard vector space, one can always define a dual vector space. An example
we may be familiar with, is in quantum mechanics: if we have a state in ‘ket-space’, so that |k)
represents such a vector. We also know that taking the Hermitian conjugate of such a vector gives
the ‘bra-state’ vector (k|. So here, the vector space is the ket-space, and the dual the bra-space.
The act of going from the ket-space to the bra-space, via taking the Hermitian conjugate, is akin
to multiplying a contravariant vector by the metric, to get to the covariant space.

So, we have contravariant vectors occupying the vector space, and covariant vectors occupying the
dual vector space. What always used to call vectors, are occupying the vector space, and are thus
contravariant vectors.

As we have seen, the operation of a metric upon a contravariant vector gives covariant vector. So,

we can think of the metric as being a way of transferring between the vector space & the dual space
(and obviously the other way round via the inverse).
And, by way of (brief) introduction to the next section, a Lorentz transformation keeps within
one vector space, and gives the vector referred to a different coordinate system. That is, given a
covariant vector, a Lorentz transformation of the covariant vector retains the status of ‘covariant’,
but will give the components of the vector with respect to a different frame of reference within the
dual space of covariant vectors.

4.2 Lorentz Transformation

Let us re-state the Lorentz transformations, in a slightly re-jigged way:

ct’ = (et - Bzx)
¥ = ~(z— Bct)
=y
"= 2

Now, consider relabelling the coordinates thusﬁ

20 =ct =z TT=y =z

5Tt should be obvious that these are not exponents, and are just indices.
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Then, we can see that we may write the Lorentz transformations, for a boost along the z-direction,
as:

o = (@’ - pat)
no_ 0 1

= A(=pz" +z)

22 = g2

$/3 _ xS

Then, we can see that we can group these equations together into a single set of matrix equations:

0 -8

¥ 0
—B 0
0 1
0 0

o O O

x()
1
X

4.1
% (4.13)
133

o O

Multiplication of these matrices reveals that we may indeed represent our system in this way. We
write this as:

't = AF x” (4.14)

Notice that the transformation is symmetric (that is, the transpose of the transformation matrix is

the same as the untransposed version):
A, =N,

Now, the next thing we do is a little more subtle. Consider the 2/ equation:
2 = (2 — Ba")
Let us differentiate this with respect to 2%, z!, 22, 2> separately:

63;’0 0 ax/O 0
W:'Y:AO @:—’75:/\1

ox'0  9z°

—n— AO
0a7 ~ og7 0T M

We see that these are the elements of the first row of the transformation matrix. Hence, with a
little thought, we see that the following is true:

oz’
N, = (4.15)
Putting this into (4.14):
oz
't = 82‘” x” (4.16)

This is actually the definition of a contravariant tensor, of first rank. That is, any quantity A* that
transforms via:

or'*
Al = 2 AV 4.17
e (4.17)

Is a contravariant tensor, of first rank.
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Let us find the inverse transformation. We shall do this by considering the following expression,
the lowering of indices, by the metric, in ‘transformed’ space:

r_ v
T, = gu®
Then, the far right term we can express in terms of ‘unprimed’ coordinates, via (4.14)), giving:
!/ v K
r, = g x

We may then express the far right ‘super-scripted’ component in terms of a ‘subscripted’ expression,
from (4.11)):
.%'L = g.UVAanR - g,UVAVnngxP

Now, a property of transformation matrices is that (we shall justify this in a later section):

G g™ = (A71),F (4.18)
Hence, using this:
! —1
xu - (A )upxp
Where we have that:
ox”
-1\ v __
A7) =50 (4.19)

Let us write the transformation and the inverse, next to each other, as we would with matrix
multiplication (note: we expect the identity matrix out):

(A1) ¥ = o't dx¥ _ o'+ _ gn
P oxv ox'P  Ox'P P
Which indeed conforms to expectation!

In analogue with the contravariant tensor, we have that any covariant tensor of first rank transforms
like:

ox”
I
B, = dxin "

(4.20)
4.2.1 Differentiation
Let us write the 4-vector differential covariant differential operator:
5= 9 _ (0 9 9 0
7 0xr \ 020 0zl 022’ 0x3
_ (190 8 8
~ \cot’0x’ oy’ 0z
Also, the contravariant differential vector:

=0 _ (L0 0 0 9
Oz, \cot’ 0x’ 9y 0Oz
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That is (confusingly), the operator d, is covariant, and 0" is contravariant. The confusion arises
when we consider that the differentials themselves have the opposite sign.

It may help to think of the following: consider the grad-operator in Euclidean space:

3}

v:f i
83:26

It is the equivalent of saying that V is a covariant vector, but differentiates in a contravariant way.
It transforms as a covariant vector.
Notice then, forming the inner product:

1 ® P P 1P

QM= - - -~ i v2
" 2otz 0x2 Oy 022 2ot?
That is, we can write the D’Alembertian:
1 6?
2 _ _ 2
|:| = 5M3“ = 672@ — V
We shall frequently use the notation:
B’Ui
V.-v=
Y 81,‘1
Where it is understood that ¢ = 1,2, 3.
We have:
10 10
o, =|-=,V oH={(-—,-V 4.21
. (C ot ) (c ot ) (421)

4.2.2 Examples

Let us bring together some notation, and use it to show some useful things.

Show that x#x, = 2"z, To show this, we will show that the RHS is the same as the LHS. To

do this, let us write down the transformations:

I AR Y I -1\ p
t = Atz z,=(A"), x,
Therefore:
P! = AM V(A7) P
nwo v n P
_ =1\ pAp v
- (A )u A vl Tp
. sp v
= "z,
= z,z"

Hence proven.
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Show that g,,¢"” = I, To show this, we start with z, = g,,z”. We then multiply the whole
thing by ¢”*:
9"z = 9" gua”
Then, raise the indices on the LHS:
P = gPg .’
Therefore:
gp#g,uu - 55

Hence proven.

Show that 9, is a covariant vector Now, this is a little more tricky. We first must write the
definitions of 0, and of a covariant vector:

Oxt
/!
B = i P

0
Ou = g
Now, let B, — 0: o . 5
iy T
oz 9z dxr dalv

Where we have noticed that the same factors cancel off. Thus, we have shown that:

Py oxt

v ox'v

=0

Ou

Hence proven.

4.2.3 Tensors

Let us briefly extend the definition of transformation of tensors.

Consider a contravariant vector. It transforms thus:

i
Al,u, — aw Al/
oxv
This is a rank-1 contravariant tensor. We can motivate a second rank tensor by considering two
y
first rank contravariant tensors:
oz’ oz’

1L — P DIV —
¢ OxP ¢ OxA

Then, let us write them next to each other:

D>\

Then, let us define A¥Y = CHDV; then the above easily becomes the definition of how rank-2
contravariant tensor transforms:

A ox'F Oz’ oA
- OxP Oz

(4.22)
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To show that a set of quantities T#” form a contravariant tensor, it is necessary to show that the
above holds. It is fairly easy to see the generalisation of this transformation rule to a contravariant

tensor of rank-n:
Oz'Ht 9z'H2 Og'H3 oz'Hn

A/MAp2p3 - — AV1V2rs--Vn
ox¥t Jxv2 Ovvs oxvn
Similarly, a covariant tensor of rank-n transforms:
ox"t 0x"2 Ov¥3 oxn

I p—
BM1H2N3'~~N” - 8$’“1 81"”2 81,‘/“3 . e 81}’“” V1UV2V3...Up

We can also talk of ‘mixed rank’ tensors. So, for example, a rank-2 contravariant rank-1 covariant
tensor would transform like:

T _ ozt Ox" 0z 5
P Qx> 9xP dalr” 7
Just as we had the metric acting upon a vector, let us show what happens if the metric acts upon
a contravariant tensor, of second rank:

Jup A" = A,

It drops the index, and relabels it. Notice that we have retained the order of the indices. For a
more complicated mixed-rank tensor:

VAPY . APYH VA _ A
gHA VA_A A ngAp H_Ap/,tli

It is useful to notice:
ozt st or'*

oxv Y ox'v

And also, with a small amount of thought:

.y

ox'M O A

dxP ox'm P

Although not a precise reason, the above is easily realised if we notice we can cancel out the 9'*
factors from the top left & bottom right, leaving something we just saw was a Kronecker-delta.

So, a tensor is a set of quantities which transform under a given rule. That is, given one set of
quantities, if we know the transformation to some other frame of reference (such as our Lorentz
transformation; which is only one example of many), we know what the set of quantities look like,
relative to that new frame of reference.

