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Abstract

These are a set of notes I have made, based on lectures given by N.Walet at the University of
Manchester Jan-June ’08. Please e-mail me with any comments/corrections: jap@watering.co.uk.
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1 Linear Algebra

1.1 Linear Vector Spaces

A linear vector space V' is a set of objects (i.e. vectors) with two operations: addition and multi-
plication. Addition is defined between two vectors, and multiplication by a scalar, which is € S.
Typically, the set of which § is in, is R,C. Now, we say that the operations must satisfy the
following conditions:

e V is closed under addition and multiplication:
Va,bc V thena+beV
Ya € V,\ € S then \a eV

Addition is commutative and associative:

VYa,b € V, then a + b = b 4 a, that is, commutative.

Va,b,c € V, then (a +b) + ¢ =a+ (b+ ¢), that is, associative.
There exists an identity element e for both addition and multiplication, so that Va € V,
a-e=-e-a=a. This element is different for both operations:

For addition, the identity is the null vector 0; so that 0 € V so that Va € V, a +0 =
0+a=a.

For multiplication, use the unit element. 1 € S so that Va € V, 1la = al = a.

Multiplication is distributive and associative for addition of both vectors and scalars:
Va,b,e V and X\ € S, then A(a + b) = Aa + Ab.
Va € V and A\, u € S, then (A + p)a = Aa + pa.
Va € V and A\, pu € S, then A(ua) = (Ap)a. That is, associative.

For addition, the inverse element is —a, so that Ya € V, then a + (—a) = (—a) + a = 0, which
is the identity element for the addition set.

Example Such a set of vectors could be V = R3:

T

r=| vy
z

And by inspection of all the above axioms, we see that V is a vector space over all S € R.

Example The space of 2D complex spinors:

(5)-=(5)=(1)



1 LINEAR ALGEBRA 2

Is a vector space over all S € C. However, we see that the space of spinors of length 1 is not a
vector space, as it is not closed under addition. To see this, consider two vectors v1, vy €the spinor
space of length 1. However, upon addition of the two, and squaring, we find that the sum is not
necessarily of length one. Hence, the set is not closed. Therefore, not a vector space.

Example Consider the space of all functions f(z) that are square-integrable. That is:
+oo
/ F(@)Pd < 0o
— 0o

The set of such functions is denoted £2(R).

Where we let f(x) : R +— C; that is, the function has the effect of going from the set of real numbers
to the set of complex. This is quite a ‘broad restriction’. To see that this space is closed, consider
the product of two such functions f, g € £2(R). They will require:

J17@F + 19t + 2R (9" do < o0

It is not immediately obvious that this is the case. The first two terms are finite, as that was stated
in the definition of f, g. Upon inspection, we see that the third term must also decay at moo. Hence,
confirmed that £2(R) is a vector space.

Let us ask: how can we show that the null vector 0 is unique? How can we know that for any
a € V, there is only one inverse (—a)? We consider the first question, but the second follows in the
exact same argument.

Suppose that there are 2 null vectors 0 and @. Then, each must satisfy:

a+0=a at+@=a

Hence:
a+0=a+©

Now, to each side add on the inverse of a, i.e. (—a):
a+0+(—a)=a+ 0+ (—a)
Now, by the definition of the inverse of a, we see that a + (—a) = 0. Hence:

0+0=0+0

Therefore:
0=0

Hence, only one null vector. It is an identical argument to show that the inverse is unique.

In the entire section above, I have left off the ‘boldface’ type for vectors. It is implied when I state
that a component is an element of a particular set.
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1.2 Linear Independance & Basis Vectors

A set of vectors a, b, ..., u is called independent if:
Aa+pub+...+ou=0

Has only one solution:
A=p=...=0

That is, you cannot express any one vector as the sum of any other.

The dimension n of a space V is the largest possible number of independent vectors. Any set of n
independent vectors in an n-dimensional space thus forms a complete set of basis vectors. Hence,
any vector can be written as the sum of basis vectors:

T =1x1€1+ 2060+ ...+ 1€,

The z; are the components of  in the basis {e;}!" ;; this notation reads: ‘the set of all basis vectors’.

Example Show that the vectors (1,1,0),(1,0,1),(0,1,1) are linearly independant, and find the
components of (x,y, z) in this basis.

To show that they are linearly independant, we must show that the only solution to:
a(1,1,0) + £(1,0,1) + ~(0,1,1) = (0,0,0)

Isaa = 8 =~ = 0. To do this, we can write the simultaneous equations, and put it into matrix
form:

a+p8 = 0
a+y =0
B+~v = 0
110 o 0
1 01 I} = 0
0 1 1 y 0

And solve. To show that a solution exists, we must have that det M # 0, which is the case (and
can be checked, and seen to be -2). This condition arises from the computation of the inverse: the
solution involves the inverse, which involves finding the reciprocal of the matrix (which cannot be
done if the matrix has zero determinant). Via gaussian elimination, we find that the only solution
is indeed a = 8 =+ =0.

For the second part, we wish to compute x1, z9, x3, where:

(.’L’, Y, Z) = '7:1(17 17 O) + .’132(1, 07 1) + 1133(0, 17 1)
So, we have the system of equations, which we solve via Gaussian elimination:

r1+xr0 = X
T +r3 =

To+x3 = =2
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Which can easily be found to have solutions:
=3 +y—2) zo=iz+z-y) w3=3@y+z—2)

Hence found.

To show that the so called ‘decomposition’ = x;e; (summation implied) is unique, we suppose
that it is not. That is, we suppose we may also write * = y;e;. Hence:

r=x = uze=ye = (r;i—y)e=0

Which we see has solutions x; = y;. Hence, the decomposition is unique.

Example The Fourier series of a function defined on [—m, 7] is given by:

o
f(z) = % + Zancosnx—i—bnsinn:c

n=1
Hence, for Fourier series, the basis functions are:
1, {sinnx,cosnz} n=1,...,00
It is very hard however, to show that this basis is complete. This is a general complication in

infinite-dimensional spaces.

1.3 Scalar Product

This is sometimes referred to as the ‘inner product’. The notation we shall use for a - b is:
(a,b)
We have the following relations:

(a,b) = (b,a)"
(a,\b+pc) = Aa,b) + u(a,c)
(a,a) > 0

Where we equality (in the final relation) if and only if @ = 0. We define the length, or the norm of
a vector as:
lal| = V/(a, a)

If (a,b) = 0, then the two vectors are orthogonal.

1.4 Orthonormalisation

We can find an orthonormal basis from some non-orthonormal basis. There are 2 ways to do this:
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1.4.1 Gramm-Schmidt Procedure

This procedure is an algorithm, to find the orthonormal basis vector e/, from a non-orthonormal
vector e,,, provided that all e/, _; basis vectors are. This last condition is satisfied, as the procedure
is recursive. The algorithm is below:

m—1
en = em— Y (e en)e] (1.1)
=1
"
/ €m
e, = (1.2)
" |lezm ]

So, we see that the first step will pick out all basis vectors which are not orthonormal to e,,, then
multiply the ‘overlap’ by the vector being examined (the e;). This is then subtracted from the
non-orthonormal vector, to give something with is now orthogonal. The final step normalises the
orthogonal vector.

1.4.2 Norm-Matrix Method

A second approach is to use an overlap matrix N, whose elements are given by:
Nij = (ei, €j)

Now, if we can find matrix powers (which we will come to in a moment), then you can find the i**
orthogonal basis vector € from the non-orthogonal basis vector e via:

(i) _ a3 ()
e, =Ny’e

Now, let:
N = Odiag(\1, Ag, . .., Ap)OT

Where O is the matrix of eigenvectors, where its columns are composed of eigenvectors O;; = e?.
Hence, we have that O~! = OT. Hence, OOT = I. The middle matrix has diagonal entries, which
are the eigenvalues. Thus, we define matrix powers:

_1 1 1
N~z = Odiag(A; 2, Ay 2,..., \n2)OT
Also, by writing out the seperate definition for each term, we can show:
1 1
N 2NN z2=1]
1.4.3 Summary

So, we have that the ‘dot product’ between two functions is denoted:

(.0) = [wodr



1 LINEAR ALGEBRA 6

Orthogonality is the statement:

(ei; €5) = i
i.e. that any two basis vectors are orthogonal, unless they are the same. In another notation, this
is actually:

(€i)alej)a = dij
Where the index a runs over the components of the basis vector e;.

1.5 Function Spaces

Here, we have a continuous label, as opposed to the previous discrete label.

1.5.1 Example: Fourier Basis

Consider the following basis vector, for a function f : R +— C:

¢k(x) — \/1277_‘_61"“

Our analogy to the discrete case is that any function can be made out of a sum of basis states, each
multiplied by some amplitude. Hence, for the continuous basis, we integrate:

f@) = [ oula)fwn (13)
—00
The expansion coefficient (the ‘amplitude’) is just the Fourier transform:
fio = [ si(a) @iz (14)

So, putting (1.4]) into (1.3]), noting that all ‘z’s in ((1.4) are not the same as those in ({1.3)), hence,
we put primes on them to distinguish:

flz)= /_O; Pk() (/_Z ¢Z(x’)f(x’)dx’) dk

t@)= [~ 5@ ([ dironoar)

We define the bit in brackets to be the Dirac-6 function:

o —a) = [ " g1 on(x)dk (15)

Rearranging slightly:

This is the expression of completeness.
If we now substitute our basis function ¢ (x) in:

1 [ . /
Sz —a') = 2/ ekE=2) g,
™ —0o0
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Thus, we see that we have the interpretation that the delta-function is the fourier transform of 1.

