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Abstract
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I. GROUP THEORY

Given a set G and composition law o, we say that (G, o) is a group if it obeys the group

axioms,
e Closure; Va,b€ G, ao0b € G.
e Identity; de € G: Va € G, eca=aoe=a.
e Inverse; Va € G,3a ' € G: aocat=a'loa=cec.
e Associative; Va,b,c € G, ao(boc) = (aob)oc.

An extra property that a group may have is commutativity. If Va,b € G, aob = bo a, then
G is Abelian.

A. Properties & Classes of Groups

Order: the order of an element is the power to which that element must be raised to get
the identity element. Finite groups have finite order.

Isomorphism: an isomorphism is a one-to-one relationship between elements of two
different groups, A & B.

Subgroup: a subset H of a group G is a subgroup of G if the set is closed. A proper
subgroup is one that is not just the identity or the entire group.

Conjugacy: we say that if a = gbg™!, then a and b are conjugate elements, with conju-
gating element g.

Equivalence: a relation between elements is an equivalence relation if it satisfies
reflexive :  a ~a; symmetry: a~bb~a; transitive:a~b,b~ c,a~ c.

Conjugacy is an example of an equivalence relation. An equivalence relation partitions a

group into disconnected sets of elements that are equivalent; these are equivalence classes;
(a) = {blb = gag™';b,g € G}.

Abelian groups have each element in its own conjugacy class.



Coset: let H be a subgroup of GG. Then, the left coset of g; is
g:H = {g:h;}, g; € G,Yh; € H.

Members of a coset are equivalent, and can hence be formed from any of its elements.

Normal subgroup: those subgroups H of G for which
gHg'=H = ghig'=h;, VgeG,Vhh; e H.

Quotient group: for a normal subgroup H of G, the set of cosets {g; H},Vg; € G, is the
quotient group G/H. The quotient group has the multiplication law

(g1H) o (g2H) = (g1 0 g2) H.

If G = A X B then G/B = A; but, the converse is not necessarily true.
Direct product of groups: a group G can be expressed as a direct product of its
subgroups A and B if, and only if the elements of A and B commute, and every element in

G can be uniquely expressed as the product of two elements in A and B;
Clz'bj :bjai, Vai EA,Vbj S B, ‘v’geG,g:aibj,&i GA,bj € B.

Hence, A and B are normal subgroups.
Homomorphism: a mapping f : A — B between groups such that group multiplication
is preserved. An element of B may be the image of more than one element of A; but, each

element of A can be mapped into only one element of B. The group multiplication is

flai0az) = f(ar) x f(az).

Kernel: the elements in A that are mapped to the identity element of B, eg, form the

Kernel of the mapping,
Kerf = {a € A|f(a) =ep}.

The Kernel Kerf is a normal subgroup of A.



B. Examples of Finite Groups

Some examples are

e The set of n integers, under addition modulo n, (Z,, +,).

e The permutation group of n objects, (S,,0).

e The rotation of a regular n-gon, with directed sides, (C,,, o).

e The dihedral group; symmetry operations upon an n-gon with undirected sides,

(D, 0).

One can show that

Cn=2Z, Cs=C5xCy Cg/C5=0Ch

II. REPRESENTATIONS OF GROUPS

A representation, of [n]-dim of the abstract group G, is defined as a homomorphism
G — GL(n,C); to the group of non-singular n X n matrices with complex elements.
They must be non-singular due to the essential existence of the inverse; and orthogonal
as length preserving: R~! = RT. That the mapping is a homomorphism means that group

multiplication is preserved,
D(g1)D(g2) = D(g192)-

An example is the rotation of 3D vectors, about the z-axis; the matrix representation is

cos3 —sinf 0
R(B) =] sinB cosp 0
0 0 1

We can show
V() = (R 'x).
If D is a rep, then so is SDS™! (i.e. they are equivalent reps). To distinguish between

equivalent reps, look at the character,

x =1{x(9)lg € G}, x(g9) = Tr D(g).



Equivalent reps have the same character y.

A rep of [n + m]-dim is said to be reducible if D(g) is of the form

Then, A(g) is an [m]-dim rep, and B(g) an [n]-dim rep of G. Hence, we write the direct

sum,

D(g) = A(g) ® B(g).

The reps A and B could be reduced further, until we have the irreps of G.

A. The Vector Space

This is a space over the field of complex numbers, with two operations: addition

and multiplication. The axioms defining the space are:

e Addition
Closure: Ya,ve V,u+velV.
Null vector: 30 € V such that u+0=u, Vu e V.
Inverse: Yu € V, 3(—u) € V such that u + (—u) = 0.
Associative: Yu,v,w € V thenu+ (v+w)=(u+v)+w.
Commutative: Yu,v €V, u+v=v+u.