4.2.4 Inverse Lorentz Transformation

Let us consider an alternative way to think about & derive the inverse Lorentz transformation.
We saw that the metric acting on a covariant vector gave a contravariant vector:
g“”:l?,, — g

We may also operate the metric upon a rank-2 covariant tensor:

Q#VAV)\ = AH)\
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Equivalently, we may act the metric upon a mixed-rank tensor:
g AN, = AN
Let us then create a composition:
GG AN ) = g AN = A

So, we first acted the inner metric (this order is arbitrary), which raised the p, relabelling it p (notice
that the relative order & column is preserved). The outer metric then dropped the A, relabelling to

v. So, as one operation:
A
A = gaghtA”,

Now, let us consider that the tensor in question is the Lorentz transformation:
A
A = guag"’A?,

Now, this, as it stands, is not the form in which we have matrix multiplication. Consider gh? =
(g?")T (which is infact a fairly pointless operation, since the metric is symmetric. We do it for
completeness). Then, replacing the middle metric above with its transpose:

T AN
Auu = gV)\(gpM) A p
Then, we may reorder the expression (as we are at liberty to: these are just numbers!):
A T
A= g, (g)
This is now in the form of matrix multiplication:
A = gAg”

The prime is to denote that it is in someway different; not that it is in the primed frame! Let us
carry out this matrix multiplication; after noting that the transpose of the metric is the same the
untransposed metric:

1 0 0 0 v =B 0 0 10 0 0
r o =1 0 8 4y 00 0 -1 0 0
ghg = L o o 1 o 0 0 10 0 0 -1 0
0 0 0 -1 0 0 01 0 0 0 -1
v 8 0 0
_ 8 v 0 0 |
B 0o o 10 |=A
0 0 01

So, upon comparison of this final matrix (that which we called A”), we see that it is exactly the matrix
containing the elements of the inverse Lorentz tranformation. Hence, we may denote the inverse
Lorentz transformation matrix as A,". We must be very careful with the positions of the indices,
as we see that A", is the Lorentz transform. Thus, we see the justification of , as promised!
So, common notation, which are completely equivalent, for the inverse Lorentz transformation:

v __ -1\ v
Au _(A )
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4.3 Lorentz 4-Vectors

Now, we have already seen a 4-vector, in the contravariant vector z# = (ct,x); where this notation
implies that « = (z,y, z), the standard 3-vector. We saw that it had the folowing transformation
properties:

[T o AK Y
e, =atx, xt=Ax

Infact, any general 4-vector, with components A* has the same properties:

AFA, = APAL AT = AR A

So that any 4-vector (or two 4-vectors) are invariant under Lorentz transformation. This is infact
a condition that a set of quantities must fulfill, in order to be called 4-vectors.

Now, let us define the contravariant infinitesimal:
dzt = (cdt,dx) = (cdt,dz, dy, dz)
And the corresponding covariant infinitesimal:
dx, = (cdt, —dx)
We then have the line element (which we have already discussed):
ds?® = gudzrtdz” = dxtdx,,

And which we have shown to be invariant (and is only valid in Minkowski space; due to the form of
the metric). Let us write it in terms of the components of the corresponding infinitesimal co- and
contravariant vectors:

ds* = dztdz,
= Adt* + (dz)(—dz) + (dy)(—dy) + (dz)(—dz)
= Adt? — dz?

And therefore:
ds = \/ c2dt? — dx? = \/dzrdx,,
4.3.1 Proper Time

Now, let us define the proper time 7 as the line element divided by the speed of light. That is, in
infinitesimal form:

dr

(4.23)
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Figure 9: Consider two different situations. Consider (a) first: a particle in its rest frame carves
out a vertical line in a space-time diagram: it has motion through time, but not in space. Notice
that we have marked on the interval length ds; as the length of the line in total, in a space-time
diagram; also notice that dt; is the amount of time experienced by such a motion. Now consider
the second case (b). The particle is now moving through space as well as time. Notice that it has
a different projection onto the ¢ axis. A moving particle experiences less time than a stationary

particle!

That is:

dr

Where we have noticed that:

Also, recall that:

Hence, the proper time is:

(4.24)
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Let us re-generalise this, by taking ourselves all the way back to the metric-expression:

1
dr = —\/gudx?dxt
c

Now, we can get a handle on what proper time is, noting the expression vdr = dt. An observer
which is at ‘rest’ experiences less proper time than an observer ‘moving’. That is, proper time not
only takes into account movement in space, but also in time. This is the “normal” time-dilation
effect, but derived using a metric and spacetime intervals.

So, if we consider the usual scenario of a twin remaining on the earth while another travels on a
rocket & back again (ignoring any possible acceleration effects). The proper time experienced by
the twin moving through space (i.e. the one on the rocket) is more than the twin that did not
move through space (i.e. the one on the earth). To think about it another way, consider a ball
being thrown, and a ball being rolled along the floor; and that they both have the same starting
and ending positions. It is classically obvious that they take different times to traverse the same
distance, as the thrown ball must travel up as well as down & across; but the rolled ball only across.
So they travel different distances, hence different travel times. It is this exact same thing, except
the ‘extra distance’ travelled is motion through (improper) time.

If you think about sitting stationary; you are carving a line through the ‘time axis’, but not the
spatial axes. The length of the line that joins two events, whether you have moved through space or
not, gives the proper time. We can also think about this in terms of possesing a rest-mass energy,
even though you are not ‘moving’.

The line element ds is the interval of spacetime traversed in proper time dr.

With reference to Fig @D, we see that if the two lines have the same length (i.e. ds; and dss
have the same length for both stationary and moving frames), their projections onto the t-axis are
different. The stationary line has a longer projection than the moving line. That the lines are the
same length is the statement that the proper time for the two observers, is the same.

So, consider the usual analogy of an observer on a rocket ship & another observer stationary on the
earth. Consider that both observers age by 5 years. That is, the proper time for both observers
is 5 years. However, their projections onto the t-axis is different. The stationary observer has a
longer ¢ than the moving observer. Perhaps one can think of it in different terms. Consider that
the moving observer starts his journey in the year 2065. The two observers (stationary & moving
in the rocket) both agree that the rocket leaves in the year 2065. Now consider that the rocket is
able to travel at a very large portion of the speed of light. Then, after the observer in the rocket
has aged by (say) 10years, he arrives back to earth. The observer (that was moving) then thinks
that the year is 2075. However, the stationary obsever on the earth thinks that the year is 2080.
This is the oddity of time dilation!

4.3.2 4-velocity & 4-momentum

Let us consider the 4-velocity: u*. We shall define it thus:

ut = —— (4.25)
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Hence, using the fact that dz# = (cdt, x):

o (o e
- \dr dr

Now, we see that from (4.24), the first component of the 4-vector is just u® = ~yc. Also, consider:

do _dedt __de
dr  dtdr dt
Therefore:

dx

B = =
ut = (cy,yu) 7

(4.26)

So, let us briefly consider an implication of the 4-velocity vector u* = (c¢y,yu). For an observer
who is at rest (spatially), he will posess a component which is progressing along the t-axis at the
speed of light. That is, if w = 0, then u* = (¢, 0) (after noting that v = 1 if u = 0). Hence, even a
“stationary” particle is moving through the time coordinate.

And, similarly, the 4-momentum is:
P = mu* = (mey, ymu)
Now, we also have the relations:
E = ymc? p =ymu E? = p* + m*c! (4.27)
Therefore, we write the 4-momentum as:

pM = (E/C,p)

Now, as p# is a 4-vector, we then have that p/p, = p¥p); an invariant. Now, it is clear that
Pu = Guwp”, so that:
Py = (E/07 _p)
Therefore: )
oo BT 22 4 2 2
P'ou = p* =p; +p, D2

But, as we said, this is invariant; and so we call it the invariant mass. Hence:

1
672_ :g(E2_02p2)2m262

And therefore, we recover:
4

E? — p? = m?¢
So, let us again consider the implication of p* = (E/c,p). If a particle is at rest (spatially), then it
still posses an inherent energy: its rest energy. The rest energy comes about because the particle
still has motion through the time coordinate.
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4.3.3 Electrodynamic 4-vectors

Consider the continuity equation:

dp
o5 TV I=0

It must be valid in all reference frames. Now, let us write the divergence part under the summation
convention:
(9[) 8.]1
L —
81& 3@
Now, if we consider that we had a# = (20, 2!, 22 2%) = (ct,2,y,2) as our Cartesian position 4-

vector, we may think that we can write the above equation in a more compact form. Recall the

differential operator:
5 - (2 90 9 90
B\ 0207 921’ 9227 93

_ (186 98 8
~ \cot’0x’ 0y’ 0z

Then, if we define the 4-vector current density thus:

0

JH = (cp, J) (4.28)
Then, the continuity equation becomes:
190cp 0J;
o Jt = ——— =0
" c Ot + ox;
That is, the continuity equation reads:
ouJ" =0 (4.29)

Let us just check that we recover the continuity equation if we write things like this. So:

aJ° aJ;
o Jt = — :
" 8%0 + 8;@
_ Ldep  0J
e Ot ox;
9p
- 2 - J
En +V
=0
Which is indeed true.
Recall that the the Lorentz gauge was:
1 0¢
——+V-A=0
2 ot *

Then, by analogy with the continuity equation, we see that we can write the 4-vector potential:

AP = (¢/c, A) (4.30)
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And that the Lorentz gauge can be written:

A" DA,
8HAM - W_‘_ 81‘1
c Ot 8.%1
L 100 oA
02 ot aZL‘Z

Therefore, we can write the 4-vector potential in a manifestly Lorentez invariant form:
0uA" =0 (4.31)

Notice, by writing J* = (cp,J) and A* = (¢/c, A), we have implicitly used the notation that J
is the standard 3-vector current density, having components J = (J,, J,, J;); and similiarly for the
3-vector vector-potential A. Also, notice that J° = ¢p, so that even for a charge ‘at rest’, there
exists a charge density. That is, if you look at an electron that appears to be at rest, it is still
carving out a line through the ‘time dimension’, which corresponds to the standard charge density
p. When it is moving relative to an observer, it then carves out a line in both space and time, and
in the process bringing the current density components into play. There is obviously the exact same
situation with A°; a charge at rest still generates a potential field (as we have seen in electrostatics);
which we now see as being due to it carving out a line in time. But when it moves, it also produces
a vector potential field.