Let us do the other interesting thing: put (1.3) into (|1.4]), changing all £’s in ([L.3]) to primed:

o= st ([t

Again, let us rearrange the integrals:

= [T iw ([ e a

Again, the bracketed part is the delta-function:

5k — 1) = / " bw (@)1 (0)de

This is the equivalent of the orthonormality relation. So, we see that unless the indices on the basis
are the same, we get zero out. We have not yet gone through the properties of the delta-function,
but a simple statement to make is that 6(0) = 1,(z # 0) = 0.

1.5.2 The § Function

The dirac delta is defined by:
/ f(@)(x — 2')da' (1.6)

Basically, the integral sweeps over all possible values of 2/, but the only one that contributes is the
one at ' = x, which is the result of the integral.

We can think of the delta-function as an infinite spike at the origin, whose area is unity. That is:

/ Sz —2')da' =1

So, how about constant within the delta-function? Some useful relations:

Consider:

S b - a)

" al

Let us then evaluate:

/ F(@)8(a(z — 2'))dz’

Let us change variables:
y=azx 3y =ax

So: oxa
/ FD)s(y —y')dy' Ja

—ooXa
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Notice, if a < 0, then the integral is negative; so, let us take the modulus of a. Hence:

L[ Y’ _ /_i Y :i T
o [ sy = @) = @
Thus:
~ H@ata — )i’ = o f @) (1.7)

So, let us consider:
(g(x))

So, we need to find the zeros of g(x). Let them be at z;; as we know that the delta-function is
non-zero when its argument is zero. So, we have that g(x;) = 0. Let us now do a Taylor expansion
about the zero:

9(@i +€) = glai) + (2 — 2)g" () + ...

Note, the first term is zero, by definition. Hence:
9(z) = (z — 2)g (2;)

Near a zero. So, we have that:
d(g(x)) = 0(g (i) (x — 1))

Near a zero. This is just like we had before, except we have more than one place the argument of
the delta-function is zero. So, we must add the contributions up from all the zeros. Hence:

S(g(@) =Y ‘m (1.8)

7

Where z; is a zero of the function g(x).

Example Calculate:

/Z f(x)o(x?® — 2t%) da’

We have that g(z) = 22 — ¢?t2, and hence its zeros are at © = ct. So, ¢’'(x) = 22. Thus, we have
that the integral above is just:

/_Z F@)0(a? — A2 de! = ‘;Cﬂ {/_Z F@)5(x — ct) da’ + /_O; F@)5( + cb) dx’}
1
= W{f(d)‘f’f(—d)}

Where the factor of %Itl has come from evaluating |¢'(z)| at each zero of g(z).
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1.5.3 Normalisable Function Spaces

A function space which is normalisable is called a Hilbert space H.
The Fourier basis is not normalisable; so is not a Hilbert space.

We must have a discrete basis to have a Hilbert space:

(¢n> d)m) = 5nm = /_ ¢:¢m dz

Completeness would imply:

So:
¢m7 Z Cn ¢ma ¢n Z CnOnm = Cm

That is:

Putting this expression for the coefficients into that for completeness:

Z/ b (b o) ()

Which has the dirac-delta expression within:

Where:

Which is the statement of completeness.

An example in QM is that given two solutions to the TDSE, a third is found by a linear superpo-
sition: ¥ (x,t) = A1 + pbe. We also know that the eigenfunctions of any Hermitian operator (such
as the Hamiltonian) form a complete set. So:

Qb(%‘, t) = Z Cn(t)¢n<x)

For example, for the SHO:

Then:
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2 Operators, Eigenvectors & Eigenvalues

2.1 Linear Operators

An operator L is linear if, upon acting on a,b € V, we get:
L(Aa + ub) = A(La) + p(Lb)
For A\, u € S. Examples of such operators:

e Matrix multiplication by a fixed matrix;

e Differentiation:

e Integration:

1
(Laf)(x) = /0 G2 f(a')de’

2.1.1 Domain, Codomain & Range

If L maps a function f onto g, such that Lf = g, then the vector space of all functions f is called the
domain of L; and the vector space of all functions g is the codomain of L. The functions mapped
by Lf are called the range.

So, the range is a subset of the codomain. If L is invertible, then typically, the range is the same
as the codomain.

Examples Consider the operator L : C" — C, where L(a) = (b,a). Then, the range is the same
as the codomain; which is C. That is, any complex number can come out of the operation.

3 2 1
L_<642>

Then, its domain is R?, codomain R?. That is L : R? — R2. It maps from the space of 3-vectors to
the space of 2-vectors. Infact, its range is not the entire space R?, due to the form of L. The range

Consider the operator:

. 1 - . .
is A ( 9 >, where A € R. To see this, just consider the action of the operator on a vector.

Another example is the 3D grad V. It maps a space of scalar fields to a space of vector fields.
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2.1.2 Matrix Representation of Linear Operators

Consider some operator L which transforms between the domain and codomain, each having a
separate set of basis vectors. That is:

L:{e} — {ui}

So, expanding a general vector @ in the domain, and y in the codomain, in terms of some coefficient
and its relevant basis:
T = E Zi€i Y= E Yjuj
( J

So, our transformation:
y=Lx

That is:
D vy = L) we;
j i
= Z«Tz‘Lei
i
By linearity. Now, dotting both sides with u;:
Z yj’LLj . 'U,j = Z :ciLeZ- . Uj
j i
Which is just:
yi =Y wilji
i
Where:
Lj; = (uj, Le;) (2.1)

If the bases are orthonormal.

Example Find the matrix representation of % on the space of real functions, on the interval
[—m, 7).

Now, since the domain and codomain coincide, we can use the same bases are the same. Let us use
the Fourier basis: 1,{cosnx,sinnz} 2. So, let us write the action of the operator on our basis:

1 0 1
sinzx CcosS ¥ sinx
—sin
i c.os T _ sinx T (?os T
dz sin 2x - 2cos2x - sin 2z

cos 2x —2sin2x cos 2x
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So, the matrix representation of the differential operator is, by inspection of the above:

0 0 0 0 O

MT =

o O O O
[an}

o O O
@)
[\)
@)

To just fill in a few of the infinite elements.

As another example, we consider the TISE. In 1D, we have the eiegenequation:
Hy(x) = By(x)

Suppose we use a basis {¢;}7°,, where ¢; € H. Hence:
V= c¢o;
J

We get the matrix from:

Z Hijcj = ECZ'
J

Where:
Hiy = (60, Hoy) = / 6116, da

Notice though, that H;; = HJJ

2.1.3 Adjoint and Hermitian Operators

The Hermitian, or adjoint, coinjugate of matrix is the complex conjugate of its transpose. That is:

(M)t = (Mjp)*

(o) =% )-8

Which we term ‘anti-Hermitian’. Also, consider:

EOREN

Which we term an ‘Hermitian operator’.

For example:

Notice, the inner-product:
(u,v) = ulv
So that, we write it as a matrix product:
U1
(u,v) = (ul, ug, ..., up,) : = ulv

Un
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The Hermitian conjugate of a matrix can be defined as:
(a, Mb) = (M'a,b) (2.2)
So that, if the codomain is C, and domain D:
M:Dw—C M':C— D
Now, we can see this:
(a,Mb) = a}Myb,
= a( MT_)*b.
(a;M],)"b;
= (MT a,)
(M'a,b)

An hermitian operator (which is the same as self-adjoint) is such that:
M =M (2.3)

So that the domain is the same as the codomain.

2.2 Eigenvalue Problems

An eigenvalue problem is such that:
La = \a

Theorems For a Hermitian operator, all eigenvalues are real, and eigenfunctions corresponding
to different eigenvalues are orthogonal.

2.2.1 Proof: Real Eigenvalues of Hermitian Operators

So, we have that:
(a,La) = (a,\a) = \(a,a)

And, also:
(La,a) = (Aa,a) = \(a,a)

Now, by defintion, (a, La) = (La, a) for hermitian operators. Hence, let us subtract the above two
equations:
0=A\—-X)(a,a)

Hence, as (a,a) > 0, we have:

A=\ (2.4)
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2.2.2 Proof: Orthogonal Eigenfunctions

Here, let us start with two eigenequations:
La = )a Lb=pub

Hence:
(b, La) = A\(b,a) (Lb,a) = u(b,a)

However, due to Hermiticity, the above two equations are equal. Hence:
0=(A-p)(ba)
Hence, if A # u, we have:

(b,a) =0 (2.5)

2.2.3 Example: Diagonalise A Matrix
Find the eigenvalues/vectors of:
4 1 1
M=|1 41
11 4
So, we find its eigenvalues by the standard determinant method:

4—- A 1 1
1 4—A 1 =0
1 1 4—-A

From which we get to the charateristic equation:
A=3*A—-6)=0

From which we see that 2 of the 3 eigenvalues are degenerate.
We shall first find the non-denegerate eigenvalues’ eigenvector, by solving the following:

4-6 1 1 el 0
1 4—6 1 e§ = 0
1 1 4-6 es 0
Which has solution:
1
1 1
€y = —
3 73 X
For A = 3, we have to solve:
111 el 0
111 e l=10
111 e3 0
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Now, we can do this by choosing two vectors which are orthogonal to e3. Such as:

1 1 1 11
€1 = —— €y = —— —
N 2\
Now, to diagonalise the matrix , we form M = OT diag(\)O; where O is the matrix of eigenvectors:
11 1 11 1
V3 V6 V2 V3 V3 3
0= S e - oT = a4 1 2
i v i v 0

Infact, we have written the columns as the components of es, ey, es, respectively. We have that
diag(\) has components which are just the eigenvalues:

6 0 0
diagl\) = 0 3 0
00 3
Hence:
i 1 1 1 1
. A I W AW R
M = O diag(\)O = @ 761 -% 03 0 ¢ 7% -2
2.2.4 Generalised Eigenvalue Problem
Ly(z) = Ap(z)y(z) (2.6)

Where we call p(z) the weight function.
If u(x) and v(x) are two eigenfunctions for different eigenvalues, and if L is hermitian, then:

(u,v), = /p(a:)u*(:c)v(:c) dx =0
Note, hermiticity is defined with respect to (u,v). That is:
(’U, Lu) = (’U, )\pu) = )\(’U,’U,)p

and:
(Lv,u) = (ppv,u) = p(v, u),
So that, as (Lv,u) = (v, Lu), we have:

()‘ - ,u)(v, u)ﬂ =0
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2.3 Sturm-Lioville Equations

If we have a generalised eigenvalue equation:

Ly(z) = Ap(x)y(x)
Where L is of the Sturm-Lioville (SL) form. That is:

d d
L= (se)g ) +ato) (.1
Where p(z) > 0. So, we have that the SL equation is therefore:
~ L (@) Ly(@) ) + aleyl@) - Mo(ay(e) =0 (2.8
In pxd$yx q(x)y(x plx)y(x) = .

