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I. PROBABILITY THEORY

The probability of an event m occurring, given k has, is given by the conditional prob-

ability
P(m|k) = %

From this, we derive Bayes’ theorem,
P(AU B) = P(A|B)P(B).

A stochastic random variable is some function X that sends the sample space to the

space of possible outcomes; for example:
X:S+—z el

A probability density function P(z) is the probability that a measurement will result in

value x. It has the following properties:
> P()=1, P(z;)>0, Vi
Moments are defined as Z
o = (X7) = 3 alPl)
= / dx " P(x).

The Fourier transform of the characteristic function ¢*** gives the generating function

G(k) = /d$e“”P($)

= (ik)"
B Z(n') Hn-

n=0

Hence, the moments can be computed from the generating function, via
1d"G
" dkn

Hn =

k=0

The probability density function is just the inverse Fourier transform of the generating

function,

P(z) = /%G(k)eikx.
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Cumulants are defined by

And the first few are

k1= (X)) =1, ko= ((X?))=po—pi.
A marginal probability density function is computed via summing over unwanted vari-

ables;
P@):L/@M%%w
= ) P(x,y).

Conditional means are computed via

(X)y_, = / dr z P(]y),

with an interesting result being

P(zly) = (0(X —2))y_, -

A Gaussian distribution is the probability density function that it entirely characterised

by its first two cumulants;

1 _ (a—r1)?

P(z) = e 2 , RK,=0, n>3.

\/ 2T Ko

The central limit theorem states that the probability density function of the mean of a

stochastic variable goes to Gaussian, over an infinite ensemble average. This is only true if
the variable has finite moments and moments are independent of n.

The binomial distribution is such that the probability of choosing n objects, from N,

N n —n
( )qu , q=1-p,

18

n

and the expectation value of such a distribution is Np.

II. MARKOV PROCESSES

Such a process has a probability density function that depends only on the current state
of the system, and not on previous times. Hence,

P(@pqr, tos1|Th, s - 521, t1) = P(@psn, tiga | on, te).
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Using this Markov assumption gives two equations
P(l‘g,tg) = /del P(ZEQ,t2|$1,t1)P(I1,t1),
Plas,tafor,ti) = [ doa Plog,tfos, ) Plas tofor, 1)

The second equation is known as the Chapman-Kolmogorov equation, whereby all in-

termediate states are summed over. These are sometimes called the Markov equations.

A. Markov Chains

A Markov process, with discrete state-space and time is called a Markov chain.

The first Markov equation can be written

Pt +1) = Quan(t) Pu(?),

m

where we have identified
P.(t) = P(n,t), Qun(t) = P(n,t+ 1jm,t).

The matrix @Q),,, is called a stochastic matrix.

As the stochastic matrix is (in general) non-Hermitian, we have right- and left-eigenstates
Q‘¢()> A® ‘¢()> <X(i)’Q:)\(i) <X(i)"
The states are orthonormal and complete,
<X(i)|¢(j)> = by, Z W(i)> <X(i)‘ =

The eigenvalues are

A9 < 1.

The sum of the elements in a column of a stochastic matrix is unity;

ZQnm =1,

which corresponds to the statement that something must happen in a system.
The stationary state is the state which does not depend upon time. Hence, it corre-

sponds to a unit eigenvalue

Q |¢(St)> — )\(0) ’¢(St)> — ‘¢(St)>‘
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Hence, the stationary state is such that
A6 = 1, W(st)>7 <X(St)‘ -1
The solution to the Markov chain equation is given by
P(t) = Q'P(0),
where powers of the stochastic matrix are computed via

Q= SN0 g0 (x|

The late time behaviour of a system is described by the right-eigenstates corresponding
to the eigenvalue whose modulus is closest to unity. If two eigenvalues are the same, the
system flicks between the two states.

Upon constructing stochastic matrices, one must be very careful in imposing boundary

conditions.

B. Master Equation

A Markov process, with discrete state-space and continuous time has its dynamics

described by the master equation

d;;n = > W () Pur(t) = Y wan(t)Pa(t).

n'#n

The coefficient w,,,,(t) is the rate of probability for transition from state n to state n’. Hence,

we read the above as describing that the rate of change of the probability of a particular
state is the sum over all transitions in, minus transitions out of that state.