Under the Lorentz gauge, we were able to derive the following wave equations:

19 2
szw -V = pocp
1 9%A 9
——5 — VA = J
c? ot? v Ho
Hence, we see that we can write these as (which we then verify):
0"0,A" = pJ" (4.32)
So, that is:
19?2 0
— 9 Y Y\ pr= 1
<02 o2 dx? > o

Let us pick the component p = 0: A° = ¢/c and J° = cp. Then:
10 PN _
2o o) c T M
192 0 9
i@%w‘w9¢—/mp

Which is indeed the equation corresponding to a wave driven by p. Let us pick the component
p = j (just to be clear, the j* component of the vector potential A). Then, A7 = Aj and Ji = Jj
(this seems to be odd notation, but it is ok, if one follows the meaning). Then:

102 0 ; ;
(aw‘wﬁ”izmw
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Which is immediately satisfied. Notice that the corresponding wave equation, under summation
convention:
1 9%A
c2 ot?

Let us consider an example:

10°4; &

— 2 — -
ViA=md 5 5r T

Aj = poj

If po is the rest charge density in its rest frame, with J = 0, let us find the 4-vector current density
in the stationary frame. That is, consider standing on the earth, with a chunk of charge moving,
with respect you to as a stationary observer. That is, we have the ‘primed’ components, and let us
find the ‘unprimed’ components of the 4-vector current.

So, let us say that in the primed frame we have J'* = (¢pg,0). We know the transformation:
= (AT,

Now, this will actually be easier to see in matrix notation, as we must compute all the components:

JO vy 8 0 0 J"0
Jt B 3 v 0 0 J'
J? - 0 0 10 J"?
J3 0 0 01 J"B
v 8 0 0 cpo
_ W oy 00 0
- 0 0 10 0
0 0 01 0
Yepo
_ | Beno
0
0

That is:
O =vepy TN =cBpo
Recall that:
ut = (cy,yu)
Then:
J" = (yepo,veBpo, 0,0) = po(ye,vu,0,0)

So, taking u = (u,0,0), we see that:
JH = pout

4.4 Electromagnetic Field Tensor

Recall the following expressions of the electric & magnetic fields, in terms of the vectors & scalar

potential:

A
Ez—w—%t B=VxA
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Now, let us write the full equation out for the electric field:

(El,EQ,E3):< 99 09 8(?)_<8A1 HA? aA3>

9z’ Oy’ 0z ot ot ot
Picking out the ‘1’ component, say; and writing z = 2!,y = 22, z = 23
El = _% _ 87‘41
Ox! ot

Now, for generality, suppose we chose component ‘¢’, rather than ‘1’:

op  OA

El=_——=
ox’ ot

Now, recall our previous definitions:
A* = (¢/c, A, A2, A3) ot = (ct,xt, 2% 23) x, = (ct, —zl, —2? —23)

Then, instead of writing ¢, let us write cA°. And, instead of having ¢, let us have cz®. Thus:

- 0A° A
E'=— — — c——
“owi 920
And, remembering that 2* = —z;, and also that z° = zq:

B 9A  pA

¢ Oxy B Oxg

Multiplying by -1: A ‘
E'  0A 0A°
¢ Oxyg Oxy

=Y

That is, we have defined an element of the electromagnetic field tensor. Let us continue with the
fields. Let us write out the magnetic field:

_ 0 o o
B=| 5 52 3.7
Al 42 A3

So that, picking the component B':

gl 0AT oA oA oA
- 8m2 8m3'_ a$3 8x2 o

Similarly:

= 87143 87‘41 13
8%1 8%3

Inspection of the order of the indices will show how we have arrived at the labelling we have. Also

notice that it is all consistent. So that:

_0AY  pAr

- Ox,,  Om,

BQ

FH

— OrAY — OV AH (4.33)
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Also notice that we can immediately see that it is antisymmetric:
N 7T
So, grouping together the terms we have computed, and those we antipicate:

0 —El/C —EQ/C —E3/C
El/C 0 —Bg BQ
EQ/C Bg 0 —Bl
E3/C —BQ Bl 0

FH = (4.34)

Hence, we have the electromagnetic field tensor.

As a little aside on anti-symmetry & tensors: if the anti-symmetry of a tensor is defined as A*” =
—AYH then the components must conform to this. That is, if we represent it as a matrix, reflecting
the elements along the diagonal should flip the sign of all components. Now, suppose the tensor
had elements along the diagonal. Then, they would not be affected by the flipping, nor the sign
flipping. That is, A** = A" and then we have some components which do not conform to the
definition. Therefore, we see that an anti-symmetric tensor must have only zero diagonal entries.
Which is something we see from the field tensor.

Now, we have not yet proved that the field tensor does indeed transforms as a tensor. Let us do
so. So, we need to prove that the following holds:

oz 9z" |\

dzr Oz

As it is supposed to be a contravariant tensor, of second rank. Now, let us prove this by trying to
show that the following is true:

F/'MV —

(9%"'“ ax”’ A A v v
Sy (A o) = A — oA
So, let us consider:
ox'" oz
P AN
OxP Ox* 0

Now, we know that each of the following holds (using the inverse transformation):

A
_ 333/) /K A)\ _ 8ac lo

— =
a 833/5 Bx"’

Thus, using these:

dx'r dx’ O/t Ox" Oz, Ox*

ozP Oz — OxP Oz Ox't T dxlo

(e

Tidying up a little:

ox'" 9z’ OxP dx

OxP x> Izt Ox'°
Now, we proceed by trying to make things into Kronecker-deltas. We can use the rule that % =1,
which is pretty obvious; but we use it over other differentials. We then notice that the first and
third; and second and fourth term can be written like this. Thus, giving:

/ v
ox'* 9z _,,. .,
ox't 0x'°

8/HA/O'

(o
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However, each of the differentials left over are just Kronecker-deltas:
55558//414/0' — a/yAlzl
And therefore, what we have shown is that:

oz'* dz'v

A v
owr g0 A=A

Confirming the status of 9* A” as a contravariant tensor of second rank. And although not a proof,
it is not a stretch of the mind to say that 0" A* also transforms as a second rank contravariant
tensor. And therefore, F*" is a contravariant tensor, of second rank:

FU’LV o ax/‘“ 8{1}'”/ 2
~ QxP Oz

(4.35)

This is, by definition of our Lorentz transforms:
/ A
=AM N\ FP
Infact, this is a semi-trivial proof, if we consider how F* is constructed, and the construction of

[@22).

4.4.1 Maxwell’s Equations from F*

Now, let us start by stating the following two equations, and then we shall recover Maxwell’s
equations from them:

O = poJ” (4.36)
OHEY A 4 VFM L AR = (4.37)

Firstly, notice that in the last equation, all indices appear in the same order: pu, v, A. The subsequent
expressions are then just even permutations of this combination.

Now, let us consider the first equation:
O = poJ"” (4.38)
Now, let us consider the case v = 1:
OuFM = poJ*
Then, the LHS expression unpacks slightly to:

3
> 0, = 0o F + 0" + 0,F* 4 05 F
pn=0

Now, we know all of the elements of this:
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And, looking at the field tensor elements:
F%' = —Ei/c F'=0 F*=B; F3=_-B,

And therefore, we have:

3
10FE, 0B OB
pl =& 1 3 2
l;)a“ E 2 ot + Oy 0z

And considering the whole equation together:

_L9E | 0By 0By
2 ot Ay 0z

= poJ"

Shuffling around a bit:

oy 02 M T ey

Now, consider the first component of the following cross-product:

€1 €9 €3
v B - ) K o . 8£% afb
VxBle=|a: 2 2 | =%, "5

By By Bs |,
Also, let us write Maxwell’s fourth equation (notice that it is a vector equation, and is actually a

set of 3 equations):
1 0FE

2ot

We see that taking v =1 in 9, F" = p9J", we found the first component of the Maxwell equation.
It is not too hard to see that v = 1,2, 3 will produce the whole set of equations that gives Maxwells
fourth equation.

V x B = ud +

Then, what about v = 0:

3
D 0 = poJ°
pn=0

We see that we will need the elements of the field tensor which are down the first column:
FY=0 FY=FE/c F*=Fy/c F=EF3/c

Thus (noting that J° = cp):

3
1 /0E; O0FEs OFs
E ' w0 _ — —
OuF c < or oy 0z ) Hoep

Which is completely equivalent to:

v.E-"
€0

Therefore, in total, we have seen that taking v = 0 in 9, F'*" = ugJ” we are able to recover Gauss’
law, and taking v = 1,2, 3, we recover Amperes law.
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Let us consider the second equation which we said represented Maxwells equations:
OMF A + 9" FM + 0O F™ =0

We are trying to extract the following set of four equations:

VxE:—a—B V-B=0
ot

Now, it is slightly easier to see whats going on if we write the following:
THA = QHFYA 4 9V FM 4 QAR = ()

It is fairly easy to find that 7923, 7013 and T°'2 give the three components to Faradays law; and that
T123 gives the lack of magnetic monopoles equation. Notice, we could have reduced this equation
to THA = 0, but for it to make sense, we would have to define it anyway, so we leave it in the above
form. It is possible to show that T** transforms as a contravariant tensor of third rank; and is
proven in the appendix.