That is, expanding out the derivatives:

—pla) Ty P EEF a@y(@) — Ae(@yy(e) = 0 (29)

2.3.1 Bringing Equations to SL Form

Let us start with a very general second-order differential equation:
y'(z) + a(@)y'(z) + Bx)y (@) + Ar(2)y(z) = 0
From now on, we will supress the z-argument. Now, multiply the above by —p(x) = —p. That is:
—py" = pay’ — pBy — pAty =0

Let us now compare the coefficients of this equation, with that of the SL equation (2.9). We hence
see:

e
dx
Thus: ,
a=L
b
That is:
dlnp
o =
dx
Hence:
X
Inp = / adz’
Thus we have that:
plz) = el ot (2.10)

And that p(x) > 0. Also, by comparison, we have that pr = p. Hence, 7 > 0.

Hence, we have found that if 7(z) > 0, and if we multiply the equation by p(x), which we find
above; we can get any such differential equation into SL form.
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2.3.2 A Useful Result

Now, let us think of two functions u(x),v(x), where x € [a,b]. Now, let us write:

vLu —ulLv
Let us write each down, long hand:
vLu = —U P +vqu = —v[pu] + vqu
d d 1y
ulv = —u—p—uv + uqu = ulpv']" + uqu
dx” dx

Hence:
vLu — ulv = —v[pu'] + ulpv’)

That is, by the product rule:
vLu — ulv = —vpu” — vp'u/ 4+ upv” + up'v’
Now, if let us both add and subtract v'pu’; that is:
vLu — ulv = —vpu” — vp'u' + upv” + up'v’ — v'pu’ + v'pu’
So, by inspection, we see that this is just:
vLu — uLv = [—vpu’ + upv']’

That is:

vLu — ulv = [p(uv’ —vu)] (2.11)
Note, sometimes, the expression uv’ — vt is sometimes called the ‘Wronskian’, and is actually just
a determinant:

u v

u

/
UUI —vu =

However, getting back to the problem. We hence have:

a

b
/ (vLu — uLv)dz = [p(ur’ — vu')]° (2.12)
a
Now, if the operator L is Hermitian, we hence have:
b
/ (vLu — uLv)dz =0
a

That is then just:
p(b)[w’ — va)(b) — pla)[ur’ — vid)(a) = 0

If p(a) = p(b) = 0, then we call a,b singular points.
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2.3.3 Second Solutions

Now, our eigenvalue problem Lu = Apu is second order (since L is a second order differential
operator). Hence, there is two solutions to such an equation, for the same value of A\. Suppose that
it is Lv = Apv. So:

Lu = Apu Lv = \pv

Now, multiplying the first by v, and the second by u gives:
vLu = vApu uLv = ulpv

Subtracting the two:
vLu —ulv = vApu — ulpv =0
That is:
vLu —ulLv =0

Now, let us use our derived relation:
[p(uv’ — vu')]" = vLu — ulv
Which is just 0, for us. Hence, that is:
pluv’ —vu') = ¢

Where ¢ is some constant. Hence: c

!/ /
w —ou = ——
p(z)
Now, as u is known, this is just a first order ODE, for v. Let us substitute v = uw, for some function
w. Hence, the above is just:
c
vuw’ 4+ uu'w — uwu' = =
p
That is just:
;24 C ;€
uww =utw =— = w = ——
p pu

Hence:
1

X
w(x) =c ———da’
(=) / p(z")u(a’)?
Now, these solutions do not exist if p(z) = 0. That is, the solutions diverge. However, we have

shown that p(x) = 0 on the boundaries. So that, we had that the SL operator was defined on [a, b],
and that p(a) = p(b) = 0. Thus, L is non-Hermitian for such solutions.

2.3.4 Classifying Singular Points

For some second order ODE:
y"(z) + P(z)y (x) + Q(z)y(z) = 0

If, at some = = xg, P(xg) or Q(x¢) diverges, then x is called a regular singular point. We also must
require that (x — x9)P(z) and (z — 20)?Q(z) remain finite, as z — xo. If, however, P(z) diverges
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faster than 1/(x — ), or Q(x) faster than 1/(z — x¢)?, then zq is an irreqular singularity.

So, suppose we had:
2

xT
y//+
€T —

’ X
-0
Yt 1Y

Then x = 1 is a regular singular point. We see this by noting that both:

LE2 X

(x—1) (r—1)

r—1 r—1

Are finite (the factors just trivially cancel out).

Considering:
y/l + L y/ + x Yy = 0
(z—-102"  (z-1)
Then x = 1 is an irregular singularity, as neither:
x x
—-1)—= -1

Are finite.

2.4 Series Solutions
2.4.1 Example: Quantum Harmonic Oscillator

Consider the Schrodinger equation for the 1D QM harmonic oscillator:

h? d?
~ o 7 ¥ (@) + %mw%%(fv) = Ey(z)

Now, the solutions to such an equation are square-integrable functions. That is:

+oo
/ ()] di: < o

And, the way we expressed such a function before, was to say:
b(x) € L2(R)

Now, to solve the equation, let us use the following variables, to make everything look simpler:

2\ 1/2
= <h> E,=hw

Then, we have that:

x
=—- FE=M)\E,
T
Under these variables, our equation looks like:
d*p(2)

+ (2A = 2H(z) =0

dx?
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Let us initialy asymptotically analyse this. That is, let z — o0o. So, we are able to ignore the A
term. That is:
d*y(2)

dz2 - ZQw(Z) =0

From which we can guess a solution of the form:

M

z

V(z) = et T

We must, however, take only the negative sign, as we must have that the wavefunction decays at
infinity. So, let us suppose that the total solution is of the following form:

N

z

P(z) = fz)e” =

Where f(z) can be neglected as a rising-power. Putting this into our modified Schrodinger equation
easily gets us to:
=22 +@2X=1)f=0

Now, let us show that this is of SL form:

i (P o)) + (o) - Aotoh(a) =0

So, following our previous discussion, «(z), which is the coefficient of f/, allows us to find p(z);
thus:

p(z) = exp/ ada’

We see that ‘our o’ is just:
z 2
a=-2z = pz)= exp/ (—22)dz = e
So, to bring our equation to SL form, we multiply our equation by p(z), to give:
67222(}0” — 22’672'222]0/ + (2 — 1)67222]0 =0
Now, this is just (done by inspection):
[67222.]('/]/ + (2)\ . 1)67222.}0 =0

Which is of SL-form; where z = 00 are regular singularities.

To solve the equation:
ff=2zf'+2Xx=1)f =0

Let us use a series solution. That is, take:

FE) =3 e
n=0
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So, substituting this in, gives:

o o0
ch (n—1)z fQZznz” Ly 2)\71)2071,2”:0
n=0 n=0
That is:
[e.e] o o0
Z can(n —1)2"72% =2 Z nz" + (2A —1) Z 2" =0
n=0 n=0 n=0

Now, let us note that, for the first expression, the first two terms will be zero; if n = 0, 1, then we
have 0 both times. So; let us write:

ch n—1)z —QZNZ +(2X-1 ch =

Let us then define m = n — 2; and use that as a summation index (replacing the latter two as well:
it makes no difference). Hence:

Zcm+2m+2)(m+ —ZZmz + (22 -1) Zcmz

m=0

That is just:

i [ema2(m +2)(m+ 1)+ cn(—2m+2X—1)]2" =0

m=0
So, by linear independence, we have that the coefficient of z"" is zero. Hence:
cm(2m — (2A —1))
(m+2)(m+1)

Cm+42 =

So, we have a recursion relationship to find the coefficients in the solution:
Co—C —C4 — ...