A one-step process is one for whom systems only transition to states next to each other.

That is, wy,,, = 0 unless n’ = n £ 1. We denote the possible transition rates as

Wn4+1n = Gn  Wn—1n = Tn-

Hence, g, is the rate of moving “up states”, and r,, the rate of moving “down states”. Using
this, the one-step master equation becomes

dP,(t)

dt - Tn—&-an—‘rl(t) + gn—lpn—l(t) - (gn + Tn) Pn(t)



A linear one-step process is one for whom
r,=an—+b, ¢g,=cn+d.

Linear one-step processes may be solved by introducing the generating function
F(z,t) = Z 2" P, (t).

Doing this turns the master equation into a partial differential equation in F(z,t), which
can be solved for F'(z,t), then inverted to find P, (¢). Notice that

() = o

z=1

The macroscopic equation can be found by multiplying the one-step master equation by
> n. Thus, the macroscopic equation is

d
 (n(®) = (gn) = (ra).

If the master equation contains non-linear terms, the best we can do is to use the long-time
approximation
The stationary state is the state that is independent of time. Hence,

dPst
L —=.
dt

Therefore, the one-step master equation becomes

Tn+1 Pst

st st st
n+1 gnPn = r”Pn - gnflpnfl'

From which we define a conserved probability current
Jni1 = gnP3 — 1 Pty

Now, if the system has reflecting boundaries, then J = 0 everywhere (as it is conserved).

Hence, for reflecting boundaries,
st st
gnpn - rn+1Pn+1’

This allows computation of all P via

st __ 1
0o — 1 —I— Z In—19n—2---g0 °

n>0 rprp_1..71
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We can define, from the master equation, some matrix

Winn (£) = W () = G Y warn (),

n'#n
so that the master equation becomes
dP,(t)
2 =S W (8P (1)

m

which is very similar to the Markov chains. Notice that W is not symmetric (generally).

Detailed balance is the condition that
wnn/PSf = wn/nPth.

If detailed balance holds, we can form the symmetric matrix

[P
Vnm = P_St an )

and also
~ P,(t
P(t) = Jg
so that the master equation reads
dP,(t) .
= Vi (1) B (1).
5= X V0Pl

Hence, as V' is symmetric, we can solve this easily. The eigenequation is
174 |¢(i)> _ Iu(i) ’¢(i)> : ,u(i) <0.

Notice that the stationary state ‘P(St)> has ) = 0. Also notice that as the stochastic
matrix V' is symmetric, the left- and right-eigenstates are identical. The states form a

complete set,
> 10) (6] =1

The formal solution is

Using this, and noting that
oAt |(p(i)> _ ea(i)t |90(i)> :



the solution can be written

Put) = 3 10065 Pun(0).
This solution is only valid if detailed balance holds. The eigenstates of V' relate to the
right- and left-eigenstates of W via

(i)
O _ JPrig) 0 _ O
wn n ¢TL ) n \/P_;Lt

The stationary state has

1/J1(1$t) _ Pst X(st) _ 17 ’u(st) —0.

n

The long term behaviour is determined by the state corresponding to the eigenvalue

closest to zero.

III. DRIFT & DIFFUSION: FOCKER-PLANCK EQUATION

Markov systems which have continuous state-space and time can be described by
the Kramers-Moyal expansion
OP N (-1)F o
=> (=1) [DO(z,t)P(x,1)] .

ot 0 ozt
=1

This can be truncated to give the Focker-Planck equation (FPE)
or 0 1 0?
ot Ox
The jump moments are defined such that
M(z,t, At) = DO (2, )AL + O (A1) = <[a:(t AL — x]f> o
x(t)=x
For one-step processes, we can find that

DO (z,t) = (gn + (—=1)'r,) .

The general method for getting a FPE from a system, is to rescale time and lengths such
that we can make both the time and space step-size go to zero, without killing off the entire

equation.