4.5 Lorentz Transformations of the Fields

Now, we have that the electromagnetic field tensor transforms thus:
/ D\
P o= A N FP

If we actually wish to compute the elements of the field tensor, in the primed frame, in terms of
components in the unprimed frame, we can either go through many many summations, evaluating
the above explicitly, or, compute it via matrices. Notice that the above transformation may be
written:

F' = AFAT
We must write it like this to allow us to use matrix multiplication. We can immediately start to do
this:

v =8 0 0 0 —Ei/c —Ey/c —Es/c v =6 0 0
| W oy 00 Eifc 0 —Bs B -5 v 00
0 0 1 0 Ey/c  Bs 0 —Bs 0 0 10
0 0 01 Es/c  —DBs By 0 0 0 01
Doing the matrix multiplication of the two far right matrices:
v =8 00 VBE: /¢ —yE/c —Ey/e —Es/c
| 8 v 00 vE1/c —BE1/c —B3 By
0 0 10 YE3/c —~BB3 —yBE>/c+ vB3 0 -By
0 0 01 vE3/c+vB8B2 —yBEs3/c—vBy DBy 0
And the final multiplications:
0 —El/c —’y(EQ/C—,BB?,) —’y(Eg/C—l—ﬁBg)
[ Eyfe 0 —(Bs — fE2/c) (B2 + BE3/c)
v(E2/c— BBs) y(Bs — BEz/c) 0 —By

’y(Eg/C + ﬁBz) —’Y(BQ + ﬁEg/C) B, 0
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Now, the final thing to note is that the field tensor in the primed frame has the same components
as the unprimed frame, in its frame. That is, we have:

0 —Ei/c —E)/c —Ej/c

w_| B/ o -By B
Eyjc B 0 ~B]
EiJe -B, B, 0

And therefore we can read off the new components, in terms of the old ones:

E| = E; By = B;
By =~(Ey — BcBs) Bh=~(Bs+ 3Es/c)
Ey = y(Bs + BcBy) Bl =~(Bs — BEs/c)

Notice: the transformation was for a boost along the z-direction, the field having components F1, By
in that direction. These components are unchanged. It is only the components perpendicular to
the boost direction which are changed.

Now, let us get this into vector-form. This is done mainly by inspection. We use that E' =
(E1, E,Y, EY); E = (Ey, Es, E3). By inspection:

E' =~E + (1 —~)E1& + v8c(B22 — Bsg)

Which is infact: )

E =vE+ - (v -Ew+yvx B

2
v
And, doing the same thing for the magnetic field:

vy Yo X E

1—
B' =B+ 2 (v-B)v — =

4.6 Lienard-Wiechert Fields from Lorentz Transformation

Let us consider two frames: ¥ & Y/. At t =t/ = 0, the two origins coincide. Now, we consider a
charge ¢ at rest within X’. Then, its fields in its rest frame is just the Coulomb field:

1 q 1 q
/ / / / / /
E:4W€0WT:4ﬂﬁoﬁ(m’y7z) B =0

Now, we wish to compute the fields, from the observation point of 3. Let us just formulate this in
a slightly less mathematical manner:

Consider that an observer is sat inside a box, with a charge at rest inside the box, next to him. That
is, an observer is in the rest frame of the charge. Then, the electric field the observer “observes”
is just the standard Coulomb field, with no magnetic fields. Then consider that another observer
is standing on the surface of the earth, watching the box moving, with the stationary charge inside
the box. The observer who is moving relative to the charge (i.e. the one on the earth) “observes”
a different field (infact, as we shall see, both electric & magentic) to the observer who is stationary
relative to the charge (i.e. the one inside the box). The problem at hand is to compute the electric
field that the stationary observer observes, due to that moving charge.
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We have seen that we have the following transformations of the field components:

Ei = Bi =B
Ey =~(Ey — fcBs) By = (B2 + BE3/c)
B3 =~(E3 + BcBa) Bj = ~(Bs — 3Ea/c)

So, noting that B’ = (B}, B, B;) = (0,0,0) = 0, we are able to solve a little:

B =0 By = —éEg B3 = éEQ
Cc C

So, using these:
E1 = Ei E2 = ’yEé E3 = ’)/Eé

And therefore:
E = (Ey, By, E3) = (E},vE),vE3)

And, reference to the above Coulomb field, for the charge in its rest frame:

o 1 q,, / /
—47r6073(93,7y,72)

E

Now we wish to express the components of E, in terms of coordinates in ¥. The Lorentz transfor-
mations, for the coordinates, at t = 0, are just:

/ /

¥ =y(x—vt) =yx Yy =y Z =z

And therefore: )
q7
FE = —
dmeg 1’3 (@9, 2)

Now, let us finally express the 7’ in terms of unprimed coordinates. It is evident that:

7”/2 — LU/2 + y/2 4 2/2

And that is, by our Lorentz transformations:

!

P2 = 2202 o 4 22
If we use the standard cartesian-spherical polars coordinates transformation, except that we measure
axial angles from the z-direction:
x =rcost y = rsinf cos ¢ z =rsinfsin ¢
Hence:
% = 42r? cos? 0 + 2 sin” 0
Let us write this as:

r? = ~4%r?cos? 0+ r?sin? 0

1
= %2 <0082 0+ 2 sin? 9)

= %2 (cos2 0+ (1 — 3?)sin? 9)
= 4%r2(1 — 3?sin?0)
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And therefore, using this:
_ 1 ‘il ,
4eg 3r3(1 — 32 sin? 9)3/2

E

Which is: )
_ 1 q1-p6)
dmeg r3(1 — 32 sin? 0)3/2
This is the same as the Lienard-Wiechert formula we derived (with considerable vector algebra) for
the electric field of a moving point charge, with no acceleration.
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4.7 Summary of 4-Vectors & Transformations

So, let us bring together in one place, with little explanation, most of the transformations & metrics
discussed.
e Contravariant vector - occupies the vector space:
= (ct,z,y,2)
e Covariant vector - occupies the dual vector space:
x, = (ct,—x, —y, —2)
e Metric actions - transfer between vector & dual space:
ot =g,  wy=gur” 9", =6

e Lorentz transformation & inverse:

ox'H

ox”

1% -1y v p 1\ u_ sp
A v 8l_y (A ),u - 833/“ A M(A )V - 51/
e Contravariant Lorentzian boost - transform between inertial frames:
IL‘/M — Auyl'y :L‘“ — (A—l)yu$ly
e Covariant Lorentzian boost:
.I‘L = (A_l)u”xl, x, = AVMJ:‘;,
e Contravariant vector defintion:
oz’
Alu — AI/
ox”
e Covariant vector definition:
I ox"

I Ox'H v

e Contravariant & covariant differential operators:
10 10
oH=(-—,— o, =-=
<c@t’ V) H (c@t’v>

J#:(vaj) A#:(QZ)/C?A)

e 4-current & 4-potential:

e Lorentz gauge, continuity equation & wave equation:
0, AM =0 ouJ" =0 00" A = poJ"”

e Electromagnetic field tensor:
FHY =gt AY — 9% AH

e Maxwell’s equations:

OuFHM = pgJ”  OFF" A+ 9"FM + PAFM =0
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4.8 Discussion

In this section, we have formulated electrodynamics in a way which is invariant under Lorentz
transformation.

We have introduced index notation, and contra- and co-variant vectors. We have looked at how to
transform between the two vector spaces via the Minkowski metric, and how to perform a Lorentz
boost, within one space.

We then looked at various 4-vectors, and confirmed that they did transform in an expected way. We

then formulated various previously known equations (such as the Lorentz gauge & the continuity
equation) in a way which was Lorentz invariant (that is, had the same form in different inertial
frames of reference), which is in concordance with one of the postulates of special relativity.

We were then able to define the electromagnetic field tensor, showing that it is indeed a tensor;
and find a way of expressing Maxwell’s four equations in a very elegant way.

Finally, we found the transformations of the field components; finishing with an example which
recovered the Lienard-Wiechert fields that we derived in the previous section; but with considerably
less algebral
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A Vector Identities & Tricks

A.1 Vector Identities

Below are some commonly used vector identities:

a-(bxe) = b-(cxa)
axbxe = (a-¢)b—(a-b)c
VxVy = 0

V-(Vxa) = 0

VxVxa = V(V-a)-Va

V-(a) = a-Vy+9V-a
V-(axb) = b-(Vxa)—a-(Vxb)
Vxaxb = a(V-b)—b(V-a)+(b-V)a—(a-V)b
All are easily proven, but some (if not all) are pretty tedious to actually show!

We have also made use of:

V-% = 4nd(r)
r

V21 = —4m(r)
r

A.1.1 Curl in Spherical & Cylindrical Polars

Suppose we have V (r,0, ¢), so that its components are V., Vp, Vy, then, its curl, in spherical polars,
is given by:

e-/r?sind eg/rsind  ey/r
VxV= 2 2 2 (A1)
V. rViy rsin OV,

Similarly, in cylindrical polars:

vxv=| & & £ (A.2)

A.2 Useful Tricks

Below are some useful ‘tricks’ to bear in mind when evaluating certain expressions.

Suppose we have the integral:
7= / cos fsin 6 df
0
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Then, we can evaluate it via the subsitution:

T = cosf
Then, the lower limit becomes x = cos0 = 1, and the upper limit x = cosm™ = —1. We also trivially
see that dr = —sin0df. Hence, let us rewrite the integral:

-1
I:—/ xdr
1
1
I:/ rdx
-1

Which results in zero. For a more general case, consider:

But, swopping the limits:

I:/ cos™ Osin 0 db
0

Then, using the same substitution:

1
7= / 2 dr = { (2) nodd
1 e+l neven

/ cos”@sinﬁdGz{ (2) nodd
0

e+l neven

Although I have not checked, this will probably only work for n > 0.



106 A VECTOR IDENTITIES & TRICKS



107

B Worked Examples

B.1 Long Beam of Charge - Fields & Force

Consider a long straight beam of electrons, of radius a, and (uniform) line charge density e\,
travelling along the z axis with velocity. Let us compute the electric and magnetic fields inside &
outside the beam; and then compute the force the beam feels.