Now, thus must terminate, as f(z) is well-behaved. Let us have that the series terminates at some
m = ¢. That is, so that cy10 = 0. So that:

22 -1=2¢

Hence, we have that:
Eg = ({+ §)hw

And that:
Jo=H(z)

The Hermite polynomials.:
Ho(z) =1 Hi(z) =2z Ha(z)=1-2"

Hence, we have that our total wavefunction has solution:

U(a) = Hy(£)e 30
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2.5 Legendre Polynomials

Consider Legendre’s equation, put into SL form:

[(1—2)y ()] + Ay(z) = 0 (2.13)

It is, obviously, singular at x = +1. Also, we typically have that x = cosf. Then, this range is an
obvious choice to make: = € [—1, 1]. So, let us solve using a power series solution, about the origin:

Then, it is not too hard to get to the recursive relationship:

m(m +1) — A
(m+1)(m+2)™

Cm+2 =

Now, for the series to terminate, we require that m(m + 1) = A, for some m. Hence, we have a
polynomial if A = n(n+1),n € N. The solutions are called Legendre polynomials P, (z); and satisfy
the orthogonality relation:

/ P ( x)dr =0 n#m

2.5.1 Generating Function

For the Legendre polynomials, we suppose that a function will generate the polynomials, then we
will check that it does:

flo,t) = > t"Pu(x) (2.14)
n=0

1
= — 2.15
V1 — 2tz + t2 ( )

Now, let us find both the x- and t-derivatives of this expression:

o)

% DY t"Pl(x) = t(1-2tw 17732 (2.16)
n=0
% DY nt" I Py(x) = (z—t)(1—2ta+ %) (2.17)

Now, let us express the first in the following way:

t(1 —2tx + t2)_3/2 = t(1 -2tz + t2)_1(1 — otx + t2)_1/2
= t(1—2tz+1)7 ) t"Po()
n

Hence:

Zt”P’ t(1 =2tz + 7)1 1" Py(x)

n
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That is:

tZt"P = (1 — 2tz +t?) Zt”P’

Which is just:
> P, (x) =) (¢ = 2at™ ! + 72 Pl (2)

n n

Solve solve this (by equating coefficients of like powers of ), we note the following:

Z(tn_thn—&-l_’_tn—i-Z)PA( ) ZtnP/ _2$Ztn+lp/ )+Ztn+2prlz(x)
n

n n

Where, in each sum above, n starts from zero. Now, we may relabel each summation variable thus:
= "TP L (2) = 22t" T P () + " TP (2)
Hence, now we equate powers of ¢, giving:
Po(x) = Py (z) = 22P,(2) + Py (2) (2.18)

Now, let us go back a bit. If we mutiply (2.16|) by (z — t), and (2.17)) by ¢, then they should be

equal. Hence:
> (z—t)t"Pl(x Z nt"P(x

n

That is:
wt" P, — "1 P, —nt"P, =0

Again, shifting the summation variable, to be able to equate coefficients:
ot"P, —t"P!_, —nt"P, =0
Hence:

zP, — P)_, =nP, (2.19)

Now, let us write down (2.18)) and (2.19)), together:

Py = T/L+1_2xPT/L+P7fol
nP, = xzP,—P _,

From these, eliminate P} _;, giving:

(n+1)P, = P,/H_l —aP!

Now, in the above, let n — n + 1:
nP,_1 =P, —xP,_,

Now, add (2.19)) times z to the above; giving:

2*P! —zP! | +nP, , =nzP, + P, — P!

n—1



2 OPERATORS, EIGENVECTORS & EIGENVALUES 24

Tidying up:
(1—2*)P =n(P,_1 — zP,)
Differentiate both sides, with respect to x:
[(1=2*)P) = n(P,_y — P, —xPy)
Now, using (2.19) again: P}, — P,_, = nP,, on the RHS
(1= 2Py = —n(n+ 1P,
Hence, we have shown:
[(1 —a®) Py, ()] = —m(m + 1) Pp(x)

Hence completing the proof.

Let us compute f(1,¢):

f(17t) = an(l)tn
n=0

1
(1 —2ta +12)1/2
1
1—t

= Zt"
n

Hence, we see that P,(1) = 1.

1
r1—ra]

2.5.2 Application: Expand

We often need to expand:
1

[r1 — 72
Now, we can do so in terms of orthogonal functions, in the angle between the two vectors. Let us
assume 1 > ro. S0:
1 1
|r1 — 7o \/r%+r§ — 2r1rg cosf
1

1
1 \/1—1—(%)2 — 272 cost

Now, we identify the expression with the generating function of the Legendre polynomials, as:

T2
t=— x = cosf

1
Hence, we have:

(’?)n Py(cos6) (2.20)

1

IS
ri—ma| 1

For r9 > r1. We can obviously rearrange the indices if the reverse is true.
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2.5.3 Normalisation

So, we wish to compute:

So, we have:

Hence, going back, we have:

. 1 o0 oM
ZtQ /lpg(x)dx: Z o T 1

n - m=0

That is, we have found the normalisation of the Legendre polynomials:

1
2
P2(z)dr = 2.21
| Prayn = 2 (221)
2.6 Gram-Schmidt for Functions
Let us just state the following, then we shall discuss it:
n—1
Yn = Un — Z Ui / Y; Jnpdx (2.22)
=0

So, let us say that the set {9;}!"; are normalised. The weight function is p(x). States can be

normalised thus:
N Yn

= —————
[ yiynpda|

So, if we have an non-orthogonal eigenstate g, (call it our trial), and we wish to make it orthogonal
to all states before it; that is, with the set {g; ;‘:_01, which are orthonormal; we must follow the above
iterative procedure. The overlap integral will pick out the “amount” by which the trial eigenstate
overlaps the orthogonal set. This overlap is then subtracted. The sum will sweep over all every
previous orthogonal eigenstate, subtracting out each overlap. The resulting eigenstate 1, is then,
of course, not normalised; but that is easily done, by dividing by the normalisation integral.
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As an example to see the iterative process, consider that we have o, y1 as being orthonormal
eigenstates. We have some trial eigenstate g2, but it is not orthogonal. Let us find an orthogonal
eigenstate yo:

Y2 =92 — Yo /Qgﬂzpdx — /Qf?hpdif
And then to normalise the now orthogonal trial eigenstate:
o= — 2
- 1/2
[ ysyandz] "

And we have hence constructed an orthonormal eigenstate g2, from a non-orthogonal, un-normalised
trial gg.
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3 Green Functions

If we wish to solve a differential equation of the form:

(Lou)(x) = f(z)

Plus boundary conditions; where L, is a linear hermitian operator. Then, to do so, we can always
write the solution to the DE, u(x) as:

u(zx) = /G(:E,:L")f(x')dx' (3.1)

Where the Green function is defined by:
L,G(x,2') = 6(z — 2') (3.2)
We shall now supress the z-subscript on the operator: it is clear that it only operates on x, not z’.

To prove the above statement isnt too hard:
(Lu)(z) = f(z)
:L/G(m,x’)f(x’)dx’ = /LG(a:,:c')f(:U')d:U'

= /5(30 —2') f(2")da'
f(x)
Hence proven. In the first line, we used the linearity of the operator, to be able to bring it inside the

integral (which is over ' anyway). Then we used the definitions of the Green function and delta
function.

Let us proceed by example.
3.0.1 Example: Electrostatics
Now, from Gauss’ law V- E = p/gp and E = —V®, we can easily derive Poissons equation:

VQCI)(m) _ _p(:l))
€0

Note, this is strictly for a static charge distribution, else we would have the A term as well. We
have the boundary condition that ®(x) — 0 as || — .
Now, for a point charge ¢, at «’, we have a charge distribution which is just a delta function:

p(x) = g(x — ')

Note, strictly, we should have written 63, but that is understood as its argument has 3 variables.
Now, we know that the resulting Poisson equation has the following solution:

V() = - Low—a) = o@) -1 1

0 - deq | — |
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Now, upon comparison of the above formalism for Green function, Lu = f is just the Poisson
equation. That is, the operation L is just the V2 operator. Hence, from LG = §(z — 2'), we see
that the Green function we want, is that satisfying:

V3G (x, ') = §(x — ')
We have the form of G, from the above expression for the point charge. That is:

1 1

G(z,z') = pre P~

Hence, we have that the solution to Poissons equation is given by:

d(x) = /G(m,m’) (—p(‘zl)> d3a’

9

1 p(wl) 3.0
d(x) = d
(@) 4rreq / | — | v

Which is something we already knew, but we have derived it using Green functions; and in the
process, have identified a Green function.

That is:

We shall now consider two methods of finding the Green function:

3.1 The Eigenstate Method

Suppose we have the eigenvalue equation:
Luy(x) = Aun(x)

Also suppose that we know the eigenvalues and eigenstates of the operator; and that the eigenstates
uy, form a complete orthonormal set. Then, the Green function is given by:

G(z,2') = Z )}Tlun(x)ufl(ml) (3.3)

Where A, # 0. Let us initially show that this Green function works:

LG(z,2") = Z)\ln[Lun(x)]u;';(:c’)

= ) un(@)up ()
= 0z —2a)

Hence proven. We have used the standard completeness relation.

Now, suppose A, = 0. Let us assume that A\yg = 0. Also, by completeness, we have that we can
expand any function in terms of eigenstates:

u(z) = Z Cntin (2) f(z) = Zdnun(m)
n=0 n
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So, let us use these (expanded) functions in the differential equation Lu = f; immediately noting
that Lu, = A\ un:
Z AnCpun(x) = Z dpun(x)
n n
That is, obviously:

AnCn = dp,

As a quick aside, note:
f(aj) = Zdnun = (um’ f) = Zdn(um’un) = Zdnénm =dp

Hence, we see that:
AnCn = (Un, ) = dy
Thus, note that for A\g = 0, we have:
(uo, f) =0

That is, f has no components parallel to the zero mode. That is, f is orthogonal to the zero
mode. Hence, we also have that dy = 0. So, let us expand u(z) again, and inserting our expression
AnCn = dp:

u(x) = chun(x)

n=0
0 dn
= couo(m)—l—z)\—un(x)
n=1""

Let us remember that:

And also that:

Hence, upon inspection of:

1
(@) = couo(a) + 3, [ i) F@)da' a0
n=1 n
We see that: -
G(z,2") = cup(z) + Z )\1 un(x)u (')
n=1""
CHECK THE CONJUGATED TERM!!
Where: "
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3.1.1 Example: Vibrating String

Suppose we have a string, length L, with fixed end points. Consider that it is driven. Assume that
we have small displacements.
So, for a ‘small bit’ of the string, we have a tension —7'(u/(z)) and T'(v/(x + dx)) at either end. So,
for that small bit of string:

du

" du
pdxii = T%(x +dx) — T%(a:) — Fdx

This results in (putting in the form of the driving force):

0%u 0%u
— =T—= — F(x)sinwt
Por = Top ~ @
Now, the system will have a transient phase, which will die away, leaving a steady state u(x,t) =

v(z) sinwt. Hence:
d*v  pw?  F(x)

2 T T T T
Which we compress to:
d*v 9
With boundary conditions that v(0) = v(L) = 0.

So, to use the eigenstate method, we must first solve:
Vo, = dvn = 0 = (M — k2)1}n

Let us write this as:
v = —k2v, — k2 =\, — kP

Up = \/%sin knx

Where k,, = 7, to satisfy the boundary condition. Hence, we see that:

Which we know the solution to:

M=Kk n=1,2,...