A. Forms of the FPE

We can introduce the probability current

10
J(.Z',t) = A(l’,t)P(l’,t) T 959. [B(l’,t)P(CC,t)] )
20x
so that the FPE takes on the form of a continuity equation
oP N oJ 0
ot oxr
If the system has reflecting boundaries at x = a, b, then
b

0
el P —
o . dx P(x,t) =0,

which is the statement of conserved norm.

We can write the RHS of the FPE as an operator, so that the FPE becomes

oP
— =LP.
ot ’
where
0 1 0
L=——A —-—B .
Ox (z,8) + 2 0x? (%)
The adjoint operator is
o 1 0?
Lt = A(z,t)=— + =B(z,t) —.

Notice that the stationary state corresponds to where LP* = (. Hence,

A(z)P*(z) — %% [B(x)P*(z)] = J = const,

after assuming that A(z), B(x) only. Reflecting boundaries allow this to be solved, as

J =0,

T Az’
N e?fa dz’ BEx/;_
B(x)

We can turn the FPE into a Schrodinger-like equation, by assuming that B = const. If

PSt($) —

we let
. P(z,t
Pla,ty = B0
P5t<l’)
then the FPE for P(x,t) becomes )
oP ~
< _Hp
ot ’



where

B o? 1 1 BOA
H=————-— = _A? -
202 gl V=34t 55
This new operator is Hermitian H = H'. Notice that
H = (pst)_1/2 L (Pst)1/2 )
If we let
P(z,t)
t) =
Q(‘T7 ) PSt(aj)’
then @ satisifes the adjoint equation
0Q
—= = ['Q.
ot @
We can write the time independent FPE,
LPW = —; pW

whereby solutions are formed by a sum over eigenstates,
P(z,t) = Z ¢, PW (z)e .
“w
As L is non-Hermitian, need right- and left-eigenstates. We thus have

<Q(u’)|p(u)> = O

[z la) tal =1

we are able to deduce the following equivalent orthonormality statements

pPw) (z) P (z)
e = =

/ dz P*(2)Q") (2)Q) () = by,

/dx P () PW () = 6,4,

By multiplying the solution by

The first two have weight functions.

Upon multiplying the solution by

[ )
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we are able to show that
c e M = /d:c QW (x Z Q*(z)PW(z) = 6(x — 2).

The second of these expressions is the statement of completeness.
The stationary state has

Iu(st) _ O, Q(st) -1

IV. STOCHASTIC DIFFERENTIAL EQUATIONS

A Langevin equation is such that
mv; = —av; — V;V + (),

where 7;(t) is some stochastic random variable. The overdamped limit of this equation
has the v; = 0.

For 7;(t) to be white noise, we impose the conditions

(mi(t)) = 0, (mi(t)n; (t')) = 2Déy;6(t — 1)

The Langevin equation is easiest to solve using an integrating factor method (if we

take V' = 0); the integrating factor will be

e—fdta’

so that the Langevin equation reads

C )] = e ene).

Upon solving for v(t), we can compute various quantities:

(), 1), (t)u(t);

where the final quantity is a correlation function. A good trick when computing the

correlation function, is to note that

t1 to t1 t1 to
/ﬂ%/ﬁua/ﬁ[/ﬁ%/dﬂ,m>n
0 0 0 0 t1
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For example, this allows simplification of integrals such as

t1 to t1 t1 to
/ dt// dt// 5(t/ _ tl/)f(t/7t//) — / dt/ |:/ dt// (S(t/ _ t”)f(t/,t//) +/ dt//(S(t/ _ t//)f(tljt//)
0 0 0

t1

0
t1 t1
= dat’ / dt" o(t' —t") f(t',t").
0 0

A Langevin equation describes a Markov process if 7(t) is white noise, and the Langevin

equation is of 15¢ order. If the Langevin equation is of the form,
mi + ai + V'(x) = n(t),

where 7(t) is white noise, then this is not a Markov process. This is because

i(t) = z(t+7) +:L’(j— T) — 235(25)7

which requires “knowledge” of the previous state of the system, not just the state that it is

in now; in contrast to
. x(t+T1) —x(t)
T = .

T

To turn it into a Markov process, just redefine such that
mo+av+ V' =nt), &=uv.

Then, this is two first order stochastic differential equations.
Langevin equations can be put into the form of a FPE by integrating them, and reading

off moments.
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