Let us start by considering the electric field, for r > a. So, we write Gauss’ law:

1
/E-dS: pydV
S \%

€0
Which will find the electric field through a surface S, which encloses charge in a volume V.
Let us initially compute the charge enclosed by the beam, if it has length [. So:

Pl
dV = | = Adl
/ 4% A

Where we have noted that the volume charge density is just the line charge density over the area.
Also, the volume is just the area times length. Thus, we have:

Qenc = %Adl = del

Hence, using Gauss’ law, where the surface is a cylinder, radius r, where r > a, and length [. Hence,
Gauss’ law results in: )
E.27mrl = — el
€0

That is: \
E,. = ¢ r>a
2megr

For inside the beam, we must re-consider the charge enclosed by the Gaussian surface. We see that
it is the total charge, multiplied by the area of the surface, and divided by the total area of the
beam. That is: el
Qenc = 7627““2
Ta
Thus, the electric field inside is given by:

er

= r<a
2mega

r

Let us now compute the magnetic field, using Amperes law:

jl{B~d£:u0/j~dS
Y4 S

So, let us compute the magnetic field outside. Consider a circle, radius r, which will enclose a
current /. However note that j = vp. Thus: I = vAez. Hence:

Bp2mr = pgvie
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Hence:

A
_ HovAe > a

B
0 2rr

Let us compute the magnetic field inside. Let us use the same argument as we did for the charge
enclosed:

2
r
Iene = HOU)\ej
Ta
Hence, the magnetic field inside is:
tovAer
By = <a
0 2ma?

Now, let us compute the force on the beam. We write the Lorenz force law:
F =q¢(E +v x B)

Let us compute the force inside the beam. So, the cross product:

oD

vx B= =—7A“1)Bg

SO
oS N

Hence:

2
o /\e( Aer  pou )\er)

2mega’ 2ma?
Ne?r (1 9
= — — QU
2ma? \ go Ko
A2e?r 9
- 2ma’eg (1  CoHoY )
Now, we also notice that ¢ = ——. Hence:

Eopo

P = A2e2r 1 vj
2ma’eg c2
a
Fr:/ Fldr'
0

222 2
Fr=""(1-5
4meg c2

Now, notice, if v << ¢, then the force is large, and the beam spreads out. If v ~ ¢, then the force
approaches zero; hence the beam retains its size. High energy particle accelerators take advantage
of this when focussing beams.

Thus, the total force is just:

Which just results in:
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B.2 Spherical Shell Charge Distribution: o(f) = o cosf

A spherical cavity of radius a is located in a linear dielecric medium, of permittivity .. On the
surface of the cavity, charge is distributed with a surface density o(6) = o cos 6.

Let us write down the relations between scalar potential, electric & displacement fields, at the
surface.

Now, the first thing to note, is that the ‘cavity’ is more a ‘bubble’; that is, the medium inside is the
same as that outside. Now, at the surface, the electric displacement field has the relation:

(DQ—DI)'ﬂ:Ps
If 1 is inside, and 2 outside, and the unit normal points from the boundary to region ‘2’: outside.

f
7R

*,

(@)

Figure 10: The direction of the normal vector, for shell of distributed charge. Region (1) is inside,
and (2) outside.

So, that is:
Dy — Dy | =ogcost

At r = a. Also, as we have that D = ¢,¢9FE. Hence:
ereolly | —eregE1 L = ogcost
Notice, for arguments sake, that if the two regions had different permittivities, then this reads:
earc0lin | —e1,60E11 = 0gcosO

Going back to our system:

Now, we also have the relation that E = —VV, where V is the scalar potential. Hence, in the radial
direction (which is the direction in which E| is in), we thus have:

oVy 0V 00

= cos 6
or or €rEQ

Have in mind that all the above relations are for r — a.

Now, let us compute the monopole and dipole moments, due to the charge distribution. And let
us do so for the case that the medium is vacuum. That is, g — 0, where ¢, = 1+ xg. So, we have
that ¢, = 1.
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Now, the charge distribution is given by (the axially symmetric):
P("'/) = 5(7”’ —a)o(f) = 5(7°' — a)o( cos 0

The potential, due to a multipole expansion, is given by:
Vir)= 1 i L /’I“IZP (cos ) p(r")d3r
dmeg = rtt! ‘

Where v = 6’ — 0. That is, the monopole contribution is just the n = 0 term, and dipole n = 1.

So, if we denote this as:
(o]

1 1
<v<r>-4W€0;{%7j+lpg

Where:
pe= [ Pcosplr )

Where v = 6’ — 6. Note, the volume element is given by:
&' = r"%sin0'dr'do’ d¢’
Then we see that we can compute each ‘pole’-contribution separately.

So, total charge (i.e. the monopole moment) is given by:
. N 33../
po:q—/p(f‘)d r
That is (noting that Py(cosy) = 1):
po = /p(r')r’2 sin 0'dr'd0’ d¢’
2m ™ o0
= / / 5(r' — a)og cos ' sin 0 dr’ o' d’
¢=0J6=0 Jr=0
Now, the dr’ integral picks out only the point ' = a; due to the J-function. So:
2 ™
Py = opa’ / / cos @ sin §'d0’'d¢’
¢=0J6=0
That is: .
Po = 00a227r/ cos 8 sin§'do’
6=0

To do this integral, either we notice immediately that the two functions are orthogonal, and hence
the integral is zero; or, we do a substitution:

z=cosf = dxr=—sinfdb

Hence, the integral (just the integral, ignoring the constants) is:

~1 1
I:—/ l‘dl‘:/ zdr=3(1-1)=0
1 -1
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That is, just zero. Hence, the monopole moment is zero:
po=0
Now, let us consider the dipole moment. This is given by the integral:
o= / r' P1(cosy)p(r")d*r’

= ///T’ cosYo(r' — a)og cos ' sin 0’ dr' do’ d¢’
Where we have noted that Pj(cosvy) = cosvy. Now, we must be careful in continuing. We must

remember that:
cos”y = cos(f — 0) = cos @ cos#’ + sin O sin 6’

Hence, the integral becomes:
p1L = / / / 7' (cos B cos @' + sin O sin 0')5(r' — a)og cos 8’1" sin ' dr’ d6’ d¢’
Let us initially evaluate the 7/, ¢’ integrals; which just give:
™
p1L = 00a’2m / (cos @ cos B’ + sin @ sin 0") cos @' sin 0’ d’
0

Notice, we must be careful about what is primed, and un-primed. Of course, this step could have
been done without inserting the expression for cos~y first. So, let us split this integral into its two
additive parts:

(7) / cos 0 cos ' cos 0’ sin 0’ d’

) / sin 0 sin 6’ cos @' sin 6’ d6’
So that p; = 09a®27[(i) + (ii)]. Looking at (i) first:

™ ™
/ cosf cos @ cos @ sin@'dd’ = cosb / cos? 0 sin 0'd¢’
0 0

Which we can do via substitution z = cos#’. Which easily gives:
-1 1
cos 6 {—/ 3:2d:n] = cosf [/ xQdm‘]
1 -1

2
(1) — 3 cos

Thus:

Now, (#i): _
sin 6 / sin® 0’ cos 0'd6’
0
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0
— sin @ [/ dex] =0
0

We substitute z = sin §’:

Hence, (ii) — 0.
Hence, the dipole moment is:

2
p1L = aoa327r§ cos 6

That is:

pL = 50'071'&3 cosf

Hence, the calculated contributions to the potential, due to the multipole expansion (i.e. that due
to mono- and di-pole) is:

1 1 1
Vi) = o (im e+ am

And is hence just:

1 14
Vir)= Fgoﬁgaoa 7 cos b
That is: 5
opa” cos 6
Vi) = 202 227
(7’) 3507"2

It is useful just to point out that V' (r) actually means that it is a function of all 3 positions; that
is: V(r) =V(r,0,¢). Thus, we have computed the scalar potential, up to the dipole term only.

Now, let us compute the exact analytical form of the scalar potential V'(7), in the case that xg # 0.
We do so for both the regions inside r < a and outside r > a the ‘cavity’.