Now, we know that from the eigenvalue equation Lu,, = A\,u,, we have the Green function:
1
A L x (0
o) = 3 5 i)
With solutions to the differential equation Lu = f being given by:

u(x) = /G(x,a:')f(a:’)dx/

Hence, for our problem, we have the Green function:

2 sink,,z sin k2’

G(x, ') = T 12 2
1 n

n—=
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L
- / G(z,2/) f(2')da’
0

Z / smk xsmk: x SRR SI0 R i o

Notation for which we can compress via:

/2 Smknm Lo L N
Z L dn:/O \/;smkna:f(x dx

3.2 The Continuity Method: Strictly 1D

And thus solution:

That is:

Here, we solve the differential equation:

2
% + a(x)% + ﬁ(@] G(z,a") = 6(z — )

With some boundary conditions.

So, to do so; first, one solves for z < 2’ and x > 2’ separately. Note, this is:
LG(x,2") =0

And the integration constants will only be functions of z’.
Then, we ﬁx the integration constants by matching at x = z’. We find that G is continuous at
x =2, but is not, and is discontinuous (depending on the factor infront of - 2) by one.

Remember, once one has the Green function, one may solve the original differential equation
Lu = f.

3.2.1 Example: Vibrating String

Let us use this method to do the same problem as before. So; we have the following differential
equation:
d*v 9
ﬁ + kv = f(fL‘)
Along with the boundary condition that v(0) = v(L) = 0. So, we have:

de(a:,:z:’) 2 AN /
T-I—k G(z,z') = d(x — )

And the condition:
G(0,2') =G(L,2") =0

Note, we also have 0 < 2/ < L.
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So, for z < 7'

d*G(z,2")
S ARG ) =0 G(0,2) =0
Thus having solution:
G(x,2') = A(2) sin kx
And, for z > 2':
d*G(z,2)
T—i—k G(z,2') =0 G(L,z") =0

Having solution:
G(z,2') = B(z2')sin(k(L — z))

Note, each equation has a different boundary condition, and that is because each excludes the other.

Now, let us match up the Green functions at = = 2’
A(2")sinkz’ = B(2)sink(L — 2')

To find the discontinuity, let us integrate the original equation, very close to x':

z'+e d2 ) . z'+e ,
/x’e <dx2+k>G(x,w)dw—/x/€ Oz —z)dr =1

Where we note the RHS by the very definition of the delta-function. Integrating the LHS by parts:

+ k2G(z,2)2e = 1

ﬁ ' +e
dx

z’'—e

From which we see that:

d / / d / /
—G(x' +e,x)— —Gx' —¢2)=1
diL'G( &) dx ( &)

As € — 0. Being careful about which function to use, we get:
—B(z")kcosk(L — ') — A(2') coska’ = 1
So, from which we can find:

ink(L — ') sin kz’
Alg') — S Bl —
) Fsin kL =)

Hence, the Green function is:

G(x,2') =

1 sinkxsink(L —2') = <2’
ksinkL | sinkaz'sink(L —z) x> a'

Notice the symmetry under exchange of x and /. This is a common feature of such Green functions.
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3.3 Quantum Mechanical Scattering

Here, we shall use Green functions to find the radial distribution of scattered intensity, from a beam
of particles which is incident upon some target; if we view the scattered beam from a distance
which is a lot larger than the dimensions of the scattering target - which is nice & easy to fulfill,
experimentally.

So, we say that some incident beam of particles is incident upon a scattering potential V (r). We
require 7V (r) — 0 as r — oo. We shall consider a time-independant approach. Thus, the incident
wavefunction is of the form:

¢0(7“) — eikz
If the beam is travelling along the z-direction. It then must satisfy the TISE:
h? h2k?
_%VQ(ﬁO(T) + V(T)¢0(T) = E(bo('l") E = %

We can rearrange this, giving:

(V2 + B)o(r) = 25V (r)o(r)

Let us define some function as the RHS; thus:

(V2 + k) go(r) = p(r)  p(r) = +2 V(r)do(r)

Outgoing spherical waves are of the form:

With the scattering amplitude f(6,¢) being the subject of what we are trying to find. So, let us
write the total wavefunction as:

o(r) =™ + f(8, 9)

Under the condition that r — co. Let this wavefunction tend to some x(r) as r goes large. That is:

r

6 =) A = F0.05 v oo
Hence, our ‘Schrodinger equation’ becomes:
(VZ +k)x(r) = p(r)
We shall solve this using Green functions methods:
(V2 +E)G(r,r") =6(r — )
Now, if k£ = 0, then we already know the Green function:
1 1

VG(r,r)=6(r—r") = Grr)=

_E]r—r’]
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Infact, we can use ‘translation invariance’ to shift our origin to 7, so that the above is just:

V2Go(r) = 6(r) = Gg(r):—ii

We also can verify that the following works, for k£ — 0:

ikr
(VK== =0 r#0

That is then:
1 eik\r—?"|

G(r,r')=—

47 |r — 7|

Hence, from Green function theory, we can write down x(r):

/Grr d3’

And hence:
Remembering that:

Thus:
o(r) = ez 4 /G r, )V (r)e(r )d3r’

This is, infact, known as the Lipman-Schwinger equation.

3.3.1 The Born Approximation

34

(3.4)

To solve the above LS-equation, we put it into itself, for the ¢(r’) term in the integral. That is:

o(r) ' /G r,r') etz g3yt

//G r, VG, v"\V (" o(r"d>r d>r" + ...

For weak potentials, we can ignore the second integral, so we truncate at the first order of potential,

giving us:
¢<,’,) _ eikz /G r, ,’, zkz d3 /

If we put our form of the Green function in:

ctklr— 'r‘| ool 13
’L Zd
o(r) = 27rh2/ |r—r
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Now, to find f(6, ), we need only know what happens for r large. In this limit, we may write:

r-r
|T'—T',|%7"<1—T2>

etklr—r \

ek _ ikz' 33,1
f<97 d)) - 27rh2/ | ) d’r

Using the following definitions:

Also, from the definition, we have:

k=k: kr=k-r k =k
.

We end up with the Born approximation:

m

553 V (r)e'F=R)T g3y (3.5)

f(97¢):_

Notice that it is the Fourier transform of the scattering potential.

3.4 Time Dependent Wave Equation

In electrodynamics, we have relations such as:

1 9 9
<028t2_v>q):0

We shall use the D’Alembertian symbol to make this more compact:

1 62 9

O
c? Ot?

Then, we will have equations like:

t
0o = 270 gA Z eree )

So, it seems natural to discuss such equations for arbitrary sources. Then, we are led to the Green
function for the D’Alembertian operator:

OG(r, t;r' ') = 5(r —v")o(t — 1) (3.6)

And we use the boundary conditions that potentials decay when we are very far away from sources,
and cause precedes effect.:

G(r,t;r',t') — 0,r — o0 G(r,t;r', t)=0,t <t
We shall ‘Galilean invariance’ to solve. That is, we shift our origin so that we are solving:
OG(r,t) = 6(r)d(t) (3.7)

We shall proceed by solving for Green functions via Fourier transform.



3 GREEN FUNCTIONS 36

3.4.1 Solution for Green functions by Fourier Transforms

First, we define the Fourier transform of G:

Gk, w) — / dr / G (r, £)e10eT—1) (3.8)
3k dw ~ :
— v hedl i(k-r—wt)
G, 1) / s / Gtk w)e (3.9)
Also, the delta function:
d3k dw ier—w

Now, we substitute (3.9) and (3.10) into (3.7):

Bk [ dw ~ . Bk [ dw |
b 0 i(k-r—wt) :/ / i(k-r—wt)
/(277)3/27TG(k’w) ¢ (2m)3 o ¢

2

[et(kr—wt) — <k2 _ ‘*’) pilker—wt)
C

Now:

[\

Hence, using this:

4k dw ~ 2 w? i(k-r—wt d*k dw i(kr—wt
[ [ st (1= 5 ) etera - [ [ Sater)

Now, as the integrals are the same, we equate the integrands:

Gk,w) <k2 — “)2) =1

That is:

Hence, we can use this in (3.9)):

3 2
Now, let us look at the k-integral. It is of the form:
I= /eik""f(k:Q)d?’k:
To do this integral, we choose the k3 axis to be parallel to r. So, the integral:
I= / / / etkreost £ (k2 k2 sin 0dkdOde

Now, the d¢ just gives a factor of 2w. The next stage is to make a substitution:

Tz =krcosd = dr=—krsin0do
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Hence, this gives:

™ o1
I = 27r/k:2f(k2)dk/ e ——dx
0=0 —k?“

™

1
_ dek k2 ikr cos 6
o [ Waef(17) | et

ﬂ/dekf(kz)_ikr |:€—ikr B eikr:|

L ikr —ikr 2
-5 k[e e }f(k)dk

Now, finally, we do a standard-trick with exponentials:
21 [ ke p(g2
I1=— ke f(k*)dk

i J_

So, putting this into (3.11)):
G(r,t) = kdk ikr—wt)
(r.t) 24r / / o w? — C2k2e
So, now for the w integral:
* dw 1 -
I :/ hatedl e—zwt
Lo 2T w2 — 2k?