Hence, the vector space is an Abelian group under addition.

e Multiplication
Closure: Ya € C,u € V | then au € V.
Identity: 1 € C such that Vu e V|, lu = u.

Distributive: Ya,b € C and u,v € V, we have

a(lu+v)=au+av, (a+bu=au+bu.

Associative: Ya,b € C, u € V, we have a(bu) = (ab)u.



A set of vectors {e}", is linearly independent if there is no non-trivial combination which
yields the null vector. That is, if A\;e; = 0, the only solution is \; = 0, if the {e}!", are
linearly independent.

A set of linearly independent vectors {e}, forms a basis of V' if they span the space;
u= \e;.

The dimension of a basis is just the number of basis vectors.

Linear transformations are such that
T (ou+ Bv) = aTu + Tv.

If we have

I . . [ . ..
u; = Dyu; e = e;Si,
then the new matrix representing 7" in the new basis is

=SDS™.

As an example, in the complex basis, we can write

e 0 0
R@B)=1 0 e 0
0 0 1

Notice that R(3) and R'(3) have equal trace, as they are equivalent — both rotations through
0, but referred to different axes.
As the transformation is length preserving, we have S~! = St: i.e. S is unitary.

The Clebsch-Gordan decomposition is

Mg DV = Z asD ,

where the D(?) are the irreps. If there is no interaction in the composite system, we have

G x G — G x G, if there is interaction, then G x G — G.

III. CONTINUOUS GROUPS

A example is the SO(N) group, which is the group of special orthogonal rotation
matrices in N-dim. Hence, if R € SO(N), then det R =1 and R" = R™".

7



A more concrete example is R(¢), the rotation about the z-axis in the z — y-plane;

Ry = [ 0 T R e so).

sing coso

This is the so-called defining represetation of a matrix in SO(2). If we change to a

complex basis, the same rotation can be expressed in the diagonal form

e 0

R(o) =
D=

Hence, we say that the irreps of SO(2) are e=™™¢ where m € Z. The Clebsch-Gordan

decomposition for composing rotations is hence just

SO(2): D' g D™) = pim+m),

A. Generators

We can always make a Taylor expansion of a matrix, for small argument,
R(p) =1 —iX¢p, o¢<I1.
Hence, we have identified the generator of a group with rotation matrix R,
. dR

X =171— .
do =0

A property following the unitarity of R, R'TR = 1, is that XT = X. Also, Tr X = 0. The

rotation matrix is then
SO2): X=m = R(p)=e"*
so that in SO(2), the generator is just X = m. In SO(3), the generator is
SO3): (Xo)j = —i€ra = D(¢) = e~ Xe,
In SO(3), the generators do not commute,
[Xa, Xp] = t€apeXe,
a relationship which can be proved using €;x€ar = 0ia0jp — 0itdjq-
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In SU(2) (where the matrices are now unitary, as well as having unit determinant), we

have the generators and rotation matrices

1 s
SU@2): X;=-0; = D(6)=e 2™

2
where the Pauli matrices are
01 0 —: 1 0
o1 = ) 02 = ) 03 =
10 7 0 0 —1

Now, two distinct elements of SU(2) map into the identity of SO(3),
Ker {SU(2) — SO(3)} = Za,
hence by the isomorphism theorem,

SO(3) = SU(2)/Zs.

B. SU(N) Tensors

Particles are represented by spinors ¢, = Uy, and anti-particles in the conjugate
representation, '@ = UX®.

In SU(2), U* = CUC™! where C = igy. Hence, in SU(2) the two transformations are
equivalent.

We have that C raises indices,
Y = Cap¥p = €aps,
where one can show that C' is invariant,
C=U"CU.
In SU(2), scalar invariants are formed via
€Paty = Vg = V0,
We symmetrise and anti-symmetrise indices according to

1 1
YaPy) = 3 (Vatp + Voda), Yty = 3 (Vatp — pda) -

In SU(3), a scalar is
¢a¢a = EabcwaX[bc}-



C. Young Tableaux

A diagram that conforms to the rules:
e For SU(N), the number of rows is < N.
e Each row has no more boxes than the one above it.

e Represents a tensor after process of symmetrisation and anti-symmetrisation.

1. Dimensionality

Compute dimension of a diagram via

e N = product of entries, where one starts at the top left with IV, incrementing across,

decrementing down.

e D = products of entries, where each entry is the number of boxes to the right plus the

number below, plus one for itself.

e Dimension = N/D.

2.  C-G Decomposition

To decompose a composite system into the irreps, one should follow the set of rules:

e Write down tableaux.

e Label successive rows of the second diagram (every box in a given row has the same

label).

e Add boxes from the second diagram to the first, such that

— the agumented diagram is always legal,
— boxes with the same label must not appear in the same column,

— at each box, n, > n, > n., where n; is the number of boxes above and to the

right with label i.
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e Remove multiple identical diagrams.

e Excise columns with N rows from diagrams in SU(N).