Now, we have that the solution to Laplace’s equation, in spherical polars, with axial symmetry, is
of the form:

. B
V(r,0) = Z <AgT’Z + 7°£f1> Py(cosf)
=0

We have the case ‘1’ inside, and ‘2’ outside. Inside, we have that the potential must not diverge;
hence, we reject its B-term. Similarly, we reject the outsides A term, as that would make the
potentials diverge for r — oco. Hence, we have:

Vi = Z At Py(cos6) r<a
14
Vo = Be P, 0 >
2 = Zg: sy (cos ) r>a

Now, to find the constants, let us initially apply the boundary condition that the potential is
continuous at the boundary r = a. Hence:

B
14 4
é Apa”Py(cos ) = EZ WP@(COS 0)
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Now, to find the coefficients, we apply a Fourier-type procedure. Multiply both sides by a ‘different’
polynomial, Py (cos @), say, and integrate. So, the LHS:

/ Z Aga’Py(cos 0) Py (cos 0) sin 0d0
0

Now, due to orthogonality of Legendre polynomials, we know that:

! 0 (41
[ rar@a={ 27

20+1
Hence:
s g gl
/ Py(cos )Py (cosf) sin 0df = { (2) ¢ f v
0 p+1 T

From this, we can see that we will just pick out, from the sum over £, the term ¢ = ¢':

2 , 2 By
% Apf ==~
20 + 170 T o g+t

That is, reverting back to using ¢, as it is just a dummy index:

By

l_
Aga” = altl

Hence:
By = A, g 20+

Now, another boundary condition we have is that of continuity of D | at the boundary. This, we
showed, is just:

% — % =— og cosf
or or " T gre0 0
That is:
9 51D pyeosd) — Ava Pu(cost) | = - 6
o @ i1 Lelcos ¢a" Py(cos i 00 COS
Giving:
Z frl ByPy(cos0) + LAt Py(cos )| = o cosf
iz Bl ¢ ( el
l
Using our derived relation By = Aya®*t!, this results in:
04 1)g20+H1
Z |:(+£_):;AKPK(COS 0) + EAgae_lpg(COS 9)} = ogcos b
7 a £rE0
Which easily gives:
Z 20+ 1)ApPy(cos 0) og cos

55
—0 rc0
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Now, to find the Ay, we employ the same technique as we did before; namely to multiply by a
different polynomial, and integrate. We shall be a bit more formal in the integration however, in
that we specify the limits as the period of the polynomials. So, the LHS is:

Z / (20 + 1) Aga* L Py(cos )Py (cos ) sin 6 do
E 0

That is equal to, via orthogonality:

Z(?p + 1)./4@@471(5[4/ = 2Aga£71

7 20+1

The RHS is equal to, when multiplied and integrated:

1 ™
opcosf — 00/ cos O Py (cos 0) sin 6df
Er€o Eréo 0

Which is equivalent to, putting « = cos8:

1
o0 / xPy(z)dx

Eréo J-1

Hence, we have:
1
24007t = 0 / xPy(x)dx
&€réo J-1

Thus, the coefficients are given by:

A 70 / . (z)d

=— xPy(x)dx

¢ 2at~1le.eg |4 ¢

So, considering a few Legendre polynomials, and the coefficents they will generate:
Py(z) = 1 = Ay=0

Pl(:L‘) = = A= 70

3er€0

Infact, all higher A; are zero (a fact we gloss over here, but will spend more time on in other
examples). Thus, the potential inside:

i= Z Apr*Py(cos®) r<a
)4

Thus:

o)
Vi = rcosf
3er€0

And, outside:
Z By
V2 = - mP[(COSH) r 2 a
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Using our derived relation By = Aya?*!, this is:

Aga%—l-l
VQZZWP[(COSG) r>a

Thus:

Hence, in summary, we have that the potential in all space is given by:

%0 _rcosfd r<a
V(’l“, 0) — 3§gsoa3 >
3€T€0T70089 r>a
Note, the electric field, inside the cavity is actually constant:
oV o
E,. = _E %0 sk
or 3er€0

That is, the field inside the cavity is uniform.

An alternative way to do this, which is actually a bit easier to see, is to express the charge
distribution as a Legendre polynomial. Notice that o(f) = ogcos@ = ogPi(cos@). Then, at the
stage of ‘finding coeflicients’, one can immediately see that only the £ = 1 term will contribute, by
orthogonality of the Pp’s. We demonstrate this method in the next example.

B.2.1 Spherical Shell Charge Distribution: o(0) = o cos 20

Suppose we have a spherical-shell charge distribution; so that we have a charge density o(f) =
oo cos 26 at a radius a, in a medium with yg = 0. Let us compute the potential, in all space, for
such a system.

Let us use a trig identity, to rewrite the charge distribution:
cos20 = 2cos’ 0 — 1

Thus:
o(6) = 0g(2cos?6 — 1)

Now, let us examine this. We note that we can conceive that this is made up of two Legendre
polynomials:
Py(cosf) =1 Py(cosf) = (3cos®f — 1)

So, to express our charge distribution in terms of the above polynomials, let us suppose:
o(0) = oolaPy + 5P

Then, equating:
o+ §(300829 —1)=2cos?0 — 1
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And, upon examination of the coefficients, we see that:
a=-t 5=}
Hence, we have an expression for our charge distribution, in terms of Legendre polynomials:
0o
a(f) = §[4P2 (cos @) — Py(cos 8)]

This is a useful way to represent the charge distribution, as it will allow us to evaluate the potential
expansion exactly. Now, let us write the expansion of the potential:

B
V(r,0) = Z |:AgT‘Z + rﬁfl] Py(cos0)
¢

If we want the field to converge (or at least, no diverge) as r — 0, 0o, we must discard the relevant
terms, when evaluating the potential inside and outside the sphere. Thus:

i = ZAgrePg(COSQ) r<a
¢

Vo = Zﬂp( 9) >

h = @ 1 Lelcos r>a

Now, we have that the potential is continuous at r = a. Hence:
Vir=a)=Va(r=a) = By=a*"4,

Where we have used a similar argument as we used in the other problem. Now, we have that the
electric field is discontinuous at the boundary, according to the surface-charge distribution. Thus:

oV, 0Vy 1
br‘mkm—gf@
That is: 1
(By(—0 —1)a™" "2 — Agla* V) Py(cos ) = —6—0(9)
0

Using our derived relation between the inner and outer coefficients, we end up with, after a little

algebra:
1-¢

APy(cos0) (20 +1) = “—5(6)
€0
Now, let us find the coefficients. To do this, we multiply both sides by P,,(cosf)sinf (the reason
for the P,, is that of orthonormality; and that of the sin § will become clear when we integrate for
orthonormality), and integrate over the Legendre polynomials period 0 — 7. Thus:

al—Z ™

Ap(20+1) / Py(cos )Py, (cos 8) sin 0dh = - 0(0) Py, (cos 0) sin 6df
0 0 Jo

Let us consider the LHS. Let = cos = dx = —sin6df. Then, also changing the limits, we have:

1
A(20+1) /_ P@)Py(a)da
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This integrates to, taking ¢ = m:

1

Py(x)Pp(z)dx = Ay(20 + 1)L =24,
1

Ag(2e+1)/ T

Hence, we have:

1-¢ T

Ar=2 | 5(8)Pi(cos ) sinfdo

2e0 Jo
Now, let us insert our expression for the charge distribution (and the reason for expressing it so will
become clear):

al—ZO.O g
Ay = 5.3 / [4Ps(cos ) — Py(cos 0)]Py(cos 0) sin Od0
€0 0

Hence, we see that only £ = 0,2 will produce non-zero coefficients; due to the orthonormality of the
Legendre polynomials. So, evaluating the £ = 0 case:

ao

Ay = / PZ(cos #) sin 0d6
0

660

aog
= ——2
680
aog

B 380
Where we have used the standard relation:

T 2
/0 P?(cos 0) sin 0df = 2011

Which is put into the usual form:
2

1
P2(a)de = ———
/1 c@)de =5

By using the substitution z = cos . Which is the reason for multiplying by sin 6 previously. Let us
compute the ¢ = 2 case:
Ay = 0 4/7r P} (cos ) sin Adf
6@50 0
0o 42
6(150 5
400

15aeqg
Now, let us write down the potential inside the shell:
Vi(r,0) = Z Agr®Py(cos6)
¢
= AoPy(cos8) + Aar? Py(cosb)
= Ag + Ayr?Py(cosf)

4
490 % _,2p, (cos0)

" 3ep | 15ega
B 000 { 472

"3 |1 QPQ(COS 0) r<a
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And outside, using our derived relation between coefficients:
Va(r,0) = Z a? =1 4, Py(cos )
¢

ooa [a  4a’
= —3780 |:T—5T’3P2(COSQ):| TZG

And therefore, we have, as the exact scalar potential:

4 2

Vi(r,0) = ——ggz [1 — —522 Py(cos 9)] r<a
ooa [a  4a3

Vo(r,0) = e |y 5?P2(COSQ) r>a

B.3 Show That T"** Is a Tensor

From the relativistic electrodynamics section, we have the following definitions:

THA = QPF 4 QY FN 4 A FR
F' = 9rAY — AN

And we have that the inverse transformation of a first rank contravariant tensor:

Ozt _,,

BH =
8$/V

Now, in the main text, we have shown that the field tensor transforms as a second rank contravariant
tensor:

0z’ 928
ox# Oxv
And we have that the 4-current density transforms as a first rank tensor, as well as the contravariant
derivative operator:

F/aﬁ — ny

ox'H ox'H
A/,u — Az/ a/,u — 81/
oxr¥ lokd
So, let us show that T#** transforms as a third rank contravariant tensor. That is, we must show
that the following is satisfied:
ox'* 9z oz
0x° OxP Ox™

That is, expanding out the definition of T

T/,u,z/A — pm

A
(a/uF/uA L VM 4 8/>\F//w) _ (‘;mx/: (zxx/: (Zi; (07 FP™ 4 9P F™ 4 97 FoP)

Now, let us pick off the first term:
oz’ 9z oz’
0x? OxP O0x™

7 o
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Let us write the far right expressions in terms of their counterparts in the primed frame:

Ax'* 9z’ dx' Oz OxP Ox™

/aT/ﬁ'y
0z OxP Ox™ Ox'® Ox'B Oz

We notice that most of this collapses into Kronecker deltas:
A alaif
656%6760‘T v
And that leaves us with:
8/MT/V>\

Which is clearly what we needed to prove; for this first term. It is tedious to do the same for the
other two terms, and it is plain that they transform in the same way.

Hence proven.