Now, notice, the integral, as it sweeps over the real line, will sweep past two singularities: w = *ck.
So to do the integral, we use contour integration. The residues are:
—ickt eickt

e
2ck R-= —2ck

R, =

And the integral is:
1. .

That is: .
Z . .
= —— —ickt _ ickt
2ck (e )

So, putting this back in:

c * ik(r—c ik(r+c
G(r,t) = ) /_OO pik(r—ct) _ ik(r+ct) gp

Throughout having made use of t > 0. The above integral is just a delta-function:

G(r,t) = ﬁ[é(r —ct) — 8(r + ct)]

The second of which we ignore, due to our causality requirement. So:
c
G(r,t) = —d(r—ct
(1) = ——(r — ct
Let reinstate our primed basis:

Gt ) = — ¢

——(r =7 =t -t 3.12
T o =l et =) (312)
So, we see that we only have a non-zero solution when events lie within the backward light cone:

r—r|=cl—
r =7 =c(t -1
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3.5 Reducing the Dimension

Suppose we have a Green function for the following operator, in 3+1 (3 spatial, 1 temporal) coor-
dinates:

1 92 )
W= agE Y
We have just seen that its Green function is:
c
G tir )= ———6(r—v'|—c(t -t t>t
(rotir ) = e = v'| = el = 1)

And zero for t < t’. Now, what is the Green function G?*! for the operator in only 2 spatial
dimensions:

0, .10 o &
LT 292 922 o2

Now, recall that the original operator/Green function satisfied the following:
g1 GH 1 (r, 107, ¢) = (z — 2')8(y — y)8(= — 2)o(t — ¥)
Let us integrate both sides of this equation, with respect to 2’:
/dZ/D3+1G3+1(’I“, tir' ) = /dz'é(a: -2y —y)d(z — 2)o(t —t)
The RHS integral is trivial; and on the LHS we can take the operator out of the integral:
Os41 /dz'G3+1(r, tr' ) =6(x —2)o(y —y)o(t —t)

Now notice: on the LHS, if we are integrating over 2/, then the resulting expression will be completely
independent of z/. Hence, the operator effectively looses a dimension to become [oy;. Thus, we
see that:

G,y 2y ) = /dZ’G?’“(T,t; 1)
And, for our particular Green function, we can do this:
c
A2 G (vt :/dz’6 r—r|—ct—-1t
Jaet ) = [ a2 e = el =)

To proceed, notice that the zeros of the delta function (with respect to the integration variable 2’)
occurs at:

Y=/t —t)2 — (z—2)2— (y—y)?

And that we write a delta function a function as:

S =30 G
) dz \Ti

Where f(x;) = 0; hence, doing carefully results in:

1
G2l x—xt—t)= <
( ) 21 /2 (t —t')2 — |z — /2
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4 Variational Calculus

4.1 Functionals

Now, a function is a rule that takes number, and produces a number. That is, its argument is a
number:

fR—R

A functional is something that takes a function, and gives number. That is, its argument is a

function:
I R—R)—R

An example of such a functional is:

So that I[sin(x)] = 2, I[cos(z)] = 0 etc.

Notice that we use square brackets around the argument of a functional, where its only explicit
argument is y, and not x.

4.2 Stationary Points

For a function, a stationary point is some @ where f(x) dosent change under a small variation in

T: of
(Sf%%

A functional has a stationary point, for y(z), when I[y] dosent change under a small change in its
argument. That is, a change:

-6 =0 Vf=0

y(x) = y(z) + e(z)
That is, to first order in €(z).

Now, let us consider a specific type of functional:

b
Ily] = / F(y(@), ¥/ (2), 2)dx (4.1)

So that the functional is the integral over some function, which takes arguments of y(z),y'(z) and
x. We will assume that there is some boundary condition for y(z) at = = a, b; and that:

So, the variation in the functional is:

That is:
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Which we Taylor expand to:

b
oF OF
ot = [ (G5 +55)
Where we have implicitly implied that F', y and e:
F=Fy),y(z),z) y=ylx) e=e@)

We then integrate by parts:

b
oF OF
Wy = / (e + e') dx
v o \ Oy 0y
b b
oF de OF
= e—dx + /a %Ty/d,]}
/l’aFd+ oF7° /bdaFd
= e—dx e—| — | e——==dz
o Oy ' le Jo drxdy
_ [0, /” OF _ dOF\,
N Eﬁy’ “ o ¢ oy  dx dy “
/b OF d OF
= €| ———= | dx
o Oy dx oy
We have noted that €¢(a) = €(b) = 0 in the second to last line. We obviously require this to be zero
for a ‘stationary point’ (i.e one with little/no variation for adding on some small function). Also,

as the perturbation function is arbitrary, as well as small, we hence deduce that the quantity in
brackets is zero. Therefore, we arrive at the Euler-Lagrange equation:

OF d OF
oy dvoy " g / I 4.2
We use the functional derivative notation:
olly]
0y

4.3 Special Cases
4.3.1 No y-dependance

Suppose that the function F' is independant of y. That is, F(y/,z). Hence, we see that the EL
equation becomes:

d OF (v, x) B
i oy 0 (4.3)

Which obviously implies that:

OF(y',x)

Y const (4.4)
Y

This is known as the first integral, as it is arrived at by integrating once. Let us proceed via example.
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4.3.2 Example: Distance Between Two Points

Let us show that the distance between two points (in 2D) is along a straight line.

Let us assume some path (x,y(x)), which goes from (a,y(a)) to (b,y(b)). So, some small segment
of the path has length:
ds* = dz® + dy?

That is:

ds = +/dz?+ dy?
dy 2
— dny 1+ (Y
T +<dm>
_ d
= da/1+y? =%

Hence, a result we will use regularly:

ds = dz/1+ y'? (4.5)

Hence, the total length of the path is just the sum of all the little segments of the path: the integral:

b
L = /ds
ab
= /d:):x/l—i—y’2

Therefore, we see that we have a functional of the type where I’ does not depend on y explicitly
(infact, it does not depend on x either). Hence, we use:

OF

ay ¢ Fy,z)=1+y?

With ¢ being the constant in question. That is, we have a way of minimising the path length
between two points. Hence, differentiating F', wrt y':

/

7y p—
V14 y?
Hence:
y/2 — 02(1 +y12)

Which can be trivially rearanged to:
c
/
y = ——
V1—¢?
Now, everything on the RHS is a constant. Hence, as ¢ is the gradient of a line, we see that the
gradient of the shortest line connecting two points is a constant. Which is a straight line.
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4.3.3 No z-dependance

Let us consider another ‘special case’: Where F' does not depend on x explicitly. That is, F(y(z),y'(z)).

Now, writing the EL equation:
oF d OF

Ay dwdy
Now, if F(y,y'), then its differential is (by the chain rule):
oF oF _,

dF = —d —d
oy yt oy’ y

That is, dividing through by dz:
dF  OF dy N OF dy
de  Oydx Oy dx
Which we can obviously write as:
dF  OF , OF ,
S =37 Y T 55y
dx oy dy
Now, if we look back at the EL equation, we see that we have an expression for the middle term.

Thus:
dF_d((?F,) 8£,,

dz dz \ay"” ) " ay”
Rewriting the end term:
dF d (OF , oF d ,
=5V )t 5y
de  dx \ Oy oy dx

Which we can see is actually exactly the same as the following (if the product rule is carried out on

the following):
dF d (OF ,
=i (a7Y)

d oF
— | F=— =) =
dw( ay'y) !

Hence, the first integral in this case is:

Therefore:

Where ¢ is a constant.

4.3.4 Example: Snell’s Law

Let us derive Snell’s law, using our techniques. Fermat’s principle of geometrical optics is that light
travels along the path that takes least time, or has shortest optical path length.

Consider the situtation where we have some interface between two mediums, having refractive
indices n1,n9. The angle light makes to the horizontal is ¢1, ¢2; and to the normal 61, 60,. Let us
consider the travel time along some arbitrary path (z,y(x)).
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So, the light travel time is the sum over little-bits of distance, divided by the speed the light travels:

b ds
= [ e

We know that the speed of light in a medium is given by v = ¢/n. Hence:

b
Ty = [ dsn(ay)

We shall use the line-element previously derived, and restrict the argument of the refractive index:

1 b
Tyl = c/ n(y)V'1+y?dx

Therefore, we see that our function is independant of x. Hence, we use:
OF
Fogiy=d Fly)=n@)vity?

Where d is the constant. Hence:
Y
n(y)V1+y? —n(y) ——vy

Bringing under a common denominator:

Yy o gl
Jity? d

Therefore:
d2
12

)
And, if n(y) is constant, then the whole RHS is a constant. Therefore ' is a constant. And therefore

we get a straight line.
Now, from the geometry of the system, we see that tan ¢ = y’. Therefore:

V1+y?2 = /1+4+tan?¢
sin? ¢
cos2 ¢

= 4/1+

cos? ¢ + sin? ¢
cos? ¢
1
cos ¢

Therefore, we see that:
n.cos ¢ = const

Therefore:
N1 COS 1 = N COS P2

And, as cos ¢; = sin§;, this easily becomes Snell’s law:

n1sin 67 = no sin Oy
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4.3.5 Example: Brachistochrone
The brachistochrone is the curve along which a particle slides the quickest, between two points A
and B, under the influence of gravity.