If there is no scalar in the decomposition, then the composite system is unable to be observed

in nature.

3. Examples of Dimensionality

Dimension of diagram in

diagram |[SU(2) SU(3) SU(6) SU(N)
[] 13 6 N
H 1 3 10 IN(N —1)

| 2 8 70 IN(N+1)(N-1)

4 10 56 tN(N+1)(N+2)

D. Pieces of Lie Algebra

The generators form a group under addition and commutation,
[Xa, Xg] = ifaps Xy,

where f,3, are the structure constants (note: which are zero in an Abelian group), and

form the adjoint representation,

(Ta)gy = —ifu

The Casimir operator is

T°=> T.T* 1,
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where the last part is Schur’s lemma. The Casimir operator commutes with all the gen-

erators

[7%,T,] =0, Vo

An example of a Casimir operator is the angular momentum operator, J? from quantum

mechanics.

IV. SYMMETRIES OF THE LAGRANGIAN

The simplest example is from Maxwell’s equations. We introduce the potentials

0A
E=-Vo——, B=VxA,
¢ ot
and if we change the potentials via the gauge (i.e. position dependent) transformations
0N}
A— A+VQ, o¢— vt

the observable fields are unchanged. In covariant notation, we make the definitions
At = (¢/c,A), J'=(pc,T), "= (20,,-V).
Hence, the Lorentz gauge reads 0" A, = 0. The EM field strength tensor is
F., =0,A, —0,A,.

To make the non-relativistic Schrodinger equation gauge invariant, we make the minimal

substitution of the momentum operator,
br— P — eA,

that is, we change the derivative operator

—1hV —— —ihV — eA,
where

A— A=A+ SVQ.
Then, the non-relativistic Hamiltonian

-9

g=r vy

2m
is gauge invariant. The point of this is, that we had to introduce a gauge field, with its

transformation rule.
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A. Lagrangians for Various Fields

The Klein-Gordon Lagrangian is
1 1
Ly = 5(3%5)2 - §m2¢2a
which gives the equation of motion describing scalar bosons
(0,0" +m?) ¢ = 0.

The Dirac Lagrangian is

Lp =1 ("0, —m) 1),
which gives the equation of motion describing free fermions
(iv*0, —m) ¢ = 0.
The Maxwell Lagrangian is
which gives the equation of motion describing free photons

O"F,, = 0.

The &-term is a gauge-fixing term, and has no physical consequences.

B. Noether’s Theorem

If we have the rotation matrix U = e"T* for a Lie group, where the T, are the generators,

then small changes in the field can be expanded to find
5¢Z = iea (T(l)z] ¢], 9& << ].

If we require an invariant Lagrangian under this transformation, we find

oL .. B
aﬂ <a(a—u¢i)19a(T )qubj) = 0.
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If the rotation parameters 0, are global, then this reduces to a continuity equation

oL
O Jt =0, J'=—=i(T)i0;.
K a(a“gbz) ( )J J
So, writing J* = (p,J), we also have a conserved charge

_ dQ _
Q= [pav. -0

Therefore, requiring an invariant Lagrangian under global transformation gives a

conserved 4-current and charge. This is Noether’s theorem.

C. Abelian Gauge Symmetry

If the symmetry group doing the gauge transforming is Abelian, we introduce a gauge
field A, and covariant derivative D,,; where
Ay — A, = A+ 0N,
D, = 0, —ieA,.

In which case, the Lagrangian

Lqep = V¥ (1v"D,, —m)

is gauge invariant (i.e. invariant under position dependent transformations). In particular,

we have an invariant kinetic term,
LY !/ I
VD) =YDy

By introducing the gauge field, we induce an interaction between the fermions and the gauge

field,
j* = ey,

An example of such a group is the U(1) group (in which case the gauge-fermion interaction

is photon-fermion). The field strength tensor is unchanged.
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D. Non-Abelian Gauge symmetry

If the symmetry group doing the gauge transforming is non-Abelian, we introduce a gauge

field A, and covariant derivative D,; where

AM — A; = UAMU_1 — é(a,uU)U_l,
D, = 0,—1igA,.

These rules make the kinetic term @DMD gauge invariant.

The non-Abelian terms require us to change the field-strength tensor to
F,., =D,A, —D,A,.

Then, the full gauge-invariant Lagrangian reads

Lon =1 (iy"Dy, —m)y — EFWF“”.
The new definition of F),, gives rise to self-interaction between the gauge fields, as well as
the fermion-gauge interaction from the kinetic term.
If the group is SU(2), the theory describes the weak interaction, and the gauge fields are
the three gauge bosons W+, Z°.
If the group is SU(3), the theory describes QCD, and the gauge field are the 8 gluons.
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