B.4 Lorentz Force in Covariant Form

We wish to show that the Lorentz force and rate of change of energy of a particle, charge ¢; induced
by electric & magnetic fields; can be written as:

W,
dr

Let us start by discussing the rate of change of energy. Let us denote the energy of the particle by
€. Now, the work W done is scalar product of the force and displacement:

W=F-d
Then the rate of change of energy is the rate of change of work:
aw _de
. dt
Now, the force on a charged particle is given by the Lorentz force law:

F =q(E +v x B)

And therefore:

de _ poy

dt
= quv-(E+vx B)
= qu-E+qv-(vxB)
= qF v

Where we have used the standard vector identity that a - (b x a) = 0. We shall now start to take a
different “tack” on the problem.
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Now, let us state the following 4-vectors:

dt
ut = (cy,yu)  p'=(e/c,p) dT = 5

And the field-tensor:
0 —El/C —EQ/C —E3/C

F’MV: El/C 0 —Bg BQ
EQ/C Bg 0 —B1
Es/c  —DB B 0
Now, notice:
. N
ar — dt = T

Now, let us multilply the field tensor by the velocity 4-vector:

0 —Ei/c —E3/c —Es/c cy
F*y _ El/c 0 _B3 Bo —yu1
v EQ/C Bg 0 —Bl —Yu
Eg/c —BQ Bl 0 —yus

Eryuy /e + Exyus/c+ Eszyuz/c
Eyy + Bsyus — Bayus
Eyy + Bayur — Biyus
E3vy + Bayur — Biyug

Now, let us consider again the original equation:
df = qF'uVUV

That is, the ut" component of the LHS is the same as the p** component of the RHS. Let us write
this out:

1% Eyyui/c+ Exyus/c+ Egyus/c
| Ery + Bsyus — Bayus
N2 | 1 Eoy + Bayur — Biyus
v Esvy + Bayur — Biyue

That is, equating components:

v de
cdt
dp
Tat
dp
Tat
dps
Tat

= q(E1yui/c+ Exyus/c + Esyus/c)
= q(E1y + Bsyug — Bayus)
= q(E2v+ Bayui — Biyus)

= ¢(Esy+ Bayur — Biyus)
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Cancelling off various factors:

% = q(Fiu1 + Eyug + E3us)
% = q(F1 + Bsuy — Baug)
% = q(B2 + Bouy — Brug)
% = q(E3 + Boui — Brug)

The latter 3 equations are components of a cross-product; and the first of a scalar product. Finally,
notice: p p
D €
F=—=¢gE+vxB —=v-F
o~ 1B+ T

Examination of what we have from unpacking our notation, and what we have above, will reveal
that the following equation has, embedded inside, both the Lorentz force law & the rate of change
of energy of a particle:

? - qF‘utu (B’l)

Thanks to J.Agnew for helping out with this derivation!
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C Legendre Equation & Spherical Harmonics

In spherical polars (i.e. the (r,0,¢) coordinate system), have have that the Laplace equation
V2® = 0 has the form:

1 82 1 9 od 1 9%
10° R . S B 2 1
r Or? (r®) + r2sin 6 00 sin 0 00 + r2sin? 0 O¢? ! (0

Now, let us assume that we can solve the equation using the standard ‘separation of variables’
technique. Thus:

O(r,0,¢) = ulr)

r
Where the usual R(r) is obviously just R(r) = @ Hence, we have that:

P0)Q(¢)

d’U 1 d dpP 1 d’Q
POQEL 4+~ QL singL Pl _
@z T mame V%% T e Vg =

Let us collect some terms together, and multiply by ZS22¢.

RPO giving:

r?sin? 6

ld2U+ 1 isian—P —|—ld2—@—0
Udr?  Pr2sinfdf do Q dp?

Now, we can assign constant terms to this equation, so that:

1 d*Q
Which, semi-trivally, has solutions:

2

Qm(¢) _ eiimd)

So, we have:

(C.3)
1 d*U 1 d dpP
2 .2 _ Q] — | — 2 =
rs O G prsmeae g | ™ =0
This is just:
U dr? ' Psinfdf do  sin?6
Again, let us use another constant term:
r2 d?U
——— =4l +1 A4
=+ ) (C.4)
Then we have: p p )
1 P m
0e+1 —sinf— — —— =
CHDY pimgas "™ a8 ~ snZg
That is: p p )
1 P m
—sinf— L0+1)— P=
smoae "™ ag t { (£+1) sin20] 0
Now, this is more conventionally written, with = = cos 0, as:
d 9. dP m?
— | (1 —2%)— 1) — P= .
I [( x)dx]+[€(€+ ) 1—x2] 0 (C.5)

And is known as the generalised Legendre equation, solutions of which are known as the
Legendre polynomials.

associated
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C.0.1 Radial Solution

Let us quickly derive the solution to the radial part of the Laplace equation. That is, (C.4]). So, we
have:

r2 d2U
———=ll+1
U dr? (+1)
Let us suppose that the solution is a power law. Let us try U(r) = r®. Then:
2 d2
%W(Ta) = rZra(a—1)ret
= ala—1)

So, we have that:
ala—1)=0l+1) = a—a-0r—-1=0

Now, its not immediately obvious how to solve this; but, if the following expression is written, we
see that it is equivalent:
(a+Dja—L—-1=a*—a—1*—1¢

Hence equivalent. Also, by writing in this form, we are able to see its solutions:
(a+0)la—0—-1]=0

That is, two solutions:
a=—/ a=0+1

Hence, we have that the radial solution is of the form (putting in arbitrary constants):
U(r) = Ar't! 4 Br* (C.6)

We have also used the form R(r); hence, it is:

R(r) = Uff") = Arl 4+ Brt!

C.1 Power Series Solution to the Ordinary Legendre Equation

Now, in (C.5]), we had a dependance upon m; that is, something that was not azimuthally symmetric.
Let us consider the case where m = 0. Then, the resulting equation is known as the ordinary
Legendre differential equation:

a4
dx

dP
[(1 — 3:2)] +/{(l+1)P=0 (C.7)
dx
Now, recall that x = cos f; where we have that 6 € [0, 7|; so that the function must be well behaved
on —1 < x < 1. Now, we will assume that the solution takes on a power series form:

o
P(z)=a" Z a;jx! = a;zI T
=0
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So, calculating the necessary expressions (suppressing the summation signs):

dP

- 2%a;jja’ ! + ez ajal
a;j2 1 4 aajz L
= (ajj +aaj)z®
N 2\(, a+j—1
=1-x )E = (1—-2%)(ajj + aaj)z
= (a5 + aq;)[a*T 71 — 20T
d 2, AP : , atj—2 , aty
= -] = a+a)lat - Da R = (@t j+ 1))

Thus, the total equation is:
a;(j + a)[(a+j— 1)z — (a+j+ )2 ] + L+ 1)a;a/™* = 0
Collecting like-powers of x, and putting summations back in:
D ai +a) (i = 1a = 3 asl(f + a) (a4 1) — (0 + 1] =0
§=0 §=0

Now, we apply a standard ‘trick’ to solving these things further. In the first expression, change
summation index from j to m = j — 2. Then, the first expression becomes:

(o)
3 tmga(m + 2+ a) (o +m + 1)z
m=2
Then, this will give us a recursion relation:

(a+i)(a+j+1)—Ll+1)
@+t D(atjre Y

aj4+2 =

From this, and the requirement that the series remain finite, we see that there is a cut-off. We only
have the cases for @ = 0,1 that terminate, and they produce even, odd polynomials. Essentially, it
will give us the Legendre polynomials, of order ¢:

P(z)=1 Pi(z)=2 P(z)= 1322 = 1) Ps(z) = 3(52° — 37)

Notice that each polynomial possesses only even or odd power; not both. This is down to the
recursive relation; and that the series must converge for |z| < 1. We also have that ¢ > 0, and
integer. By a manipulation of the power series, we are able to (but is not done here) find a generation
function: the Rodrigues’ formula:

1 d

= Ww(:c — 1)€ (C.8)

Py(x)
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C.1.1 Orthogonality of Legendre Polynomials

Now, let us write down the Legendre equation again:

% [(1 - :EQ)d];e;x)} + L+ 1)Py(x) =0

Let us multiply the equation by Py (z), and integrate over the interval:

/1 Pu(z) {ddx [(1 - xQ)d]Z(m)] Lo+ 1)pg(x)} dz = 0

1 X

Multiplying through:

/ Pz [ 1—a )dlzl‘ff)] 400+ 1) Py (z) Po(z)dz = 0

Now, integrating the first expression, by parts:

1 1
d dPy(x) ap,|* / 9\ APy dPy
Py — | (1 — 2 = Pu(l - — 1—
[ rewg [0-" D w — - [

! dPy dPy
2 4 4

= d

/1(1’ R dr dx v
As we have that the series terminates at +1. Putting this back in:

! dPy dPy
2 )= =L i+ 1) Py (2) Po(x)da = 0
| @ =0 e+ PP )

Now, write this down again, but with £ — ¢’; then subtract. This is easily shown to be just:
1
(L+1) = O +1)] / Py(2) Py(z)da = 0 (C.9)
-1

Which says that if £ # ¢, then the integral must vanish. However, to calculate the integral for the
¢ =1V (ie. its ‘square’) then we must actually compute the integral, using the explicit form of the
Legendre polynomials; that is, using Rodrigues’ formula. So, for £ = ¢/, the integral is therefore:

1
/ P} (x)dx
1
1t dl L, d
220(41)2 /_1 gt V) (@ = e

After some non-trivial integration (which is not repeated here), we are able to get to the standard
orthogonality condition:

Ny

2

1
/_1 Pg/ (J?)Pg(ﬂ?)d.%’ = TH(SM/ (C.lO)
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C.1.2 Using Legendre Polynomials as a Basis

127

Now, as the Legendre polynomials form a complete set of orthogonal functions, any function on

[—1,1] can be expressed in terms of them; thus:

= asPi(x)
=0

To find the coefficients ay, we apply a standard ‘fourier-type’ technique:
Multiply both sides by another polynomial, and integrate:

/ Pg/ daj‘—Z(lg/Pg Pg/

Now, the integral on the RHS is just the orthogonality relation. Thus:

1
/ sz(:c)f(a;)dx = Zag2£i 1(5@4/
l

-1

Where the summation will just pick out a single value, ¢, as being no-zero. Hence:

2
Po(2)f(2)de = ap
/ o Y/

We can, of course, relabel the indices, back to £. Hence:

261
+/P£

C.2 Associated Legendre Polynomials & Spherical Harmonics

Here, we consider the solutions to (C.5)), for m # 0; that is, for problems without azimuthal
symmetry. So, we must solve the equation for arbitrary £, m. We basicaly have the generalisation of
the Legendre polynomial P;(cos #); namely, the associated Legendre polynomial P;*(x). The version

of Rodrigues formula here is now:

m (_1)m m d€+m
PR = SRt a2 )

Now, it can be shown that:

(£ —m)!