Think about this as finding the shape of a piece of wire, where a bead is sliding down the wire.
The two ends of the wire are fixed, and the problem is to find the optimum shape which the wire
must take, for which the bead takes the shortest time to slide down.

Choose the end points A(0,0) and B(b,y(b)); with a curve (z,y(x)). Then, the travel time is:

Ty = /bdt
= /ds

b
0 ?
Now, by energy conservation:
%mv2 =mgy = v =+/2gy

Hence, using the line-element previously derived:

Tly| = \/>/ f\/l—i-y’?da:

Let us ignore the constants, and write down the associated functional:

/ —/1+y2dz

Therefore, we see that the function is of a type which is independent of x. Hence, we use .
Giving:
1+9y72 1 Y ;o
T vivitel
Where c is a constant. Bringing under a common denominator:
vy
ok

That is:
1

\/:,7 /1_|_y/2 -

Let us jig this around, and relable the constant:

y(1+y?) =2R
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This is infact the equation of a cycloid. Now, let us write:

y = cot(%)
So that: -
cos“(5 1
L+y% =1+ -2(¢2>): 26
sin®(§)  sin®(9)

And therefore:
y(1+y?) =2R = y(¢) = 2Rsin*(%)

And, using the trig identity 2sin?z = 1 — cos 2z, this becomes:

y(¢) = R(1 - cos §)

Thus, we have a parameterisation of y in terms of ¢. Now, just note that y' = %. Now, we need
x(¢). To find this, consider:

dx dx dy

do — dydo
L dy
dy/dx do

= # sin(2) cos(2
= Cot(%)m (%) cos(3)
= 2Rsin’($) = y(0)

Therefore:

o= [ 4o = R~ sing)

Hence, we have some parameterisations:

2(¢) = R(¢ —sing)  y(¢) = R(1 — cos §)

4.4 Variable Endpoints

So, we have, from before:
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With y(a) and y(b) assumed fixed. Now, let us assume that y(b) is free. We shall also have that
€(a) = 0, as before, but that nothing is known about €(b). So, along the same lines as before:

b/ OF  ,0F
1 = — 4+d=—|d
o] /a (601/ +€0y’> !

b b
oF de OF
A e el
_ [PoF, (R [P doF,
~ LS T\ Loy, ) Caray™

[ 8F]b+/b <6F d 8F>d
= |e— €| =————=— | dx
o, o oy  dx dy
b (OF d OF OF
= — — ———|d b) —
/a€<8y dm@y’) x+6()6y’
Where we now have an ‘extra’ term, as €(b) # 0. Now, we set I = 0; and due to the arbitrary
nature of the perturbation, we have two equations:

OF d OF oF
oy dx oy oy’

So, the EL equation, as before, as well as a new constraint on the derivative of the functional, at
the endpoint.

r=b

r=b

4.4.1 Example: Brachistochrone

We shall redo this problem, with a bead moving along a frictionless wire, from (0,0) to (xf,yy),
where z; is fixed, and yy is free. Let us find y; for the shortest fall time.

As before, the functional is:
F(a,y) = (1+y?) /2y~ 1/
Hence, the EL equation gives:
(1 +y?)]* =k
And that gave us that z = R(¢ —sin¢) and y = R(1 — cos ¢). So, our varied endpoint means that
to minimise the path, we also have:

oF y

0 |oeey V0t 97

=0

I:If

That is:
Y (xf) =singy =0
And hence ¢y = 7. Hence, as © = R(¢ — sin ¢), we have that R = z ¢/, and that ys = 2z /7.

Therefore, we have solved the Brachistochrone, for the case where the start point is fixed, and that
the horizontal distance is fixed. We have then computed the optimum depth for a path connecting
the two points, and the shape of that path (the cycloid).
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4.5 More Than One Function

Here, we have:
b
I{y)] = / F({yb {y}o)de  i=1,2,....N

That is a functional of more than one function. Let us fix the endpoints: y;(x) is fixed at a,b. The
EL equation results in:
61{y:}

0Yi

Which is the same as (doing the expansion & integration again):

=0

OF d OF _

That is, NV EL equations. This is readily used:

4.5.1 Hamilton’s Principle of Least Action

In classical mechanics, suppose we have n point particles, with positions ¢;(t). Then, the Lagrangian
is:

L{a} {ait ) = T(ai,di) — V(i t)

Then, let us define the action:

ty
S= [ L(gdt)dt (4.7)

ti

With fixed endpoints. The principle of least action is that S = 0. Clearly, this corresponds to the
‘EL’ equation, with a trivial reassignment of letters. This gives the Lagrange equations:

oL dJOL
—— == (4.8)

dq;  dt 0q;

An example. The Lagrangian for a mass on a spring:

1 1
L:T—V:§m¢2—5kzx2

Clearly here we have ¢ = 1 only, and that ¢ = x. Hence:

oL doL_ .o
ox dtox T
Which is trivially:
k
T=—-——z
m

The first integrals link to conservation laws:
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Energy Conservation: L(g;,¢;) That is, when the Lagrangian (i.e. the potential part) is inde-
pendent of time. From:

’ OF
Ily] _/ F(y,y)dx = F —y'— = const
a 8y’
Thus, generalising:
L— Z oL _ const
i q; 9
If L=T -V, and if T is quadratic in ¢;, then:

oL
i—— = 2T
ZQZ aq'i
Hence:
T—-V —-2T =const=—F

Hence, the total energy is a constant.

Momentum Conservation: L(¢;,t) Here, we have that the Lagrangian is independant of ¢;. It
corresponds to the case where F' is independent of y. Hence, we have:

— = const = p;

04
Consider and example. The Lagrangian for a relativistic, charged particle in an external electric &

magnetic fields:

Lz, &,t) = —mc*(1 — &/A)Y? + qA - & — q¢
We get:

@W =q(ViA) - @ — g0 Ai — qVi¢

Which is equivalent to, if we carefully consider the expression:

%pZQ(vaHqE

4.6 Field Theory

Suppose that we consider more dimensions, so that:

Then, the generalisation of the action is:

S— / L(6(2), Bud(x), ) dr (4.9)
Q

Where:
dr = dz'dz?...dz" 9,

Il
=
=

QD
8
=
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Where we have introduced some notation for the covariant differential operator. We have that Q is
some volume in the N dimensional space. The boundary of the surface has the property that the
small variation is zero on it:

€(r)]on =0

Where ¢(z) — ¢(x) + €(z). Now, just to see how we motivate our expressions, consider what we
had before, when y(z), a function of one variable only. The action was:

b/ OF ,0F
S—/a <6ay+€ay/>d$
b/ OF  de OF
S"'/£ <6eiy*'ah:a<dy/dx>> o

But now we have the case that ‘z’ is only one of many variables ‘z;’. So, we may be able to see
that to generalise, we have:

Which actually meant:

0§ = dr

or L o oc
Aemw+ﬁmwwww

oL oL
— /g)(e%+267u%> dr

I

Where we have used our previously defined notation:

0
¢7”El

OxH

To minimise the action, with the requirement that the variation is zero on the surface, we will end
up with the analogue to the EL equation:

oL d oL
[ — — — T 4-1
9 ozt o, 0 (4.10)

Let us “derive” this by analogy. Consider the previous Lagrangian:

L@k ) ) d="0

The action was minimised with the Euler-Lagrange equation:

oL doL 0

dq;  dt 9¢; N
Now, this Lagrangian was a function of coordinates {g;}, and only one parameter ¢; the distinction
between coordinates & parameters is that coordinates vary according to the parameterisation of the
parameters (for example, a set of quantities which change in time). If the number of parameters
now changes; so that we have some set of parameters {p;}, then we must change our EL equation
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accordingly. Where we had ¢; before, we must now differentiate ¢; with respect to each parameter.
So, our new Lagrangian looks more like:

9q;
L({a}, {9ia}.{pi}) 054 = api = B
So that our EL equation will now look like:
oL 0 0L
o0~ 2 0 0a

We take account of all the paramters involved. As an example of such a set of coordinates
& paramters are the coordinates (x,y) which vary both in polar angle & time (¢,¢). That is,

(x(p,t),y(0,t)). That is:
{ai} = (z,y)  {pi} = (9,t)

In which case we would have the two EL equations:

oL 0 0L 0 OL
Or 0¢0xy OtOx,
oL 0 0oL 0 0L
Oy 060y, Oty

It could also be the case that a single coordinate (maybe a scalar field quantity) varies in 3 spatial
and one chronological direction, in which case ¢(x,y,2,t); {¢;} = ¢ and {p;} = (z,y,2,t). One
should be very careful with notation! Althogh not a derivation, it lets us see how the EL equation
comes about, by analogy. Let us revert back to the above EL-equation, where we have {¢;} = ¢

(i.e. a single coordinate):
Z o oL
ozt O, "

Consider a 141 example (one space, one time): (z,t), so that the scalar field is just ¢(z,t). That
is, we have some quantity which varies along the real line (say) & in time. For example, a short
blast of heat at one end of a copper rod; the end closest to the heat source will be warmest, and
the temperature will decrease in time, after the source has been removed. Then, we would have as
our scalar field & parameters T'(z,t).

So, the above EL equation expands to:

oL 9 oL 0oL
06 Oxdp, Otdp,

Denoting:

We have:

0 0109 Ot dg

Then, the action takes the form:

S = //c(¢>, ¢, b, x,t) da dt
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In this way, we can see that f dx L is the Lagrangian; hence the expression L is the Lagrange density.

So, let us consider a stretched string, with fixed endpoints. It will have line element:

dl = /1 + y2dx

That is, a string along the z-axis, being deformed into the y-axis. So, for small deformations, we
can trivially expand this to:
2
dl = (1 + Z/2> dx

Its not hard to see that a ‘small bit of kinetic energy’ has the form:
1 9
dK = ipdxy

Where the density of the string remains constant. Similarly, for a tension 7', a small bit of potential
is just the tension multiplied by the extension. Thus:

1
dV =T(dl — dz) = Tiy’Qd:c

Hence, the Lagrangian is:

L= /dK —dV = /dx(;pgf — 3y*T)
Hence, it is clear that the Lagrange density is:
L= bpif — WT
And hence the action:
S= //dacdt(ép'2 — 147T)

And thus, to minimise the action:
— - = 2= = Ty" — pij =0

Where we have identified ¢ with y. Hence, we have that the string undergoes a motion described
by Ty" = pij, which will minimise the action. This is just the standard wave equation:

Py pdy
0x2 T Ot2
Let us consider a more complicated example.

Let us discuss the motion of a freely moving elastic band, length 27l. Let us analyse its motion
when it is almost circular.

Here, we shall use ¢ as an angular coordinate, so that (z(¢,t),y(¢,t)); ¢ € [0,27]. Then, similarly:

v = k1 <\/W—l)2d¢
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And:
dT = pldpl (&% + 97%)

Hence:

S:/(]Tdt/o%dqﬁ {p;(j?Q—i—yQ)— L (VP - 1)2}

So, we have a Lagrange density:

=224kl (Var+y2 - 1)2

2

The EL equation we must satisfy, to minimise the action, is (where ¢ is not that in this problem):

We must identify what these terms are. The z# = (¢, t); and the ¢ = x,y. So that the EL equations
are the two:

oL 0 0L 0oL

9 ooor otor
oc_ooc_ooc o 0w . e
oy 0¢ 0y Oty o o 0¢ Ot

Notice that the first term in each will both be zero. So, the equations gives (and these are the
equations of motion):

3

0 y /212 1 o2 -
_H&?<\/W[ %+ —l] —plij=0

Then, under the approximation that the string is nearly circular, we write:

2(¢) = (1 + A(@)) cos( +4(9))  y(@) = (I + A(9)) sin(¢ + ¥ (¢))

And it is possible (!!) to simplfy the equations of motion a little, using this.

/
ﬁg (x {‘ /x/2+y/2 —l]) —pli:O
$/2_|’_y/2

4.7 Constrained Variational Problems

Let us consider what happens if we also have constraints on a minimisation problem.

4.7.1 Lagrange’s Method of Undetermined Multipliers

If we wish to minimise a function f(x), subject to a set of constraints gi(x) = 0, where k =
1,2,... N; then we can minimise the extended function:

F(x,A1,...,An) = f(x) — Mg1(x) — ... — Angn(x)
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With respect to  and A;. That is:

F F
OF _, 9

oz 0y w@=0

For example, suppose we have the extended function F(x,y) = f(x,y) — Ag(z,y). Then we have:
oF of dg

oz = oz "oz
oF  of g
dy  dy /\ay_o
OF

- g(x,y) =0

Let us consider another way of thinking about this:

Consider a function f(x,y,z). Then, to extremize the function, we must have:

8f L of of

d —dy+ =——dz=0
I= 5™ 9y ™t 52
That is, we require:
of _of _of _
or Ody 0z
By linear independence. Now consider that there is a set of constraints which are:
o(z,y,2) =0
That is: 9 5 9
Y ¥
= — iz =0
dp o dx + By —dy + 92
So that: o/
df + Adyp = dr; =0
f o+ Ady (a axz) v
So that we have: of 9
¥
A =0
(91?1' + 8:62

When this set of 3 equations is satisfied, we have extremized f subject to the constraint .

Example Consider finding the stationary points of f(z,y) = 2y, on the circle 22 +y? = 1. Then,
we have:

g(z,y) =2* +y* — 1

And we look for stationary points of the extended function:

F=ay—MNa?+¢y*>—1)
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And the stationary points are found via:

OF

— = — 222 =0

ox y .

OF

— = — 22y =0

dy o Y

oF 9 9

95— 1) =
7 (x°+vy )=0

So, notice that we can solve these equations. The first two combine to give:

A==
2

And the last equation, with the above equation, gives:
(z,y) = (£1/v2,+1/V2)
Thus the positions of the minima found.

Let us now generalise this to functionals:

4.7.2 Generalisation to Functionals

We wish to look for the minimum of a functional I[y], subject to the condition J[y] = C, where C
is some constant. Again, we form the “extended functional”:

K[y, Al = Iyl = A[J[y] — C]

And minimise KJy].

Again, we shall proceed via example.

Example Let us find the curve of fixed length ¢, with maximum area. This is infact called the
“isoperimetric problem”.

Consider some curve, with the origin somewhere inside the curve. We shall use polar coordinates
(r,0). The area inside the whole curve is just:

And the curve has length (using the standard line-element):

27 2T
Lir] = / dl = Vr2d6? + dr?
0 0

Which is:
2 dr
L[r] = r2 + r'2df r=—
0 0
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Now, the constraint is that L[r] = ¢:
2
Lr] = VrZ4r2d) =14
0

So, the extended functional:
Klr] = Alr] = A(L[r] = £)

Which is:
2T 1 2
KM:/WM—A( ﬂ+mw—0
0o 2 0
That is:
2w 1
Klr] = / <2r2 —Vr2+ 7“’2) dg + N\
0

So that to minimise the functional, we use the following first integral:

oOF
F—?"/%:k

This gives:

1 12

P R WL
2 Vr2 4 2

This is, unfortunately, very hard to solve. Although, we can immediately see one solution: A = 0
gives r is a constant: a circle.

4.7.3 Example: The Catenary

This is another example.

What is the equilibrium curve of a flexible chain, of length ¢ density p, when we hang it between
two points A & B.

So, we wish to minimise the gravitational potential energy:

B
E[y]Z/A pgy\/ 1+ ydx

Subject to the constraint:
B
Lly] = / V1+y?de =1/
A
Where we have used the line element:

At = /1 +y2da

Throughout. So, we have extended functional:
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Giving:

B
Kly| =/ (ypg — MV1+y2de + M

A
We use the same first integral, giving:

pgy — A

——=C
ViV

We solve this by some substitution:

Then, substituting this in, we get:
Rearranging:

Which we can separate:

C  du=[d
N -

This has solution (by substitution, or looking up the standard integral):

T — X
u = « cosh
o

A _
y:—i—acosh(x xO)
gp o

THen the three constants «,zp & A are found by the condition that y(A) and y(B) are known, as
is:

So that:

(= / (1+ a? sinh?(z — z¢)a) V2 g

4.7.4 Eigenvalue Problems

Consider the eigenvalue problem:
Lu = Apu

Where L is an Hermitian operator, p is real and positive; and x € [a, b]. Now, consider the functional:

b
Iu) :/ u* Ludx

And let the u be normalised, by the functional:

Nlu] = /pu*udﬂs =1
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Now, we shall show that by minimising I, we get the eigenvalue equation back out.

So, let us have the extended functional:

That is:

Ju] = /u*Ludaz —A </ putudz — 1>

60J = /(5u*Lu + u* Loudr — )\/p(éu*u + u*du)dr =0

Varying the functional:

That is, collecting terms:
6J = /(5u*(Lu — Apu) + du(Lu — Apu)*dr =0

Now, we can vary u & u*, rather than their real and imgainary parts. Hence:
Lu = Apu

Thus recovered our eigenvalue problem.

4.7.5 Rayleigh-Ritz Method

Suppose that we have a constrained functional:
M= [wpeds [ wvde =1

Where the constraint is that ¢ is normalised. Then, I[¢)] has a minimum at .
Also suppose that we have some unconstrained functional:

[ ¢*Lodx

K= T o

And that K has a minimum at ¢.
The Rayleigh-Ritz theorem is that ¢g = 1g. Infact, this seems obvious, as they are the same thing.
Let us prove it.

Let us compute K[y, at the minimum of I:

S Lapod
)

Let us also compute I[®]:

I[®g] = / ®f Ldodx
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Where we have that ®g is related back to the minimum of I via:

_ %o b0

Y0 =UN T Tdideds

Then:
I[®y] = /@El@odaz

1
= N/¢3L¢0dl‘

f¢6L¢0dx
J dEdodx
= K¢

We also note that:
I[®o] > I[¢o]

And we have equality if &g = ¢g; i.e. if the minima of I and K are the same. We also thus have:

K[go] > I[tbo]

So that the unconstrained minimum is always bigger than the constrained minimum, unless the
unconstrained is the same as the constrained.

This is perhaps seen more clearly in the context of quantum mechanics: suppose that there exists an
exact ground state eigenstate of a system. However, the exact form of the ground state is unknown.
Then, we can compute the expectation value of the Hamiltonian, using some trial wavefunction.
The expectation value is then minimised with respect to some variational parameter. Then, the
trial ground state eigenstate will always yeild a higher ground state energy than the exact. The
lowest possible trial ground state energy will occur when the exact ground state wavefunction is

used as a trial: ol A |
T/’t H ¢t> E
(i) =

Where v, is some trial wavefunction, and Fy the exact ground state energy. We will get equality
when, and only when, the exact ground state wavefunction has been used.

Let us find an approximation for the quartic anharmonic oscillator ground state. The Hamiltonian:

. 1d> 1 A
Fo_-% 12 A4
5dz2 ~a% T

And the trial wavefunction is of the form:
o) = e/

Let us first write the normalisation integral:

o0
a2 [
/ e dr =/ —
oo «a
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So, we compute: R
[ WHydx

Kla
[a] e

Which gives (after using some standard integrals):

1
Kla] = Z(a +1/a+ 3)\/20%)
We then minimise this, with respect to «, that is:
oK

90

This equation is then hard to solve!
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