P (x) = (—1)mm

Bt (x)

In a similar fashion as we used previously, we have an orthogonality relation:

2 (€ + m)'

(C.11)

(C.12)

(C.13)
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Now, recall that we had @,, as the azimuthal solution, . Now, they form a complete set on
¢ € [0,27]. Thus, as we have that P;"(cos#) form a complete set on 6 € [0, 7], we can imagine that
some combination will give us full solutions, on the unit sphere. We call these solutions spherical
harmonics, and are given by the normalised product:

_ | .
Vi (6, ) = \/ %4:; ! Mpmcos 6)eimo (C.14)

So, from , we can see that:
The normalisation/orthogonality relation is:
2 ™
/ }/;m’ (0, qﬁ)ng(Q, gb) sin 9d0dq§ = 5@@/ 6mm’ (016)
=0 J6=0

Note, for m = 0, we just have:

20+1
4dr

YVKO(&‘ﬁ) = PK(COS 9)

An arbitrary function may be expanded in terms of spherical harmonics, thus:
0,6) = > amYim(0, ) (C.17)
L m

Where the coefficients are found, in a similar way to before; to be:

n= [ Yinl0.0)10.0)sinodvds

Just as way of convenient notation, we use the solid angle element, d)2 = sin dfd¢p, so that:

C.3 The Addition Theorem for Spherical Harmonics

Consider two coordinate vectors, @, @’ with coordinates (r,6,¢), (r',6',¢'). The addition theorem
states:

4
Py(cosvy) = 26711 Z Y (0, 0)Yem (0, 0)

Where cosy = cosf cos @’ + sinfsin 6’ cos(¢ — ¢').
To prove the theorem, consider that the above Legendre polynomial may be expanded in terms of
spherical harmonics, thus:

Py(cos ) ZZAZI &) Yom (0, ¢)



C.4 Some Spherical Harmonics

Figure 11: The addition theorem, for spherical polars. Figure from Jackson
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By various symmetry arguements, we see that we have only the case where ¢ = ¢’ in the sum. Thus:

Py(cosy) = Z A (0,0 Yor (0, 0)

Where the coefficients are given by (found in the usual way):

An(0, ') = / Y7, (6, 6) Pu(cos 7)d2

C.4 Some Spherical Harmonics

Below are some spherical harmonics Yy, (6, ¢):

(=0
Yoo = LT
(=1
Y = —\/gsin Ge'®
Yio = \/Ecos 0
(=2
Yoo = i ; sin? 9e%¢
You = — \/;E sin @ cos 0e'?
Yoo = %(% cos?f —1)

(C.18)

(C.19)

(C.20)

(C.21)
(C.22)

(C.23)
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=3
_ L 35 . 3 g3
Y33 = 1\ 2 5in fe (C.24)
1 /1 ;
Y30 = f\/EsirPHcosGeQ“b (C.25)
4V 27
1 a1, ) o
Y3 = 1 47Tsm9(5c050 1)e (C.26)
Y30 = \/41(%00830—%0059) (C.27)
T

Note, we have previously written:
Yiem = (~1)"Yg, (C.28)

Which gives a way of generating the unwritten negative m harmonics above. Also, remember, for
a given /, there are 2¢ + 1 different spherical harmonics:

m=00—1,...,0,...,—0+1,—¢

Also note, that a spherical harmonic, with m = 0 is just the normalisation constant, multiplied by
the Legendre polynomial:

Yio(0, ) = Pu(0) (C.29)

C.5 Generating Function

For the Legendre polynomials, we suppose that a function will generate the polynomials, then we
will check that it does:

fla,t) = Y t"Pu(x) (C.30)
n=0
1
= — C.31
V1 —2tw + t2 ( )
Now, let us find both the z- and t-derivatives of this expression:
d . = n p/ _ 2\—3/2
- 1;)15 Pl(z) = t(1 -2tz +1t?) (C.32)
d oo
rE Z nt" ' Py(z) = (z—1t)(1— 2tz +t2)"3? (C.33)
n=0

Now, let us express the first in the following way:
t(1—2tx +12) 732 = t(1—2tx + )71 (1 - 2tw +2) 712
= t(1 =2z +t)" ) t"Py(2)
n
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Hence:

Zt”P’ t(1—2tw +13)"1 > " Py(x)

n
That is:
t Z " Py ( (1—2tw +*) ) t"P)(x)

n
Which is just:
Y P, (x) =) (¢ = 2at™ ! + 72 Pl ()
n

n

Solve solve this (by equating coefficients of like powers of ), we note the following:

> = 2at" Pl (2) =) Py (x) — 2th”+1P’ x)+ Y t"2P)(x)
n

n n

Where, in each sum above, n starts from zero. Now, we may relabel each summation variable thus:
= "TP () = 22t" T P () + " TP (2)
Hence, now we equate powers of ¢, giving:
Po(x) = Py (2) — 22, (z) + P4 (o) (C.34)
Now, let us go back a bit. If we mutiply by (z —t), and by t, then they should be

equal. Hence:
> (z—t)t"Pl(x Z nt"P(x

n

That is:
wt" P, — " P) —nt"P, =0

Again, shifting the summation variable, to be able to equate coefficients:
ot"P, —t"P! |, —nt"P, =0
Hence:

zP, — P! | =nP, (C.35)

Now, let us write down (C.34) and (C.35)), together:

nP, = xzP,-P),

n—1

From these, eliminate P, _,, giving:
(n+1)P, = Py — P,

Now, in the above, let n — n + 1:
nP, 1=P —aP
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Now, add ((C.35) times x to the above; giving:
2*P, — P! | +nP, 1 =nzP, + P, —zP._,

Tidying up:
(1—2*)P, =n(Py_1 — zPy)
Differentiate both sides, with respect to z:

(1= a2®)P] = n(Py_y — Po—2Py)

Now, using (C.35) again: P}, — P, _; = nP,, on the RHS
[(1-— :UQ)PT'L]' =-n(n+1)P,
Hence, we have shown:
(1= a?) Py, ()] = —m(m + 1) P ()
Hence completing the proof.

Let us compute f(1,¢):

f(lvt) = ZPn(l)tn
n=0

1
(1 — 2tx + t2)1/2
1

1-1¢

= Ztn
n

Hence, we see that P,(1) = 1.

1
[r1—"r2]

C.5.1 Application: Expand

We often need to expand:
1

71— 72
Now, we can do so in terms of orthogonal functions, in the angle between the two vectors. Let us

assume r1 > r9. So:

1 1
[T — 72| \/1? + 13 — 2riro cos 6
1

1
1 \/1+(%)2 — 272 cos

Now, we identify the expression with the generating function of the Legendre polynomials, as:

72
t=— T = cosf
71
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Hence, we have:

1 1
|r1 — o 752

n=0

(”)n Py (cos0) (C.36)

]

For r9 > r1. We can obviously rearrange the indices if the reverse is true.
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D Books

There are a number of very useful texts, regarding this topic of Electrodynamics. Throughout the
course of writing this, I have consulted many of the below books.

e Heald & Marion: Classical Electromagnetic Radiation;

e Jackson: Classical Electrodynamics;

Landau & Lifshitz: The Classical Theory of Fields;

Shutz: A First Course in General Relativity;

Zwiebach: A First Course in String Theory;

Woodhouse: Special Relativity.

Heald & Marion is a very good text for many of the electrostatic problems, but is very light on
the relativistic part of the subject. Jackson is a classic text, designed for graduate courses in the
subject, so goes way beyond the scope of the current treatise; regardless, it is very good for the
multipole expansion, and especially in spherical harmonic theory.

The final 4 books were consulted mainly for tensor theory. Zwiebach is an excellent start point for
Lorentz transformations & simple tensor manipulations; but is quite light if one is looking for a more
formal introduction. Hence, consulting Schutz is heavily recommended; infact, most introductory
general relativity texts tend to have a large section devoted to tensor theory & very helpful examples
& hints for manipulations. Schutz introduces tensors in a very formal manner, but grounds it firmly
in physical ideas with plently of examples. Woodhouse is a very mathematical text (whereas the
others are firmly grounded in physics), introducing special relativity in a very abstract manner.

The, frankly, classical theoretical physics series by Landau & Lifshitz are highly recommended. The
book relevant for electrodynamics is their Vol 2. It has an excellent section on the non-relativistic
part; going into a lot of detail. The latter half of the book is on general relativity, so is well worth
looking at, as it introduces tensors very well.
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